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Abstract. The main goal of this paper is to extend two fundamental combinatorial
results in Schubert calculus on flag manifolds from equivariant cohomology and K-
theory to equivariant elliptic cohomology. We derive a Billey-type formula for the
localization of elliptic Schubert classes (for partial flag manifolds of arbitrary type)
and a pipe dream model for their polynomial representatives in the case of type A
flag manifolds. The latter extends the pipe dream model for double Schubert and
Grothendieck polynomials.
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1 Introduction

Classes in torus equivariant elliptic cohomology are elliptic functions in line bundles,
which makes elliptic cohomology less understood than cohomology and K-theory. By
the seminal work of Aganagic and Okounkov [1], elliptic cohomology provides a frame-
work to control the generating functions in the K-theoretic curve countings. It gains
importance due to its close connection to an important duality called “3D mirror sym-
metry” from mathematical physics; see [15] for an introduction.

Cohomological and K-theoretic Schubert calculus, including their equivariant ver-
sions, have been extensively studied from various perspectives for many years. In con-
trast, elliptic Schubert calculus is a relatively recent subject. Its foundations were laid
in[5, 11,12,13, 14, 18]; they include the recursive construction of elliptic Schubert classes
via generalizations of the cohomology and K-theory push-pull operators, and the study
of the corresponding Demazure algebra. However, elliptic Schubert calculus remains
underdeveloped, particularly in terms of its combinatorial aspects. In this paper, which
is an extended abstract of the full paper [7], we derive the analogues in equivariant el-
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liptic cohomology of two fundamental combinatorial formulas in Schubert calculus on
partial flag manifolds: the Billey-type formula for the localization of Schubert classes, and
the pipe dream model for their polynomial representatives in type A.

As noticed by Rimédnyi and Weber [13], the failure of well-definedness of fundamental
classes leads to a remarkable new feature of elliptic Schubert calculus: the dependence
on dynamical parameters. This feature tremendously increases the complexity, but at the
same time unifies the corresponding formula in a more systematic way.

The first part of the paper concerns the restrictions of the elliptic Schubert classes.
Let G be a reductive group. We use z, (resp. Aqv) to represent the equivariant parameter
for a root «a (resp., the dynamical parameter for a coroot «") of G. Our first main result
(Theorem 7) gives the Billey-type formula for the elliptic Schubert class E,. We also
generalize it to the partial flag variety case in Theorem 9. If we restrict to type A, our
Billey-type formula admits a wiring diagram presentation (Theorem 10). Using that, we
can give a combinatorial proof of an identity of 3D mirror symmetry by constructing a
simple sign-reversing involution; see [] for the precise statement and its proof.

Our formula generalizes the original one for cohomology Schubert classes in [, 4]
and its K-theory analogue (for structure sheaves of Schubert varieties and their duals)
in [5, 19], while it extends the Billey-type formula in hyperbolic cohomology derived
in [10]. In fact, by taking the limit to K-theory (which is explained in detail in [7]), our
formula recovers the one for Segre motivic Chern (SMC) classes of Schubert cells [17],
which implies the mentioned formula for structure sheaves of Schubert varieties by spe-
cialization (see [”]). In this sense, our formula also generalizes the Billey-type formula
for the Segre-Schwartz-MacPherson (SSM) classes of Schubert cells in cohomology [16].

Our second result (Theorem 16) is a combinatorial formula for polynomial represen-
tatives of equivariant elliptic Schubert classes (in the sense specified in Section 6.1) in
type A. This formula extends the pipe dream model for double Schubert and Grothend-
ieck polynomials. We use the generic pipe dreams of Knutson and Zinn-Justin [/], which
they use to compute the SSM and SMC classes of Schubert cells of full flag varieties in
type A. Thus, our result also extends theirs to the elliptic case.

