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On two open problems on
Ehrhart polynomials of fences
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Abstract.

We show how the coefficients of the order polynomial of a poset can be computed as
a weighted sum over all decompositions into convex subposets. Using this result, we
provide an explicit combinatorial interpretation of the coefficients of the order polyno-
mial of a fence poset and conjecture a generalization to skew shape posets. Moreover,
we use the decomposition into convex subposets to provide a combinatorial interpre-
tation of the coefficients of the Ehrhart polynomial evaluated at t —3/2 associated with
the zigzag posets. This allows us to express its generating series as a Hadamard prod-
uct of two explicit series. Using this last result, we give an alternative proof of the
second part of the Watanabe—Yoshida conjecture from 2005 by establishing an explicit
lower bound on the evaluation of these shifted Ehrhart polynomials.

Keywords: Ehrhart polynomial, Order polynomial, Zigzag posets, Fence posets, skew
shape posets, Hilbert-Kunz multiplicity

1 Introduction

We are interested in analyzing the coefficients of the order polynomial n!- Qp(t) =
Z,‘le a;(P)t of a poset P of size n. This polynomial encodes useful information about
P: the leading coefficient of n!- Qp(t) is the number of linear extensions in P de-
noted by e(P) (see [16, Ch3]) which is one of the most important invariants of a poset.
From a geometric point of view, following Stanley [15], we consider the order polytope
: O(P) = {f € [0,1]" : f(u) < f(v) forallu < vin P}. In particular, the Ehrhart
polynomial of O(P) is equal to Qp(t+1). It is a well-known result that the coefficients
ax := n! ¢x(P) are (not necessarily nonnegative) integers. Determining when these poly-
nomials have positive coefficients is still an open problem [3]. Ferroni, Morales and
Panova [5] recently reduced establishing non-negativity of the coefficients to the positiv-
ity of the linear coefficients of all the convex subposets of P (see Definition 8). They used
this to prove the positivity of the coefficients ay(P) for fence and more generally skew
shape posets. To expand their result, we define decompositions into convex subposets,
a concept first observed in [14, Prop. 2.9].

*


mailto:kahane.yakob@courrier.uqam.ca

2 Yakob Kahane

This formula is particularly interesting for families of posets in which convex sub-
posets remain in the family. This property is equivalent to requiring that each ideal and
coideal remains in the same family.

Skew shape posets, which are cell posets of a skew partition, form such a family.
Moreover, in this case, Ferroni, Morales, Panova [5], gave an explicit formula of the
linear term a1(P). They left as an open question to find a combinatorial interpretation
for these nonnegative coefficients ay, since in particular ) ;4 = n!. Our first result,
which appears as Theorem 18, is answering this question for an important family of
skew shape posets, namely for fences (the posets whose Hasse diagram is a path), via a
new block statistic bl(-) (see Definition 15).

Theorem 1 (Theorem 18). Let P be a fence poset of size n. Then

nt-Q(P;t) = Y #1),

(o4

where the sum is over all n! labelings of P.

We also conjecture a generalization bl(-) for skew shape posets in Conjecture 21.

Zigzag posets Z, are the fence posets where every element is either maximal or min-
imal. These posets appear in various parts of combinatorics [2, | 1], and other areas like
algebra, probability, and algebraic geometry [, 4, 1]. In the latter context, recently Pak,
Shapiro, Smirnov and Yoshida [!1”] used this poset to study the Hilbert-Kunz multiplic-
ity of simple (A;)-singularities of dimension n and character p, denoted by ep (Apn),
an important invariant that gives information on the singularities of a local ring. They
showed that this multiplicity respects the following inequality that can be deduced from
[12, Corollary 3.10] : egx(Ap,u) > 14+ QO (Zy;9 —1/2)/q", where g = p/2.

Because of this inequality, [17] raised the question of whether Ehrhart theory of
the order polytope of the zigzag poset could be used to prove the second part of the
Yoshida-Watanabe conjecture from 2005 which states that eHK(.Ap,n) > 1+ E,/n!. Here
E, denotes the n-th Euler number, which counts the number of linear extension of the
Zigzag poset Z,. Recently, Meng [7] proved this conjecture by different methods.

In the literature, one can find recursive formulas for the ordinary generating function
of O(Zy;t) [13, Thm. 3.15] and [16, Ex. 3.66]. Here we provide a formula for the ex-
ponential generating function of the order polynomial of zigzag posets as a Hadamard
product ® of the generating function of Euler numbers and an explicit algebraic gener-
ating function.

