
Séminaire Lotharingien de Combinatoire XX (2026) Proceedings of the 38th Conference on Formal Power
Article #66, 12 pp. Series and Algebraic Combinatorics (Seattle)

Combinatorics of Leray models for permutahedral
varieties and beyond

Spencer Backman*1, Richard Danner†1, Hsin-Chieh Liao‡2, and Crow
Stephenson§1

1 Department of Mathematics and Statistics, University of Vermont, Burlington, USA
2 Department of Mathematics, Washington University in St. Louis, Missouri, USA

Abstract. We study Bibby, Denham, and Feichtner’s Leray model of a matroid for
the maximum building set. Using the monomial basis they constructed, we prove the
projective Leray model of a matroid is equivariant γ-positive in each graded compo-
nent. For the Boolean matroid, which corresponds to the permutahedral variety, we
show that the Hilbert series of its Leray model is governed by a Catalan-Stieltjes ma-
trix studied in (Cheng, Eu, and Hsu, 2023), which naturally admits a combinatorial
interpretation in terms of bicolored permutations. We further construct a bijection be-
tween these bicolored permutations and the monomial basis of the Leray model. Then
we show that this combinatorial interpretation lifts to the Sn-module structure on the
Leray model, thereby recovering the bicolored Eulerian quasisymmetric functions in-
troduced by (Hyatt, 2012). Finally, we reveal an intriguing connection between the
Sn-representation on the Leray model and the natural Weyl group representation on
the cohomology of type B/C permutahedral variety.

Keywords: Leray model, Eulerian quasisymmetric function, bicolored permutations,
γ-positivity, Catalan-Stieltjes matrix, Riordan array

1 Introduction

Given a matroid M, the (projective) Orlik-Solomon algebra and the Chow ring A(M,G)
with respect to a building set G are two matroid-invariant graded algebras associated to
M. When M is realized by a hyperplane arrangement A ⊂ C`+1, the former arises as the
cohomology of the complement U(A) = P` \⋃H∈APH, while the latter is isomorphic to
the cohomology of the wonderful compactification Y(A,G) [7]. The cohomology algebras
of U(A) and Y(A,G) can be viewed within a common framework via the Leray spectral

*Spencer.Backman@uvm.edu. S.B. was supported by a Simons Travel Support for Mathematicians Gift
(formerly a Simons Collaboration Grant) #854037 and an NSF Standard Grant (DMS-2246967).

†Richard.Danner@uvm.edu
‡liaoh@wustl.edu
§Crow.Stephenson@uvm.edu

mailto: Spencer.Backman@uvm.edu
mailto: Richard.Danner@uvm.edu
mailto:liaoh@wustl.edu
mailto:Crow.Stephenson@uvm.edu


2 Spencer Backman, Richard Danner, Hsin-Chieh Liao, and Crow Stephenson

sequence associated with the inclusion U(A) ↪→ Y(A,G). Motivated by this geometric
relationship, Bibby, Denham, and Feichtner [2] combined features of the Orlik-Solomon
algebra and the Chow rings to introduce the Leray model of a matroid.

Given a loopless matroid M on a ground set E with lattice of flats L(M) and a
building set G ⊂ L(M), Bibby, Denham, and Feichtner define1 the Leray model of M as
the quotient algebra

B̂(M,G) := R(G)/(I + J) (1.1)

where R(G) = Q[eF, xF : F ∈ G] is a commutative differential graded algebra with
deg(eF) = (0, 1), deg(xF) = (2, 0), and differential d(eF) = xF, d(xF) = 0; the ideals

• I is generated by eSxT whenever S ∪ T is not G-nested in the sense of [7, Def. 2];

• J is generated by ∑F: i∈F xF for each i ∈ E.

When M is realized by a hyperplane arrangement A, the algebra B̂(M,G) coincides
with the E2-page of the Leray spectral sequence associated with the inclusion above, and
it also recovers the Morgan model of A due to De Concini–Procesi [6]. The Chow ring
A(M,G) appears naturally as the subalgebra of B̂(M,G) generated by xF’s. Furthermore,
Bibby, Denham, and Feichtner [2, Theorem 5.3.1, Corollary 5.3.2] found a Gröbner basis
for I + J, which restricts on the x-variables to the Feichtner–Yuzvinsky Gröbner basis for
A(M,G) [7, Theorem 2]. Consequently, they constructed a monomial basis for B̂(M,G)
that extends the Feichtner–Yuzvinsky basis for A(M,G).