A generic pipe dream is a tiling of the following n x n square grid by the following
tiles:
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For w € S,, we denote by GPD(w) the set of generic pipe dreams with w(a;) = i, ie.,
the i-th pipe from the left boundary goes to the w(i)-th position of the upper boundary.
To get a polynomial representative, we need to associate with each tile an elliptic weight.
This is determined by: the position of the tile, the indices of pipes inside, and another
statistic called level (Definition 15). In particular, this definition depends on associating
the dynamical variable A; with the i-th pipe (from the left boundary).
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2 Preliminaries

We recall the classical Jacobi theta function
O(u) = (x/2 —x~1/2) [T(1—¢"x)(1 —gq"/x) where x = g2t (2.1)
n>0

In the present paper, we treat 6 formally. More precisely, given a lattice A and an element
u, we could view

0(u) € Q[A][[g]], where Q[A] = @ cp Q- ™ is the group algebra. (2.2)
We fix the following two functions:
_ 0x —y)o(n) _ 0x+1m)o(y)
PN =gy ey YY) T ey me) 23)

We record two identities.

Proposition 1. We have the following identities:
L Q(x,y)Qy,x) = Land P(x,y) + Q(x, y)P(y,x) = 0;
2. P(=h,y) =1and Q(—h,y) =0;
3. P(x,0) =1and Q(x,0) = 0.

Let G be a reductive group with Borel subgroup B. Let T be the maximal torus and
X*(T), X«(T) the set of characters and cocharacters, respectively. Let ¥ be the set of
simple roots, ® the set of roots, and ®* the set of positive roots. Let W be the Weyl
group. Let P be a parabolic subgroup of G, which corresponds to a subset Xp of X. Let
®p C P be the subset of roots corresponding to P. Let Wp be the subgroup generated
by sy, & € Zp, and let W be the set of minimal length representatives of W/Wp.
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3 Elliptic Schubert Classes

In this section, we review the elliptic Schubert classes via the elliptic Demazure-Lusztig
operators and compare them with the elliptic Schubert classes in [17].

3.1 Twisted group algebras

Let T be the maximal torus of G, and let /s be a formal parameter. We consider
Q = FracQ[A][[g]] where A = X*(T) @ X.(T) @ Zh. (3.1)

For a character & € X*(T) (resp., a cocharacter B € X.(T)), we denote by z, (resp. Agv)
the corresponding element in A. We think of z-variables as “equivariant parameters”
and A-variables as “dynamical parameters.” The algebra Q[A] admits two commutative
W-actions (and so does Q): by acting on the z-variables and A-variables, respectively; the
latter is called the dynamical action. These actions are given by W'z = Zy and W04 gy =
Aypv. Define the twisted group algebra Q2 = Q x Q[W x W9, Tt is a free left Q-module
with basis {6,0¢ : w,v € W}, with multiplication given by

d
16,08 -0 6,908 = a - 6éd,, a,a € Q.

We can view it as the algebra generated by two W-actions on Q and the operators of
multiplication by elements of Q. Next, consider the algebra 9}, = Map(W, Q) given by
componentwise addition and multiplication. We denote by f,, € Qj, the element defined
by fuw(v) = 6",. In other words, for any f € Qj,, we can write f = Y e f(w) fuw € Qjy-

3.2 Elliptic Schubert classes

Recall the definition of P and Q in (2.3) and the convention (2.2).

Definition 2. For a simple root « € X*(T), the elliptic Demazure-Lusztig operator is
w = 08 (P(za, Aav) + Q(za, Aav)0s) € Quo,  where 5, =65, 63 =02 .  (3.2)

We have T, = —wa, where the latter operator was defined in [13, Theorem 1.3];
see [V, Remark 3.2]. So T, satisfies the braid relations, and therefore T, is well defined.
Note that a different normalization of elliptic classes was used in [14].

For u € W, it is a standard fact about Q2 that one can expand

53—1 T, = Z Au,w - dw, oy = Z bu,w : 52]71 Tw, where Au,w, bu,w € Q. (3.3)
w<u w<u

In this setup, 3D mirror symmetry can be stated as follows, cf. [11, 14]:

= b = q¢ (3.4)

a w7 u1lw-1 u,w

u—1 w1

Definition 3. For w € W, we define the elliptic Schubert class By, € Q3 by Eqp(u) = by -
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3.3 Elliptic Schubert classes for G/P

In order to generalize the above setting to a parabolic subgroup, we need to assume that
G is simply connected, i.e., X.(T) is the coroot lattice Q. We denote