Theorem 2 (Theorem 32). For n > 1 and for all t :

y Q(zn,-t)fl_’: — (tan(t +1/2) + sec(t +1/2)) @ Gt +1/2;2), (1.1)

n>0
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where G(t;z) = v/1—22/4- (1 + 2tarcsin(z/2)) /(1 — 4t*arcsin(z/2)) and
Ym>0 A (2)t" Ot Ym>0 Bm (z)t" = Ym>0 Am(z)Bu(z)t"

To the best of our knowledge, this is the first known non-recursive formula for this
generating function. It has an immediate application: using this formula for explicit
computation, we show that the second part of the Watanabe-Yoshida conjecture holds,
tullfiling the Ehrhart theory approach to this problem suggested in [17].

Theorem 3 (Theorem 34). For all p > 3 and n > 2, we have the inequality

E

This abstract is organized as follows: Sections 2 and 3 include background on order
polynomials and details on the poset decomposition. Section 4 includes the results on
the statistic of order polynomials, based on [/]. Section 5 includes the details behind
Theorem 32 and how it leads to the proof of the Watanabe-Yoshida conjecture, based on

[0].

2 Order polynomials

Definition 4. Let P = (X, <) be a partially ordered set (poset) and let |X| = n. The
order polynomial of P is the unique polynomial Q)(P; ) € Q[t] such that

Q(P;t):=#{f: X = [1,...,t] st f(x)<f(y)ifx <y} (2.1)
fort € N

It is a classical result that this function is a polynomial and that n!- Q(P; t) has integer
coefficients. Therefore, we write Y-7_, ax(P)t := n! Q(P;t) and Y0, cx(P)t* := Q(P;1).

Definition 5. The order polytope of P, introduced by Stanley [15], is defined as :
O(P) :={f €[0,1]F st. f(u) < f(v) forall u < vin P}. (2.2)

The polytope O(P) is integral. Stanley showed in [15, Thm. 4.1] that the Ehrhart
polynomial of O(P), which counts the number of lattice points in the dilation ¢ - O(P), is
given by a shift of the order polynomial Q(P; f).

Proposition 6 ([15, Stanley]). For any poset P, the Ehrhart polynomial of O(P) satisfies
#(t-O(P)NZ") =Q(P;t+1).

Recently, Ferroni, Morales and Panova [5, Prop. 3.3] showed that the coefficients cj
satisfy the following recurrence :
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Lemma 7 ([]). For any poset P, and every k > 2 :

k-1
cx(P) = 2k1_2 ( ). Zci(l)ck—i(P\I)> -

ICP,I#Q i=1
where 1 is a nonempty proper ideal of P.

They used this to prove that the nonnegativity of the coefficients of the order poly-
nomial of a poset P is implied by the positivity of the linear coefficient of the order
polynomial of every ideal and coideal of P.

3 Decomposition into convex subposets

We can extend the result of Lemma 7 using decomposition into convex subposets. The
main result of this section (Theorem 12) first appeared in a preprint by Shareshian,
Wright, and Zhao [14].

Definition 8. Let P = (Xp, <p) be a poset. A convex subposet R of P is a nonempty
poset R = (Xg, =R) satisfying the following properties:

e R is connected,

e Xg C Xp,

* (Subposet) For all a,b € Xg, a <g bif and only ifa <p b,

¢ (Convexity) If a <p b <pcand a,c € Xg, then b € Xy.

Definition 9 (Decomposition into convex subposets). Let P be a poset. A decomposition
i of P into convex subposets is a partition of the ground set of P into k convex subposets
Py,..., P For two subposets P;, P; of P from the decomposition y, we say that P; < u P if
and only if there exist a; € P; and a; € P; such that a; <p a;.

The relation <, is not necessarily a partial order. To obtain one, we restrict to a
smaller class of decompositions into convex subposets.

Definition 10 (Standard decomposition). A decomposition y = {Py, ..., P} into convex
subposets is a standard decomposition if there do not exist integers 2 < r < k and distinct
indices iy, iy, ...,1, such that P; < u P, < woe éy p; < u Py Figure 1 shows an example of
a standard decomposition.

Proposition 11. Let P a poset and p a decomposition of P into subposets. Let <,, be the transitive
closure of <. Then,

<y is a partial order if and only if u is a standard decomposition.
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Figure 1: A standard decomposition y into convex subposets and its induced poset.

Figure 1 shows an example of a standard decomposition y and the induced poset
(1, <u).We denote by SDecompoy(P) the set of standard decompositions of P into k con-
vex subposets. In this case, we define e(u) to be the number of linear extensions of

(1, <p)-
Theorem 12 ([14]). Let Q(P;t) = Yp_, cx(P)t* be the order polynomial of a poset P.Then

1 k
(P) =4 )3 e(u) - [ Ter(Py).
" peSDecompoyg(P) i=1
y:{PIIPZr---rPk}

for every k € IN.