This model was further generalized by Pagaria and Pezzoli [14] to polymatroids.
Coron [4] employed the theory of Feynman categories to study the Koszulness of the
operadic structures on Chow rings and Orlik–Solomon algebras of arbitrary building
sets, providing a new interpretation of the Leray models. Beyond these works, little is
known about the combinatorial aspect of Leray models of matroids, likely due to the
technical nature of their construction.

In this work, we focus on the case where G is the maximum building set, whose
associated Chow ring is commonly referred to as the Chow ring of a matroid. We set
B̂(M) := B̂(M,L(M) \ {∅}) and refer to it as the Leray model of M. Using the monomial
basis for B̂(M), we prove that the projective Leray model B(M) := B̂(M)/(eE) is equivari-
ant γ-positive (see section 3), which generalizes the work of Liao and others [11, 8]. Let
Sn denote the symmetric group, i.e., the set of all permutations of [n] := {1, 2, . . . , n}.
We study the Hilbert series and the Sn-module structures of the Leray model for the
permutahedral variety, namely B̂(Bn) for the Boolean matroid Bn. In this setting, rich
enumerative combinatorics emerges (see Table 2), extending the combinatorial and the
Sn-module structures of the Chow ring A(Bn) and augmented Chow ring Ã(Bn) de-
scribed in [12]. We begin by reviewing the relevant results in [12], before extending
them to Leray models.

1Their definition is more general for partial building sets.
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y3

e1e12e123, e1e13e123,
e2e12e123, e2e23e123,
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e123x2
123
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x12, x13, x23, x123

4

x2
123

1
deg(e, x) t0 t1 t2

n = 3

Table 1: Monomial basis for B̂(B3)

1
1

n = 1

2 0
3 1
1 1

n = 2

6 0 0
12 6 0
7 10 1
1 4 1

n = 3

24 0 0 0
60 36 0 0
50 80 14 0
15 55 25 1
1 11 11 1

n = 4

120 0 0 0 0
360 240 0 0 0
390 660 150 0 0
180 630 360 30 0
31 236 276 56 1
1 26 66 26 1

n = 5

720 0 0 0 0 0
2520 1800 0 0 0 0
3360 5880 1560 0 0 0
2100 7140 4620 540 0 0
602 3892 4872 1372 62 0
63 889 2114 1134 119 1
1 57 302 302 57 1

n = 6

Table 2: Tables for dimQ B̂2i,j(Bn). No-
tice that the bottom rows of these ta-
bles are the Eulerian numbers.

1.1 Chow rings of Boolean matroids

If A =
⊕

(a1,...,ak)∈Nk A(a1,...,ak)
is a multi-graded algebra carrying a G-module structure

which respects the grading for a finite group G, its equivariant Hilbert series is defined by

HilbG(A; t1, . . . , tk) := ∑
(a1,...,ak)∈Nk

[
A(a1,...,ak)

]
ta1
1 · · · t

ak
k

where
[

A(a1,...,ak)

]
is the isomorphism class of G-modules containing A(a1,...,ak)

in the
representation ring RepQ(G). In particular, when G is the trivial group and Sn, it is
equivalent respectively to the Hilbert series and Frobenius series:

Hilb(A; t1, . . . , tk) := ∑
(a1,...,ak)∈Nk

dim A(a1,...,ak)
ta1
1 · · · t

ak
k ,

grFrob(A; t1, . . . , tk) := ∑
(a1,...,ak)∈Nk

ch
(

A(a1,...,ak)

)
ta1
1 · · · t

ak
k ,

where ch denotes the Frobenius characteristic map, sending an Sn-module to a sym-
metric function. For background on representations of Sn and symmetric functions, we
refer the reader to [16, 18].