A= P za'c Pza’=Q=X(T). (3.5)
a€X\Zp nEL
We denote
QP = Frac Q[AT][[q]] where AT = X*(T) @ QF @ zh, (3.6)
and

Qiy/w, = Map(W/Wp, Q°) = {f € Map(W, Q") : Vo € Wp, f(u0) = f(w)}.  (37)

We now define the parabolic version of elliptic Schubert classes. We have the follow-
ing linear map of lattices

. < Y, Zp,
Sozh— P ezn aesdb YEEP (3.8)

—h, «€ Xp.
Denote by Q' C Q the subset of elements having no poles along A,v = — for all roots

a € ®@. Then the map (3.8) induces a map
Q' — 9, cr——[dp, (3.9)
by specializing Ay to —F for all & € Zp.

Definition 4. For w € WF, we define the parabolic elliptic Schubert class E;, € Qjy /., by

Eg;(”) = [bu,w]P S QP-

4 Elliptic Billey Formula

In this section, we derive a Billey-type formula for the elliptic classes E. In type A, it is
shown to have a diagrammatic version.

4.1 The dynamical R-matrix

We consider Qua = Q x Q[WY]. It is a free left Q-module with basis 69, and there is
a multiplication given by a -4’69 = a- L 69 ,. For a simple root «; and a weight
B € X*(T), we consider the dynamical R-matrix

hi(B) = P(Aar, 2g) + 67 - Q(Aay, 28) € Quye, (4.1)
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where 0¢ = (531,. We are going to construct a generating function of b, = Ey (1) via
dynamical R-matrices.

We first fix a reduced word of u € Wasu=sj - -s;, which determines a sequence
of roots f; = Sy, | = ., £. Our first main result is the following theorem.

Theorem 5. With the notation introduced above, we have

hiy (B1) - hi,(Be) = Y, 0% - Eu(u (4.2)

weW

In particular, the left-hand side does not depend on the choice of decomposition of u.
Corollary 6. The dynamical R-matrices (4.1) satisfy the following properties.
* Unitary property

hi(x)hi(—x) =1
* Yang—Baxter equations
hi(x)hi(y) = hj(y)hi(x), if (sisj)” = id
hi(x)hj(x + y)hi(y) = hi(y)hi(x +y)hj(x), if (sis)° = id.

There are similar expressions for (s,'sj)4 = id and (s,'sj)6 = id, see also [+, Proposition 3.1].

4.2 Billey-type formula

Now we expand the formula in Theorem 5. Recall that we fixed a reduced word of u.
Consider a subword given by | C {1,...,¢}, and define its evaluation in the usual way:

w(]) =s;' - Eé—]’[sl <u, where e; =0 €{0,1} for 1<j<.
j€l
Forj=1,...,¢, we consider the coroots ,?[ — 5.
j ip i1

Theorem 7. With the notation introduced above, we have

{ ()\V],Zlgj), jE],
Z H{ P(A, J/Zﬁ,) j &7

Remark 8. In [5, 14] there are similar formulas for computing restrictions of (different)
elliptic classes, namely the coefficients 4, in (3.3). Our Billey-type formula is for the
coefficients b, ;, instead (recall Definition 3). It can be translated to the formulas in [, 14]
via (3.4) — a phenomenon which only happens in the elliptic case. The latter formulas
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were derived geometrically, via the Bott-Samelson resolution. By contrast, our formula
is derived in the original algebraic and combinatorial setup of [4], which is based on
R-matrices. In the elliptic case, R-matrices also appeared in [ 5, Section 9] in a different
context (for GL, only). Finally, we note that, by contrast to [*], where the Yang-Baxter
property is an input for the proof of the Billey formula, we derive it as a corollary.

We now state the parabolic generalization of the above Billey-type formula.

Theorem 9. Using the notation introduced above, we have

4 Q/\],Zﬁj)]Pz jelz
A Pag e e

w(])=w
where the sum over | C {1,...,¢} such that Vj = 1,...,{, we have sf]] . -sf; e WP. In
particular, EL (u) = 0 unless w € W”r.

