
Séminaire Lotharingien de Combinatoire XX (2026) Proceedings of the 38th Conference on Formal Power
Article #6, 11 pp. Series and Algebraic Combinatorics (Seattle)

Complementary vectors of doubly
Cohen–Macaulay complexes

Matt Larson*1 and Alan Stapledon†2

1Princeton University, Princeton, NJ, USA
2Sydney Mathematical Research Institute, Sydney, NSW, Australia

Abstract. We classify the complementary vectors of doubly Cohen–Macaulay com-
plexes. This proves a conjecture of Swartz, negatively answers a question of Athanasiadis
and Tzanaki, and gives new bounds on the number of independent sets in a matroid.
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1 Doubly Cohen–Macaulay complexes

Let ∆ be a simplicial complex of dimension (d − 1) with vertex set {1, . . . , n}. We say
that ∆ is doubly Cohen–Macaulay (over a field k) if it is Cohen–Macaulay (over k), and
∆ \ v is Cohen–Macaulay (over k) of dimension (d − 1) for every vertex v ∈ {1, . . . , n}.
This can be described both algebraically and topologically:

1. ∆ is doubly Cohen–Macaulay (over k) if and only if H̃i(|∆|; k) = Hi(|∆|, |∆| −
p; k) = 0 for all p ∈ |∆| and all i < d − 1, and H̃d−2(|∆| − p; k) = 0 for all p ∈ |∆|.

2. ∆ is doubly Cohen–Macaulay (over k) if and only if the Stanley–Reisner ring k[∆] is
Cohen–Macaulay, and, after possibly replacing k by an extension, there is a linear
system of parameters θ1, . . . , θd for k[∆] such that the socle of k[∆]/(θ1, . . . , θd) is
concentrated in degree d.

Here |∆| is the geometric realization of the simplicial complex ∆. A collection of ele-
ments θ1, . . . , θd in the degree 1 part of k[∆] is a linear system of parameters if k[∆]/(θ1, . . . , θd)
is a finite-dimensional vector space over k; a linear system of parameters exists as long
as k is infinite. The socle of k[∆]/(θ1, . . . , θd) is the set of elements x such that xy = 0
for every y ∈ k[∆]/(θ1, . . . , θd) of positive degree. The socle is concentrated in degree d
if and only if, for each nonzero x ∈ k[∆]/(θ1, . . . , θd), there is some y such that xy has
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degree d and is nonzero, so k[∆]/(θ1, . . . , θd) is a level ring. If (2) holds for one linear
system of parameters, then it holds for any linear system of parameters. See [24, Section
III.3] and [5].

Whether a simplicial complex ∆ is doubly Cohen–Macaulay over a field k depends
only on the characteristic of k. For reasons that will become apparent later, in this article
we say that ∆ is doubly Cohen–Macaulay if it is doubly Cohen–Macaulay over a field
of characteristic 2. Many complexes which arise naturally in combinatorics are doubly
Cohen–Macaulay.

Example 1. If ∆ has dimension 1 and has at least three vertices, then ∆ is doubly Cohen–
Macaulay if and only if it is 2-connected, i.e., it is connected, and it remains connected after any
vertex is deleted.

Example 2. If ∆ is a triangulation of a sphere (i.e., |∆| is homeomorphic to a sphere), then ∆ is
doubly Cohen–Macaulay.

There are many examples of doubly Cohen–Macaulay complexes coming from com-
plexes with a convex ear decomposition in the sense of Chari [9, Section 3.2]. Explicitly, ∆
admits a convex ear decomposition if it contains a sequence of subcomplexes Σ1, . . . , Σm,
where each Σp is the boundary of a d-dimensional simplicial polytope, ∆ = ∪pΣp, and
Σq ∩ (∪p<qΣp) is a (d − 1)-dimensional ball for all 1 < q ≤ m (see [2, Remark 2.3]).
Swartz proved that if ∆ admits a convex ear decomposition, then it is doubly Cohen–
Macaulay [25, Theorem 4.1]. Examples of simplicial complexes admitting convex ear
decompositions (and hence of doubly Cohen–Macaulay complexes) include the inde-
pendence complex of a coloop-free matroid [9, Theorems 2-3], the Bergman complex of
a matroid [20, Section 4], and the augmented Bergman complex of a matroid [2, Theo-
rem 1.2]. See [8, 11, 22, 23, 25, 27] for further examples of complexes with convex ear
decompositions.