It is well-known that the Chow ring A(Bn) is isomorphic to the cohomology ring
of the permutahedral variety. Its Hilbert series Hilb(A(Bn); t) is given by the Eulerian
polynomial An(t), which may be interpreted as the distribution generating function of
the Eulerian statistics on Sn. Two notable Eulerian statistics are the excedance number and
the ascent number: for σ = σ1σ2 · · · σn ∈ Sn,

exc(σ) := |{i ∈ [n− 1] : i < σi}|, asc(σ) := |{i ∈ [n− 1] : σi < σi+1}|.
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Therefore, one has

Hilb(A(Bn); t) = An(t) = ∑
σ∈Sn

texc(σ) = ∑
σ∈Sn

tasc(σ). (1.2)

Equation (1.2) extends to the graded Sn-module structure on A(Bn). The corresponding
Frobenius series is given by the Eulerian quasisymmetric function

grFrob(A(Bn); t) = Qn(x; t) := ∑
σ∈Sn

FDEX(σ),n(x)t
exc(σ), (1.3)

where DEX is a descent-type statistic introduced by Shareshian and Wachs [17] (to be de-
fined more generally later), and FS,n(x) denotes the Fundamental quasisymmetric function.
The generating function of Qn(x; t) admits the following closed form

1 + ∑
n≥1

Qn(x; t)zn =
(1− t)H(z)

H(tz)− tH(z)
(1.4)

where H(z) := ∑n≥0 hn(x)zn can be regarded as the symmetric function analog of ez.

1.2 Augmented Chow ring of Boolean matroids

Analogously, the augmented Chow ring Ã(Bn) is isomorphic to the cohomology ring
of the stellohedral variety. Its Hilbert series is given by the binomial Eulerian polynomial
Ãn(t) := 1 + ∑n

k=1 (
n
k)Ak(t). By considering the set S̃n of decorated permutations of [n], as

defined in [12, Section 6], one obtains

Hilb(Ã(Bn); t) = Ãn(t) = ∑
σ∈S̃n

texc(σ)+1 = ∑
σ∈S̃n

twex(σ), (1.5)

where wex(σ) := |{i ∈ [n] : i ≤ σi}|. Equation (1.5) extends to the graded Sn-module
structure on Ã(Bn) once DEX is generalized to decorated permutations in S̃n. The Frobe-
nius series is given by the binomial Eulerian quasisymmetric function

grFrob(Ã(Bn); t) = Q̃n(x; t) = ∑
σ∈S̃n

FDEX(σ),n(x)t
exc(σ)+1 = ∑

σ∈S̃n

FDEX(σ),n(x)t
wex(σ), (1.6)

whose generating function has the closed form

1 + ∑
n≥1

Q̃n(x; t)zn =
(1− t)H(z)H(tz)

H(tz)− tH(z)
. (1.7)
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n\k 0 1 2 3 4 5
0 1
1 1 1
2 1 + t 3 + t 2

3 1 + 4t + t2 7 + 10t + t2 12 + 6t 6

4 1 + 11t + 11t2 + t3 15 + 55t + 25t2 + t3 50 + 80t + 14t2 60 + 36t 24

5 1 + 26t + 66t2 + 26t3 + t4 31 + 236t + 276t2 + 56t3 + t4 180 + 630t + 360t2 + 30t3 390 + 660t + 150t2 360 + 240t 120

Table 3: Hilb(B̂•,k(Bn); t) for n = 0, . . . , 5

2 Leray model of permutahedral varieties

For a loopless matroid M with the maximum building set G = L(M) \ {∅}, the mono-
mial basis for B̂(M,G) given in [2, Corollary 5.3.2] simplifies considerably as follows.

Lemma 2.0.1. The following set forms a basis for B̂(M)

FYLer(M) :=
{

eδ1
F1

xa1
F1

eδ2
F2

xa2
F2
· · · eδk

Fk
xak

Fk
: ∅=F0�F1�F2�···�Fk∈L(M)

0≤ai≤rk(Fi)−rk(Fi−1)−1 , (δi,ai) 6=(0,0)}
δi∈{0,1}

}
.

Let B̂2m,n(M) = Q
{

∏i eδi
Fi

xai
Fi
∈ FYLer(M)| ∑i ai = m, ∑i δi = n

}
. When M = Bn,

L(M) is the Boolean lattice (2[n],⊆) and rk(F) = |F|. See Table 1 for examples of the
basis elements; Table 2 and 3 for dimQ B̂2i,j(Bn) and the corresponding Hilbert series.

2.1 Hilbert series for B̂(Bn)

The bigraded Hilbert series of B̂(Bn) is governed by an infinite (generalized) Catalan ma-
trix, which is closely related to combinatorics of orthogonal polynomials, lattice paths,
and continued fraction expressions of a formal power series (See [1, Ch. 7],[10]).