5 Diagrams for Type A

Now we switch to GL,, for which the Weyl group W is the symmetric group S,. We
can identify X*(T) = Ze1 @ --- @ Ze, = X«(T) with simple roots €¢; — €;.1, for i =
1,...,n—1. Wedenote z; = z,, € Qand A; = A, € Q.

5.1 Wiring diagrams

Let u be a permutation. A choice of a reduced decomposition of u can be illustrated
by a wiring diagram, where each s;; is represented by a crossing of strings of heights i;
and i; + 1 in the j-th interval. A choice of | C {1,...,¢}, corresponding to a choice of
a subword, can be represented by a “sub-wiring diagram” obtained by resolving s;; for
j ¢ J. To distinguish them, we color the strings in the wiring diagram of u by red, and
those in the sub-wiring diagram by blue. We label the red (resp., blue) strings by their
targets (resp., sources). Here is an example.

44 4
3 X X,
) 2
1 1

7 52 73 52 51 93
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Then we can read §; and 'Vy} from the sub-wiring diagram. At the j-th crossing, we have
the following possibilities.

bxd bxd Bi=ea—¢y
or —— v]
a c a C ’yjzec—ed

This leads us to define the weight of a sub-wiring diagram to be the product of local

weights below.
: > < : i i (5.1)

weight Q(Ac—Ag za—2zp) P(Ac—Ag, za—2p)
Theorem 7 can now be restated as follows.

Theorem 10. Let u,w € S;,. For a fixed wiring diagram Dy of u, we have
Eo(u Zwe1ght D),

where the sum is over all sub-wiring diagrams D of Do whose permutation is w.

5.2 Parabolic version

We now rephrase Theorem 9 in the type A case. Theoretically, we need to switch to
G = SL,, but everything below can be lifted to GL,,.

Leta = (ay,...,am) € N™ be a composition with |a| := a; + - - - + a,, = n. We have
a parabolic subgroup P C GL,, whose Weyl group is the Young subgroup Wp = S, :=
Sa; X -+ X 54, C Sy We define

A={m+-4a;:0<i<n}={lLa1+1,;y+a+1,...,a9+ - +a,1+1}.

Then the specialization map (3.9) f — [f]|p is given by A; — Aj1q — —h fori ¢ A. We
denote A, = [A4]p for a € A by an abuse of notation. Then for any i =1,...,n,

Ai—= Ay + (i—a)h where a=min(a € A:a <i).

To compute EL (1) using the sub-wiring diagrams introduced above, we relabel the blue
strings by replacing the label i by a + (i — a)e for a € A as above. We could view e as the
symbol for an infinitesimal number. The weights (5.1) specialize to

b d+te b d+te
aXchse aXc+se (5.2)

[weight]p Q(Ac—Ag+(t—s)h, za—zp) P(Ac—Ag+(t—s)h, z,—2p).
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We can now translate Theorem 9 as follows.

Theorem 11. Let u,w € W. For a fixed wiring diagram Dy of u, we have

B4 () = Y-lweight(D)]r,

where the sum is over all sub-wiring diagrams D of Doy whose underlying permutation is w. We
can further assume that any pair of blue strings in D labeled by c + INe for the same ¢ € A does
not intersect.

6 Pipe Dream Model

In this section, we consider polynomial representatives of equivariant elliptic Schubert
classes Ey, in type A via the generic pipe dreams of Knutson and Zinn-Justin [/], which
were recalled in Section 1.

6.1 Polynomial representatives

Recall the setup in Section 3.1. We take the equivariant elliptic cohomology to be EllT(G/B)
equaling K7(G/B)[[q]], and consider the Borel model of K1(G/B). When G = GL,, we
consider

P=QAlllg], A= (é sz-) ® (é ny) e (é m) o Zh
i=1 i=1 i=1

Denote by x;,y;,A; for 1 < i < n the coordinates of the three summands. Define the
localization map, which is a ring homomorphism:

Loc: P — Qp, Loc(f(x,y,A))(u) = f(uz,z,A),

where uz = (z,q), - - -, Zy(n))- A polynomial representative of Ey is an element &, € P such
that Loc(€y) = Ey. Note that the polynomial representative is not unique.