In some cases, it is easier to prove that a complex is doubly Cohen–Macaulay than to
prove that it admits a convex ear decomposition [5, 26]. There are families of combinatorially-
defined complexes which are known to be doubly Cohen–Macaulay, but are not known
to admit a convex ear decomposition [3, 13].

Because of their ubiquity, it is interesting to obtain bounds on the h-vector of doubly
Cohen–Macaulay complexes. Strengthening results of Nevo and Swartz [19, 25], a pow-
erful inequality was proved by Adiprasito, Papadakis, and Petrotou. For a simplicial
complex ∆ of dimension (d − 1), its g-vector is (h0, h1 − h0, . . . , h⌊d/2⌋ − h⌊d/2⌋−1). The
g-vector determines the first half of the h-vector of ∆.

Theorem 1. [1, Corollary 3.2] Let ∆ be a doubly Cohen–Macaulay complex of dimension (d− 1).
Then the h-vector (h0, h1, . . . , hd) satisfies hq ≤ hd−q for each q ≤ d/2, and the g-vector of ∆ is
an M-vector.
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Recall that a sequence (1, a1, a2, . . . , aq) is an M-vector if there is a standard graded
algebra whose Hilbert function is (1, a1, . . . , aq). In Section 3, we recall the explicit in-
equalities describing M-vectors.

For example, if ∆ is a triangulation of a sphere, then the Dehn–Sommerville equations
state that hq = hd−q for each q. In [6], Billera and Lee showed that every M-vector
(a0, a1, . . . , a⌊d/2⌋) occurs as the g-vector of the boundary of a d-dimensional simplicial
convex polytope, so Theorem 1 exactly classifies the possible first halves of the h-vectors
of doubly Cohen–Macaulay complexes. In light of this result, it is natural to study the
complementary vector c(∆) = (c0, c1, . . . , c⌊(d−1)/2⌋), where cq = hd−q − hq, which is non-
negative by Theorem 1.

The following result completely classifies the complementary vectors of doubly Cohen–
Macaulay complexes and answers a question of Swartz [25, Problem 4.8].

Theorem 2. Let ∆ be a doubly Cohen–Macaulay simplicial complex of dimension (d − 1). Then
the complementary vector c(∆) is a sum of M-vectors. Moreover, suppose that a sequence
a = (a0, . . . , a⌊(d−1)/2⌋) is a sum of M-vectors. Then there is a (d − 1)-dimensional simpli-
cial complex ∆ that admits a convex ear decomposition such that a = c(∆).

In Section 3, we give explicit inequalities describing sums of M-vectors. In the case
when ∆ admits a convex ear decomposition, that c(∆) is a sum of M-vectors was previ-
ously shown in [25, Proposition 4.4].

2 Algebraic results

We now describe the algebraic results that underlie the proof of Theorem 2. Let k be a
field of characteristic 2, and let K = k(ai,j)1≤i≤d, 1≤j≤n. Let K[∆] be the Stanley–Reisner
ring of ∆ over K, and set

H(∆) = K[∆]/(θ1, . . . , θd), where θi = ∑
j

ai,jxj for each i.

Then H(∆) = H0(∆)⊕ · · · ⊕ Hd(∆) is graded. Because ∆ is Cohen–Macaulay, dim Hq(∆)
is the qth entry of the h-vector of ∆. Because ∆ is doubly Cohen–Macaulay, H(∆) is level:
for any nonzero x ∈ Hq(∆), there is some y ∈ Hd−q(∆) such that xy is nonzero. In order
to prove Theorem 1, Adiprasito, Papadakis, and Petrotou proved the following result.

Theorem 3. [1, Corollary 3.2] Let ∆ be a doubly Cohen–Macaulay complex of dimension (d− 1).
Let ℓ = x1 + · · ·+ xn ∈ H1(∆). For each q ≤ d/2, multiplication by ℓd−2q induces an injection
from Hq(∆) to Hd−q(∆).