A Catalan matrix (an,k)n,k≥0 is defined from two nonnegative seed sequences s =
(si)

∞
i=0, t = (tj)

∞
j=1 via the recurrence{

a0,0 = 1, a0,j = 0, ai,−1 = 0 (i ≥ 0, j > 0)
an,k = an−1,k−1 + skan−1,k + tk+1an−1,k+1

.

Cheng, Eu, and Hsu [3, after a slight revision of Theorem 3.1] generalized the Eulerian
statistics from permutations in Sn to partial permutations Pn (see Definition 2.1.2) using
Catalan matrices. In particular, they showed that the Catalan matrix (an,k) for (sk, tk) =
(1 + (1 + t)k, tk2) admits the interpretation

an,0 = An(t) = ∑
σ∈Sn

texc(σ), and an,k = ∑
π∈Pn,k

texc(π), (2.1)

where Pn,k denotes the set of partial permutations with k zeros (they use Xs instead of
zeros in [3]). The first few entries of this Catalan matrix are displayed in Table 4.

Comparing Table 4 and Table 3, we are led to our first main result.
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n\k 0 1 2 3 4 5
0 1
1 1 1
2 1 + t 3 + t 1
3 1 + 4t + t2 7 + 10t + t2 6 + 3t 1
4 1 + 11t + 11t2 + t3 15 + 55t + 25t2 + t3 25 + 40t + 7t2 10 + 6t 1
5 1 + 26t + 66t2 + 26t3 + t4 31 + 236t + 276t2 + 56t3 + t4 90 + 315t + 180t2 + 15t3 65 + 110t + 25t2 15 + 10t 1

Table 4: (an,k) with (sk, tk) = (1 + (1 + t)k, tk2)

Theorem 2.1.1. Let (an,k) be the Catalan matrix defined by (sk, tk) = (1 + (1 + t)k, tk2).
Then the bigraded Hilbert series of B̂(Bn) is given by

Hilb
(

B̂(Bn); y, t
)
=

n

∑
k=0

Hilb(B̂•,k(Bn), t)yk =
n

∑
k=0

k!an,kyk.

Theorem 2.1.1 and (2.1) together yield a natural interpretation for the Hilbert series of
B̂(Bn). Rather than working directly with partial permutations, we will consider partial
permutations with all zeros labeled, which are essentially bicolored permutations.

Definition 2.1.2. A bicolored permutation π of length n with k bars denoted neg(π) = k,
is a permutation of [n] in which some k entries, say i1, i2, . . . , ik, in the one-line notation
are replaced by their barred counterparts i1, i2, . . . , ik. A partial permutation can be ob-
tained by replacing the entries with 0’s instead. Denote by Plab

n,k the set of such bicolored
permutations and Plab

n :=
⋃n

k=0 P
lab
n,k .

We extend the usual order on [n] to a partial order on bicolored letters by setting all
barred letters to be less than unbarred letters: i < j for i, j ∈ [n]. Then we define, for
π = π1 . . . πn ∈ Plab

n , the partial excedance set and number of π to be EXC(π) = {i ∈ [n] :
i < πi} and exc(π) = |EXC(π)|.

The partial excedance on Plab
n,k is essentially the pullback of exc on partial permuta-

tions Pn,k along the projection Plab
n,k → Pn,k which replaces each barred entry i as 0.

Corollary 2.1.3. For integers n ≥ 1, and k ≥ 0,

Hilb(B̂•,k(Bn); t) = k! ∑
π∈Pn,k

texc(π) = ∑
π∈Plab

n,k

texc(π).

Although the introduction of bicolored permutations may appear somewhat artificial
at first, it becomes essential when extending the interpretation of the Hilbert series to
the Sn–module structure in Section 2.3.

2.2 Bijection between monomial basis and bicolored permutations

In this section, we establish a bijection between the basis FYLer(Bn) and Plab
n . The re-

striction of this map on the Feichtner–Yuzvinsky basis FY(Bn) of A(Bn) yields a graded
bijection between (FY(Bn), deg) and (Sn, asc), which is also new.
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For π = π1 · · ·πn ∈ Plab
n , if πi = j or j, we write |πi| = j. The partial ascent number of

π ∈ Plab
n is defined to be

asc(π) := |{i ∈ [n− 1] : |πi| < |πi+1| and πi+1 is unbarred}|.