Remark 12. The above notation agrees up to sign with the traditional one for the vari-
ables in double Schubert and Grothendieck polynomials, in the sense that x; are the
Chern roots of the universal subquotient bundles on GL, /B, and y; are the equivariant
parameters (characters of the torus); in addition, we now also have the dynamical vari-
ables A;. More precisely, the pipe dream formula for double Schubert polynomials (see,
e.g., [0, Section 3]) yields, via specialization, a formula for the localizations of Schubert
classes which is positive in Xj— Xj, j > i (i.e., the negative roots), while our corresponding
formula is positive in the positive roots.
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We construct the polynomial representatives &, for w in W = S,. The construction
is based on the Billey-type formula in a larger group G = GLj,, whose Weyl group is
W = 53,. Consider W5 = §1 X - -+ X §1 X §;, and let 1y € Sy, be given by

1<i<n, up(i) =n+i, up(n+i) =1i.

Forw e W =S5, we view w = w xid € S;;, X S;; C Sy,,. From the discussion in the
previous sections, we have constructed

. 2n n+1
Ey(u0) = [Eu(u0)lp € QAl[[g)], A= (@Zzi) ® <é Z)\z’) © Zh.
i=1 i=1

In particular, we can write it as

~
~

Ef{)(l’l(}) = gZU(le see /ZZH;)\ll so //\1’1/ /\n—i—l)-
We define

~

Ew(X, Y, AN) =Eu(Y1, .- Yn, X1, -+, Xn; A1, ..., Ay, 0) € P
Let w, be the longest element of W = §,,.

Lemma 13. We have

n

Ew.(,y,A) = TT Qi = Apsa—jyj — x) [ TP(Ais yng1-i — xi).- (6.1)
i+j<n i=1

Theorem 14. The element &, € P is a polynomial representative of Ey.

6.2 Generic pipe dreams

From our definition and Theorem 11, there is a sub-wiring diagram model for &,. Note
that the wiring diagrams for any reduced word of ug are isotopically equivalent. The
set of such diagrams is in a natural bijection with the set of generic pipe dreams [/], as
illustrated below for n = 3.

6 ¢ 4+2€
J J
4 4 1'Jr
2_)
3 3 5 —
2 2
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More precisely, we replace the red strings by the “Poincaré dual”, i.e., an n x n grid, and
the blue strings labeled by 1, ..., n by pipes in the grid. Since the blue strings labeled by
n 4+ 1+ INe are not allowed to intersects, by Theorem 11, we lose no information.

We now explain the translation of the weights to generic pipe dreams. We first need
to define the level statistic.

Definition 15. For a generic pipe dream, we define level for tiles containing only one pipe
inside, i.e. ~,- , | ,—, as follows. For each pipe, imagine that we are walking along it
with a number kept in mind. At the source of the pipe, the number is 0. Then once we meet

~ -, |, — we define its level to be the number in mind, and then increase the number by 1
if we met —, and by —1 if met | .

We can now translate the weights at the (i, j)-position as follows.
+ Qa—Apyi—x)  — QAa—chy—x) | Qeh—Ap,yj—xi)
Jr- P()La—)tb,]/]'—xi) J P()\a—ch,y]-—x,') r P(ch—)\b,yj—xi)

Here a (resp., b) is the index for the pipe from the lower (resp., left) boundary, and c is
the level. See the following example, where the levels are displayed inside the respective
tiles.

| 98 P(A1—A2,y1—x1) Q(A2—A3,y2—x1) P(Ap,y3—x7)
weight < %3-({) ) = H P(/\z,yl—xz) Q(—/\3,]/2—X2) 1
Q(A3,y1—x3) P(Az—h,y2—x3) 1

Theorem 16. For any w € S, we have

Ew= ), weight(n).
neGPD(w)

Remark 17. We can define polynomial representatives of equivariant elliptic classes for
partial flag manifolds GL, /P by applying the map [_|p to the polynomial representatives
for GL,, /B. In this way, we derive the analogue of Theorem 16 for GL,, / P; the respective
sum is now restricted to those generalized pipe dreams for which the strings labeled by
¢ + INe for the same ¢ € A do not intersect (see the notation in Theorem 11), and the
map [_|p is applied to the corresponding weights (as in Theorem 11).
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