This immediately implies Theorem 1, because the Hilbert function of H(∆)/(ℓ) be-
gins (h0, h1 − h0, . . . , h⌊d/2⌋ − h⌊d/2⌋−1, . . . ) and H(∆)/(ℓ) is a standard graded algebra.
We will prove a strengthening of Theorem 3 in Theorem 4 below.
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There is a natural identification of the dual vector space Hom(Hd(∆), K) with the re-
duced homology group H̃d−1(|∆|; K) [17, Theorem 10]. Given any µ ∈ Hom(Hd(∆), K),
let H(∆, µ) be the induced Gorenstein quotient of H(∆). That is, H(∆, µ) is the quo-
tient of H(∆) by the ideal (x ∈ Hq(∆) : µ(xy) = 0 for all y ∈ Hd−q(∆)). By construc-
tion, the pairing Hq(∆, µ)× Hd−q(∆, µ) is nondegenerate for each q, so dim Hq(∆, µ) =
dim Hd−q(∆, µ).

Theorem 4. Let ∆ be a doubly Cohen–Macaulay complex of dimension (d − 1). There is a map
µ : Hd(∆) → K such that, for each q ≤ d/2, dim Hq(∆, µ) = hq and multiplication by ℓd−2q

induces an isomorphism from Hq(∆, µ) to Hd−q(∆, µ).

This is indeed a strengthening of Theorem 3, as the isomorphism from Hq(∆) =
Hq(∆, µ) to Hd−q(∆, µ) given by multiplication by ℓd−2q factors through Hd−q(∆).

A sequence of nonnegative integers (a0, a1, . . . , am) is a sum of M-vectors if and only
if there is a graded module M = M0 ⊕ M1 ⊕ · · · over a polynomial ring in finitely many
variables which is generated as a module in degree 0 and has dim Mq = aq for all q.
We show that (a0, a1, . . . , am) is a sum of M-vectors if and only if it is identically 0, or
if a0 > 0 and (1, a1, . . . , am) is an M-vector. See Proposition 4. In particular, Macaulay’s
inequalities classifying M-vectors immediately imply a numerical classification of all
sums of M-vectors.

Proof of Theorem 2. Theorem 4 states that there is a linear map µ : Hd(∆) → K such that
dim Hq(∆, µ) = hq for each q ≤ d/2. Let M be the kernel of the quotient map H(∆) →
H(∆, µ). Let M∗ be the graded dual of M, i.e., the degree q component of M∗ is the dual
of the vector space Md−q. This is a module over H(∆), with y ∈ H(∆) acting on f ∈ M∗

via (y · f )(z) = f (y · z) for each z ∈ M. See, for example, [10, Section 21.1]. The Hilbert
function of M∗ is c(∆).

It suffices to show that M∗ is generated in degree 0 as a module over H(∆), as H(∆) is
generated in degree 1 and so is a quotient of a polynomial ring in finitely many variables.
The perfect pairing between M and M∗ induces a perfect pairing between M∗/H>0 · M∗

and Soc(M) := {y ∈ M : y · z = 0 for all z ∈ H>0(∆)}. As M is an ideal in the level
algebra H(∆), Soc(M) is concentrated in degree d, so M∗/H>0 · M∗ is concentrated in
degree 0. Then M∗ is generated in degree 0 by the graded version of Nakayama’s lemma.

The construction of all sums of M-vectors as complementary vectors of simplicial
complexes with convex ear decompositions is carried out in Proposition 5.

For the proof of Theorem 4, we refer to [16]. We briefly indicate the main ideas. Recall
that Hom(Hd(∆), K) is identified with H̃d−1(|∆|; K). We say that a map µ : Hd(∆) → K
is defined over F2 if, under this identification, it corresponds to a homology class which
is in the image of the natural map H̃d−1(|∆|; F2) → H̃d−1(|∆|; K). A symmetric bilinear
form B : V × V → K is anisotropic if, for all nonzero x ∈ V, B(x, x) is nonzero. One key
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input to Theorem 4 is the following result, which is similar to [1, Theorem 3] and [15,
Theorem 4.4] and is based on an idea introduced in [21].

Proposition 1. Let µ : Hd(∆) → K be a nonzero map which is defined over F2, and let H(∆, µ)
be the corresponding Gorenstein quotient. Let ℓ = x1 + · · ·+ xn ∈ H1(∆, µ). For each q ≤ d/2,
the symmetric bilinear form Hq(∆, µ)× Hq(∆, µ) → K given by (x, y) 7→ µ(x · y · ℓd−2q) is
anisotropic.