Example 2.2.1. If π = 9 8 1 4 2 5 6 3 7 ∈ Plab
9 , then asc(π) = |{3, 8}| = 2.

Theorem 2.2.2. There is a bijection ϕ : FYLer(Bn) −→ Plab
n such that e-deg(m) =

neg(ϕ(m)) and x-deg(m) = asc(ϕ(m)). Moreover, when restricted to the Feichtner–
Yuzvinsky basis of A(Bn), ϕ | FY(Bn)

: FY(Bn) −→ Sn is a bijection such that deg(mFY) =

asc(ϕ(mFY)).

For S ⊆ [n], let BS be the Boolean matroid on the ground set S. We let Plab
S denote

the set of bicolored permutations on S equipped with the order inherited from [n]; in
particular, Plab

n = Plab
[n] . Below, we define the bijection ϕS : FYLer(BS) −→ Plab

S .

Starting with a monomial m = eδ1
F1

xa1
F1

eδ2
F2

xa2
F2
· · · eδk

Fk
xak

Fk
∈ FYLer(Bn) and S = [n], we

will construct the bicolored permutation ϕ(m) recursively, starting by determining the
position of the largest label in S = [n] in ϕ(m).

1. If n does not appear in the chain (F1, . . . , Fk), set ϕ(m) = nϕ[n−1](m[n−1]), where
m[n−1] is the monomial obtained by restricting m to [n− 1].

2. Otherwise, let Fs be the first set in the chain containing n. Split both [n] \ n and the
monomial m into two parts:

• the lower set L := Fs \ n and the lower monomial

mL =

{
eδ1

F1
xa1

F1
· · · eδs−1

Fs−1
xas−1

Fs−1
eδs

Fs\nxas−1
Fs\n if as 6= 0

eδ1
F1

xa1
F1
· · · eδs−1

Fs−1
xas−1

Fs−1
if as = 0, δs = 1

;

• the upper set U := [n] \ Fs and the upper monomial

mU = eδs+1
Fs+1\Fs

xas+1
Fs+1\Fs

· · · eδk
Fk\Fs

xak
Fk\Fs

.

In the degenerate cases, we adopt the convention that mL = 1 when s = 1 with
Fs = {n}, and mU = 1 when s = k with Fs = [n]. Notice that mL ∈ FYLer(BL) and
mU ∈ FYLer(BU). Then set

ϕ(m) =


ϕL(mL) n

|Fs|th
ϕU(mU) if as 6= 0

ϕL(mL) n̄
|Fs|th

ϕU(mU) if as = 0, δs = 1
.
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We then apply the same procedure recursively to mS, where S is the relevant subset
([n− 1], L, or U).

Example 2.2.3. Let m = x12e1269e123679x2
123456789 ∈ FYLer(B9).

Step 1: Insert 9. Since 9 ∈ e1269 we decompose with respect to Fs = {1, 2, 6, 9}:
_ _ _

L
9̄ _ _ _ _ _

U
, L = {1, 2, 6}, mL = x12, U = {3, 4, 5, 7, 8}, mU = e37x2

34578.

Step 2: Insert 6 and 8. Since 6 /∈ mL and 8 ∈ x2
34578:

6 _ _
LL

9̄ _ _ _ _
UL

8, LL = {1, 2}, mLL = x12, UL = {3, 4, 5, 7}, mUL = e37x3457.

Step 3: Insert 2 and 7. Since 2 ∈ mLL and 7 ∈ e37:

6 _
LLL

2 9̄ _
ULL

7̄ _ _
ULU

8, mULL = x0
3, mULU = x45.

Step 4: Insert 3 and 5. Since 3 /∈ mULL and 5 ∈ x45 we obtain 6 1 2 9 3 7 4 5 8 = ϕ(m). This
permutation has neg(ϕ(m)) = 2 (from 9̄ and 7̄), asc(ϕ(m)) = 3, and deg(m) = 3.

Theorem 2.2.2 and Corollary 2.1.3 together imply the following enumerative result.

Corollary 2.2.4. The joint distributions (neg, exc), (neg, asc) are equidistributed over Plab
n .

Remark 2.2.5. While this work was in preparation, we learned from David Speyer that
Calvin Yost-Wolff independently discovered what appears to be an inverse formulation
of our bijection in the special case of the Chow ring.