Sketch of proof. The result follows by applying Lemma 7 together with an inductive argu-
ment. The quantity e(y) appears as the number of ways of splitting the poset whenever
variables are split in its order polynomial. The full proof appears in [6]. O

4 Statistic for order polynomial of fences and skew shapes

Since n!- Q(P;1) = n!, which is the cardinality of all labelings of the elements of P, and
since, when P is a skew shape poset, all coefficients of n! ((P;t) are nonnegative, the
authors of [5] asked whether there exists a statistic on the set of bijective labelings of the
elements of the poset with 1,...,n describing the coefficients of n!- Q(P; t). This section
provides a partial answer to that question.

4.1 Block statistic for fences

A fence poset P is a poset whose Hasse diagram is a path. It can be described by a
collection of positions 2 < a1 < ap < -+ < ay < n on the ground set {z1,...,z,} such
that

21 <22 < =< Zgy 1 7 Zag < < Zgy1 7 Zay <. 4.1)
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The elements z,, are called the descent elements, and the others are called the ascent ele-
ments. The set of descent (respectively ascent) elements is denoted Des(P) (respectively
asc(P)).

For 1 <i < j < n, we define P[i,j] as the subposet of P restricted to the elements zj
with i < k < j. For 2 < i < n, we define P/; as the poset obtained by removing the
element z; and the inequality immediately preceding it in (4.1). For an ascent element
i, we also define f(i) as the first descent element after i (if there is no such element, set

f(i) :==n+1).
The interpretation of [t"] n! Q)(P;t) = e(P) as counting linear extensions of P, together
with the formula for [t}] Q(P;t) from [5] and the decomposition into convex subposets

in Theorem 12, inspired the following statistic describing the coefficient a;. See Figure 2
as an example.

Definition 13 (Block fences). Let P be a fence poset and let ¢ be a labeling of the elements
of P. A decomposition into blocks of ¢ is a partition of P into convex subposets (called
blocks) such that for each subposet P;:
e The label of the leftmost element of the block is called the root of the block,
e For each other element of the block, if the element is an ascent element, then its
label is smaller than that of the root,
e For each other element of the block, if the element is a descent element, then its
label is greater than that of the root.

Figure 2: A block and the block decomposition of a labeling ¢. Here, bl(c) = 7. Roots
are represented as red squares, ascents as blue circles and descents as green disks.

Definition 14. Given a fence poset P with a labeling ¢, the block decomposition of o is
obtained by scanning from left to right and greedily constructing the largest possible
leftmost block at each step.

We can now define the polynomial A(P;t), which will turn out to equal n! Q(P;t).

Definition 15. Let bl (') denote the number of blocks of 0. We define A(P;t) := ¥, t?/(),
where the sum ranges over all n! labelings ¢ of P.
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Figure 3: The 4! possible labelings for a fence poset of size 4. Counting the number of
blocks for each labeling gives A(P;t) = 3t* + 103 + 9t + 2¢.

By considering the position of the label n in P, note that either n is in Des(P)—in
which case it can be erased without changing the number of blocks—or # is in asc(P),
in which case it creates a new block ending at the first encountered element of Des(P).
This gives the following recurrence for A(P; t).

Theorem 16. Let P be a fence poset. Then,

n-APo,_t) = Y, APgu_1ut)+ Y, APgi1t) t A(Pisi)n_1)t)-
i€Des(P) icasc(P)

Using Corollary ??, and considering the position of the subposet with the highest
label, we can derive a recurrence formula for Q(P; t) when P is a fence poset.

Theorem 17. Let P be a fence poset. Then,

QU

73 Y Pon-1it) = Y QP g—1p:t) a1(Pp—15t) QP 1) t)-
0<k<l<n-—1
keasc(P), £€Des(P)

Combining these two theorems and performing careful algebraic manipulations, we
obtain our first main result.

Theorem 18. Let P be a fence poset of size n. Then
n! Q(P;t) = A(P;t).

Remark 19. If the fence poset has only ascent elements, we recover exactly the Foata correspon-
dence, in which case [t*] A(P;t) counts the number of permutations with k cycles.
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4.2 Conjectured block statistic for skew shapes

We also conjecture a generalization of the statistic bl when P is a skew shape. However,
in this case, there is no simple recurrence formula arising from this statistic.

Consider any skew shape A/, represented as a skew Young diagram. The poset
Py, is the poset whose elements are the boxes X(A/u) = { (i,]) | j € [pi +1,A;] }, with
covering relations given by (i,j) = (i+1,j) and (i,j) = (i,j+1).

| SRand /\<>\
s
;
)

> ¢

Figure 4: The skew shape 431/1 and its associated skew shape poset.