Note that Hom(Hd(∆), K) has a basis µ1, . . . , µs where each µi is defined over F2.
Because ∆ is doubly Cohen–Macaulay, H(∆) is level, and so we have an injection

H(∆) ↪→
s⊕

i=1

H(∆, µi).

In the proof of Theorem 4, we construct the map µ as a linear combination of the chosen
basis µ1, . . . , µs. We inductively choose λ1, . . . , λt ∈ K such that, for each q ≤ d/2, we
have

ker

(
Hq(∆) →

t⊕
i=1

Hq(∆, µi)

)
= ker

(
Hq(∆) → Hq(∆,

t

∑
i=1

λiµi)

)
,

and H(∆, ∑t
i=1 λiµi) has the strong Lefschetz property with respect to ℓ. That this is

possible for t = 1 follows from Proposition 1, with λ1 = 1. We show that Proposition 1
guarantees that there is some λt+1 ∈ K such that ∑t+1

i=1 λiµi also has these properties,
allowing us to continue the induction. Once we find (λ1, . . . , λs) with these properties,
we have proven Theorem 4.

The proof of Proposition 1 requires the characteristic of k to be 2, and it is open
whether an analogous statement holds in other characteristics. In [14], the authors es-
tablished a weaker version of Proposition 1 in any positive characteristic p. This result
can be used to deduce the following theorem, see [16, Theorem 5.1].

Theorem 5. Let k be a field of characteristic p > 0, and let ∆ be a doubly Cohen–Macaulay
complex over k of dimension (d − 1). Then the vector composed of the first ⌊d/p⌋+ 1 entries of
c(∆) is a sum of M-vectors.

The following example shows that the conclusion of Theorem 4 can fail if one quo-
tients by a different linear system of parameters.

Example 3. Let ∆ be the 1-dimensional complex in Figure 1, which is doubly Cohen–Macaulay
and has h-vector (1, 3, 2). Set θN

1 = a1,1x1 + a1,3x3 + a1,5x5 and θ2 = a2,1x1 + a2,2x2 + a2,3x3 +
a2,4x4 + a2,5x5. Let HN(∆) = K[∆]/(θN

1 , θ2), which is level and has Hilbert function (1, 3, 2). A
basis of H̃1(|∆|; K) is given by the classes of the induced subcomplexes with vertex sets {1, 2, 4, 5}
and {2, 3, 4, 5}, respectively. Call these classes µ1 and µ2. Let µ = αµ1 + βµ2 be a nonzero class.
If α and β are both nonzero, then a1,1α−1x1 + a1,3β−1x3 is in the kernel of HN(∆) → HN(∆, µ).
If α = 0 or β = 0, then µ is supported on a subcomplex with h-vector (1, 2, 1). Therefore there is
no Gorenstein quotient of HN(∆) with Hilbert function (1, 3, 1).
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Figure 1: A counterexample to a possible extension of Theorem 4.

3 Constructions and M-vectors

In this section, we discuss M-vectors and Hilbert functions of modules. We give a
strengthening of the bounds in Theorem 2. We also give a construction which shows
that every sum of M-vectors occurs as the complementary vector of a complex with a
convex ear decomposition, completing the proof of Theorem 2.

Recall that an M-vector is the Hilbert function of a finite-dimensional standard graded
algebra. There are explicit inequalities which characterize M-vectors that were proved
essentially by Macaulay (see [24, p. 56]), and which we now recall.

Given positive integers b and i, there is a unique expression

b =

(
ni

i

)
+

(
ni−1

i − 1

)
+ · · ·+

(
nj

j

)
, with ni > ni−1 > · · · > nj ≥ j ≥ 1.

We define b⟨i⟩ = (ni+1
i+1 ) + (ni−1+1

i ) + · · · + (
nj+1
j+1 ). We set 0⟨i⟩ = 0. Then we have the

following result.

Proposition 2. [18] A sequence of nonnegative integers (a0, . . . , am) is an M-vector if and only
if a0 = 1 and ai+1 ≤ a⟨i⟩i for 1 ≤ i ≤ m − 1.