2.3 The Sn-representations on B̂(Bn)

To extend Corollary 2.1.3 to the Sn-module structure on B̂(Bn), it is natural to seek an
analogue of DEX in (1.3) for Pn and Plab

n .

Definition 2.3.1. For π ∈ Plab
n , let πD be a new word obtained from π by replacing πi

with π′i whenever i ∈ EXC(π) for all i ∈ [n]. Then under the total order,

1′ <D 2′ <D · · · <D n′ <D 1 <D 2 <D . . . <D n <D 1 <D 2 <D . . . <D n, (2.2)

define DEX(π) := DES(πD) = {i ∈ [n− 1] : πD
i+1 <D πD

i }.

Then one can define a generalization of the Eulerian quasisymmetric function by

Qlab
n,k(x; t) := ∑

π∈Plab
n,k

FDEX(π),n(x)t
exc(π), (2.3)

which turns out to be symmetric for all k, hence serves as a natural candidate to the
Frobenius series of B̂•,k(Bn).



Leray models for permutahedral varieties 9

Remark 2.3.2. Removing all ī s in (2.2) recovers Shareshian–Wachs definition of DEX on
Sn. Alternatively, replacing all i s in (2.2) with a 0 yields a natural definition of DEX on
Pn. However, the analogue of the sum in (2.3) over Pn,k is not symmetric for all k. This
asymmetry motivates the use of the labeled version Plab

n,k in Corollary 2.1.3.

On the other hand, for any subgroup G ≤ Aut(M), consider the G-action on B̂(M)
induced by G acting on the indices of its variables. The basis FYLer(M) in Lemma 2.0.1
forms a permutation basis under this action. This yields an explicit description of the
corresponding permutation module structure.

Proposition 2.3.3. Let M be a loopless matroid of rank r. Then HilbG(B̂(M); y, t) equals

(1 + y) ∑
S⊆[r−1]

`

∏
i=1

(t[si − si−1 − 1]t + y[si − si−1]t) [r− s`]t
[
αL(M)(S)

]
.

where αL(M)(S) is the equivariant flag f -vector for S = {s1 < s2 < · · · < s`}, i.e. the
permutation module generated by chains in L(M) having rank set S.

When M = Bn and G = Sn, note that ch(αBn(S)) = hs1,s2−s1,...,n−s` . we obtain from
Proposition 2.3.3 the following theorem that generalizes (1.4).

Theorem 2.3.4. We have

1 + ∑
n≥1

grFrob(B̂(Bn); y, t)zn =
(1− t)H(z)

(1 + y)H(tz)− (y + t)H(z)
.

We find the closed formula in Theorem 2.3.4 is a specialization of the N-colored
Eulerian quasisymmetric functions (N = 2, r0 = r1 = 1, s1 = y) introduced by Hyatt [9].
This identification provides us with the F-expansion of the Frobenius series.

Theorem 2.3.5. For any positive integer n, we have

grFrob
(

B̂(Bn); y, t
)
=

n

∑
k=0

Qlab
n,k(x; t)yk = ∑

π∈Plab
n

FDEX(π)(x)t
exc(π)yneg(π)

Corollary 2.3.6. For any integer k ≥ 0, we have

∑
n≥0

grFrob(B̂•,k(Bn); t)zn = ∑
n≥0

Qlab
n,k(x; t)zn =

(1− t)H(z)
H(tz)− tH(z)

(
(1− t)H(z)

H(tz)− tH(z)
− 1
)k

Corollary 2.3.6 specializes to the following corollary for Hilbert series.

Corollary 2.3.7. For any integer k ≥ 0, we have

∑
n≥0

Hilb(B̂•,k(Bn); t)
zn

n!
=

(1− t)ez

etz − tez

(
(1− t)ez

etz − tez − 1
)k
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Remark 2.3.8. Corollary 2.3.7 implies that the Catalan matrix (an,k) defined by (sk, tk) =

(1 + (1 + t)k, tk2) is an exponential Riordan array
[
(1−t)ez

etz−tez , (1−t)ez

etz−tez − 1
]
. This is lifted to Sn-

module level in Corollary 2.3.6 and forms a symmetric function analogue of a Riordan
array (see [5] for definitions and notations of Riordan array):(

grFrob(B̂•,k(Bn); t)
)
= (Qlab

n,k(x; t))n,k≥0 =

(
(1− t)H(z)

H(tz)− tH(z)
,

(1− t)H(z)
H(tz)− tH(z)

− 1
)

.