We will need a generalization of Proposition 2 which classifies the Hilbert function
of modules which are generated in degree 0 over a polynomial ring in finitely many
variables. This was proved by Hulett [12] in characteristic 0 and by Blancafort and Elias
[7] in arbitrary characteristic.

Proposition 3. [7, Theorem 3.2] A sequence of nonnegative integers (a0, . . . , am) is the Hilbert
function of a graded module which is generated in degree 0 over a polynomial ring with s gen-
erators if and only if ai+1 ≤ q(s+i

i+1) + r⟨i⟩ for all 0 ≤ i ≤ m − 1, where q and r are the unique
nonnegative integers with ai = q(s+i−1

i ) + r and r < (s+i−1
i ).
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We use Proposition 3 to give a description of the inequalities satisfied by sums of
M-vectors.

Proposition 4. For a sequence (a0, . . . , am) of nonnegative integers, the following are equivalent:

1. (a0, . . . , am) is a sum of M-vectors.

2. Either the sequence is identically 0, or a0 > 0 and (1, a1, . . . , am) is an M-vector.

3. (a0, . . . , am) is the Hilbert function of a graded module which is generated in degree 0 over
a polynomial ring in finitely many variables.

Proof. (1) implies (3): A standard graded algebra A is a module over the polynomial ring
Sym A1 which is generated in degree 0, and so an M-vector is the Hilbert function of a
module which is generated in degree 0. We realize a sum of M-vectors as the Hilbert
function of a module which is generated in degree 0 by taking the direct sum of these
modules.

(3) implies (2): If N is a module which is generated in degree 0 over a polynomial ring
in s generators, then it is also a module which is generated in degree 0 over a polynomial
ring in t generators for any t ≥ s, with the extra generators acting by 0. For t sufficiently
large, the inequalities in Proposition 3 become the inequalities in Proposition 2, which
gives (2).

(2) implies (1): We can write (a0, . . . , am) = (1, a1, . . . , am)+∑a0−1
i=1 (1, 0, . . . , 0) if a0 > 0,

and the sequence is the empty sum of M-vectors if it is identically zero.

The proof of Theorem 2 shows that the complementary vector of ∆ is the Hilbert
function of a graded module which is generated in degree 0 over H(∆). Because H(∆) is
a quotient of a polynomial ring with h1 generators, Proposition 3 gives a sharper bound
on c(∆) in terms of h1.

Corollary 1. Let ∆ be a doubly Cohen–Macaulay complex of dimension (d − 1). We have
ci+1 ≤ qi(

h1+i
i+1 ) + r⟨i⟩i for all 0 ≤ i ≤ (d − 3)/2, where qi and ri are the unique nonnegative

integers with ci = qi(
h1+i−1

i ) + ri and ri < (h1+i−1
i ).

Because the independence complex of a coloop-free matroid is doubly Cohen–Macaulay
[24, p. 94], Corollary 1 gives new inequalities for the h-vectors of independence com-
plexes of coloop-free matroids.

We next turn our attention to constructing examples. We will use the following
lemma of Chari. If h(∆) = (h0, . . . , hd) is the h-vector of a (d − 1)-dimensional simplicial
complex, then we write h(∆; t) = ∑d

i=0 hiti.

Lemma 1. [9, Lemma 3] Let ∆ be a (d− 1)-dimensional simplicial complex that admits a convex
ear decomposition, i.e., it contains a sequence of subcomplexes Σ1, . . . , Σm, where each Σp is the
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boundary of a d-dimensional simplicial polytope, ∆ = ∪pΣp, and Σq ∩ (∪p<qΣp) is a (d − 1)-
dimensional ball for all 1 < q ≤ m. Then

h(∆; t) = h(Σ1; t) +
m

∑
q=2

tdh(Bq; t−1),

where Bq is the closure of Σq ∖ (Σq ∩ (∪p<qΣp)).

The following proposition completes the proof of Theorem 2.

Proposition 5. Suppose that a sequence of nonnegative integers a = (a0, . . . , a⌊(d−1)/2⌋) is a
sum of M-vectors. Then there is a (d− 1)-dimensional simplicial complex ∆ that admits a convex
ear decomposition such that a = c(∆).

Proof. The zero vector is the complementary vector of any (d − 1)-dimensional dou-
bly Cohen–Macaulay complex ∆ with dim H̃d−1(|∆|; k) = 1, e.g., the boundary of a
d-dimensional simplicial polytope. Assume that a = (a0, . . . , a⌊(d−1)/2⌋) is nonzero. Let
â = (1, a1, . . . , a⌊(d−1)/2⌋). Then a0 > 0 and â is an M-vector by Proposition 4. There is a
(d − 2)-dimensional simplicial complex Q that is the boundary of a (d − 1)-dimensional
simplicial polytope with â = g(Q) [6]. Recall also that h(Q; t) = td−1h(Q; t−1). Let
S0 = {x, x′} be the 0-dimensional sphere with two points. Then the join Q ∗ S0 is
a (d − 1)-dimensional simplicial sphere with h(Q ∗ S0; t) = h(Q; t)(1 + t). The sub-
complexes B and B′ given by the joins Q ∗ {x} and Q ∗ {x′} respectively are (d − 1)-
dimensional balls with h-vectors h(B; t) = h(B′; t) = h(Q; t). Let ∆′ be obtained by
gluing two copies of Q ∗ S0 along B. Equivalently, ∆′ is obtained by gluing a copy
of B′ to Q ∗ S0 along Q. Then ∆′ admits a convex ear decomposition by construction.
By Lemma 1, h(∆′; t) = h(Q ∗ S0; t) + tdh(B′; t−1) = h(Q; t)(1 + 2t). It follows that
tdh(∆′; t−1)− h(∆′; t) = h(Q; t)(1 − t), and hence c(∆′) = g(Q) = â.

Fix a facet F of ∆′. Let ∆ be obtained by gluing a0 copies of ∆′ along the complement
of the interior of F. Equivalently, ∆ is obtained from ∆′ by successively gluing a0 − 1
copies of F along the boundary of F. Then ∆ admits a convex ear decomposition by
construction. Since h(F; t) = 1, Lemma 1 implies that h(∆; t) = h(∆′; t) + (a0 − 1)td.
Hence c(∆) = c(∆′) + (a0 − 1, 0, . . . , 0) = a.

In [4, Question 7.2], Athanasiadis and Tzanaki asked if the following inequalities
hold: if ∆ is a (d − 1)-dimensional doubly Cohen–Macaulay complex and h(∆) =
(h0(∆), . . . , hd(∆)), then

h0(∆)
hd(∆)

≤ h1(∆)
hd−1(∆)

≤ · · · ≤ hd−1(∆)
h1(∆)

≤ hd(∆)
h0(∆)

. (3.1)

As in the proof of Proposition 5, let Q be the boundary of a simplicial (d− 1)-dimensional
polytope with h-vector h(Q) = (h0(Q), . . . , hd−1(Q)). Let S0 = {x, x′} be the 0-dimensional
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sphere. Let ∆ be the (d − 1)-dimensional doubly Cohen–Macaulay complex obtained by
gluing two copies of the suspension Q ∗ S0 of Q along Q ∗ {x}. Then we have seen that
h(∆; t) = h(Q; t)(1+ 2t). Then one computes that (3.1) is equivalent to the condition that
hi−1(Q)hi+1(Q) ≤ hi(Q)2 for all i ≥ 0, i.e., h(Q) is a log-concave sequence. The latter
condition does not hold in general. We give a concrete example below.

Example 4. With the notation above, let Q be the boundary of a simplicial 6-dimensional polytope
with h(Q) = (1, 10, 13, 17, 13, 10, 1), which exists by [6]. Note that h(Q) is not log-concave
since 10 ∗ 17 = 170 > 132 = 169. Recall that S0 = {x, x′} is the 0-dimensional sphere. Let
∆ be the 6-dimensional doubly Cohen–Macaulay complex obtained by gluing two copies of the
suspension Q ∗ S0 along Q ∗ {x}. Then h(∆) = (1, 12, 33, 43, 47, 36, 21, 2) and c(∆) = g(Q) =

(1, 9, 3, 4). We have h2(∆)
h5(∆)

= 33
36 > h3(∆)

h4(∆)
= 43

47 , and so ∆ does not satisfy (3.1).
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