2.4 Connection to permutahedral variety of type B/C

Since our combinatorial model for B̂(Bn) is given by the bicolored permutations Plab
n ,

which also serves as the combinatorial model of the hyperoctahedral group W(Cn). It is
natural to ask whether the Sn-representation on B̂(Bn) is related to the natural W(Cn)-
representation on the cohomology ring of the type B/C permutahedral variety XCn ,
studied by Stembridge [19]. The answer is affirmative. After forgetting the gradings on
both B̂(Bn) and H•(XCn), we obtain the following result.

Theorem 2.4.1. For any integer n ≥ 1, we have

B̂(Bn) ∼=Sn H•(XCn) ↓
W(Cn)
Sn

as ungraded Sn-modules

We proved Theorem 2.4.1 by showing that the generating function in [19, Theorem
7.6] after some specialization is equal to the closed formula in Theorem 2.3.4 after letting
y, t→ 1. The equality involves tedious computation.

3 γ-positivity for projective Leray model

Let M be a loopless matroid of rank r on the ground set E and G ≤ Aut(M). It is evident
from Table 3 that the Hilbert series of B̂•,k(M) is not always palindromic. However, if
we consider the projective Leray model B(M) := B̂(M)/(eE) of M, then by [2, paragraph
after Def. 5.1.1], one has B̂(M) ∼= B(M)⊗Q[eE], and consequently,

Hilb(B̂(M); y, t) = (1 + y)Hilb(B(M); y, t). (3.1)

Then B(M) inherits both the bigrading and the graded G-module structure from B̂(M).
Its graded components B•,k(M) turn out to have palindromic Hilbert series for all k.
Moreover, we prove a stronger result that each B•,k(M) is G-equivariant γ-positive.

Definition 3.1. Let A =
⊕d

i=0 Ai be a graded G-module. We say that A is (G-)equivariant
γ-positive if its equivariant Hilbert series admits an expansion of the form

HilbG(A; t) =
d

∑
i=0

[Ai]ti =
b d

2 c

∑
k=0

γktk(1 + t)d−2k
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where each coefficient γk ∈ RepQ(G) is uniquely determined and represents a genuine
(i.e. non-virtual) representation of G over Q; equivalently, γk ≥RepQ(G) 0 for all k.

For a subset T of [r− 1], let Stab(T) be the collection of subsets of T that contain no
consecutive integers. For any P ⊆ 2[r−1], define 1P (S) = 1 if S ∈ P and 0, otherwise.

Theorem 3.2. For all 0 ≤ k ≤ r− 1, the projective Leray model B•,k(M) is G-equivariant
γ-positive with the γ-expansion of HilbG(B•,k(M), t) given by

∑
B∈([r−1]

k )

∑
T⊆[r−1]

1Stab([2,r−1])(T \ B)
[

βL(M)(T)
]

t|T\B|(1 + t)r−1−`−2|T\B|,

where βL(M)(T) := ∑S⊆T(−1)|T\S|αL(M)(S) ∼=G H̃|T|−1(L(M)T) is the equivariant flag h-
vector of L(M). In particular, B2i,k(M) ≤RepQ(G) B2i+2,k(M) and B2i,k(M) ∼=G B2n−2−2i,k(M).

When k = 0, Theorem 3.2 recovers the equivariant γ-positivity of the Chow ring
A(M) in [13, 11]. Our proof of Theorem 3.2 is parallel to those in [11, 13], it involves a
combinatorial model that generalizes the one in the proof of Lemma 4.1 in [11].

Letting G be the trivial group, then Theorem 3.2 reduces to the usual γ-positivity,
unimodality, and palindromicity of Hilb(B•,k(M), t).

4 Further works
In the full version of this extended abstract, Theorem 2.2.2 is generalized to a bijection
between the monomial basis associated with a chordal building set G and the G-trees of
Postnikov-Reiner-Williams [15]. We further study the "augmented" counterpart B̂aug(M)
of the Leray model B̂(M). In particular, for B̂aug(Bn), which corresponds to the stellohe-
dral variety, we obtain "augmented analogues" of Theorem 2.1.1, Corollary 2.1.3, Theo-
rems 2.3.4 and 2.3.5, with "decorated bicolored permutations" providing the corresponding
permutation model. These results extend equations (1.5), (1.6), and (1.7).
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