Definition 20 (Blocks in skew shapes). Let P be a skew shape poset, and let ¢ be a
labeling of this poset. A block B is a convex subposet of P satisfying the following
conditions (see Fig. 5):

e The root x of B is the label of the leftmost element of B,

* Each element in the upper-left part of B has a label smaller than x,

* Each element in the lower-left part of B has a label greater than x.

Figure 5: A block and the block decomposition of a labeling ¢.In this example, bl(c) =
4. Roots are represented as red circles, upper-left elements as blue circles and lower-left
elements as green disks.

As in the fence case, we define the block decomposition as the result of iteratively taking
the largest possible leftmost block. Although fences have a natural left-to-right order, in
skew shapes we can still greedily obtain maximal blocks by starting from the leftmost
element of the skew shape poset P. We denote by bl(c) the number of blocks in the
block decomposition of ¢.

Conjecture 21. Let P be the cell poset of a skew shape of size n. Then
n! Q(P;t) = Y171,
(2
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where the sum is over all n! labelings o of P.

Remark 22. The leading term corresponds to the case where each block has size 1. In this
situation, the labeling must be a linear extension of the poset. Therefore, it is clear that the
conjecture holds for the leading term.

5 Watanabe-Yoshida conjecture via zigzag posets

Now, we present another application of the convex subposet decomposition formula to
derive a new formula for the order polynomial of zigzag posets. This allows us to give
a new proof of the second part of the Watanabe-Yoshida conjecture.

The zigzag poset Z, is the fence poset where the descents are all the elements of even
indices; i.e., the poset with elements {z1,...,z,} and relations zy >z, < z3 >z4 < ....

The Euler numbers can be defined as the number of linear extensions of the zigzag
poset: E,; := e(Z,). These numbers have a well-known exponential generating function:
Y0 22" = tan(z) + sec(z).

5.1 Hilbert-Kunz multiplicity

The Hilbert-Kunz multiplicity of a local ring is a numerical invariant defined via the
iterates of the Frobenius endomorphism.

Definition 23 (Monsky [10]). Let (R, m) be a local ring of positive characteristic p > 0.
Then the Hilbert—Kunz multiplicity of R is defined as the limit

[p°]

e—00 pe dim R ’

where mlP is the ideal generated by all (p¢)-th powers of elements in m and A(R/m!P])
the length of the R-module.

In 2005, Watanabe and Yoshida conjectured the following statement:

Conjecture 24 ([17]). For any prime number p, egx(Apn) > 1+ —
with Ay == Fp[[xo, - -+, xn)]/ (¥ + -+ 4+ x2).

Recently, Pak, Shapiro, Smirnov, and Yoshida [1”] found an explicit way to calculate
the Hilbert-Kunz multiplicity of A, via the order polynomial of the zigzag poset.

Theorem 25 ([12]). For any odd prime p,
2"QN(Zy;p/2 —1/2)

eHK(Ap,n) > 1+ ph . (5.1)
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Remark 26. The authors of [1”] state the result above with an equality and a denominator
p"* — Lu((p —1)/2), where L,(t) is the Ehrhart polynomial of a variant of O(Z,). Since
L.(t) > 0 for t € Z~, it suffices for us to replace it by the inequality above.

5.2 Shifted order polynomial of zigzag posets

In the zigzag case, using the convex subposet decomposition of Theorem 12, we derive
a weighted sum formula where the weights are given as the coefficients of the Taylor
expansion at z = 0 of specific functions. This allows us to analyze Q)(Z,;t —1/2). The
result appears as a weighted sum formula. The next definition indicates how to compute
the weight of a decomposition through Table 1.

Definition 27. Define a weight function w of each convex subposet in the following way:
for each convex subposet of even size w(P) = 0, otherwise for each convex subposet of
odd size 2k + 1 we have :

e If P has more upper elements than lower elements, w(P) = w_(2k + 1),

e If P has more lower elements than upper elements,  is even, and it is the rightmost

subposet of i, w(P) = Uy
e w(P) =wy(2k+ 1) otherwise
For a decomposition y of Z, into convex subposets, we define w(u) = [ [ w(P).
Peu

The k-th coefficients of the shifted order polynomial can be expressed through this
weight function.

Theorem 28. Let n > 2and 1 < k < n, then:

n!
o Ex Y w(u). (5.2)
n€SDecompoy(Zy)

(] Q(Zp;t —1/2) =

Remark 29. If j is an odd integer, any element of SDecompo,,_;(Zy) has a subposet of even size.
Thus, [t"1] Q(Zu;t —1/2) = 0. So, if n is odd or even, O(Z,;t — 1/2) is an odd or even
polynomial, respectively.

We denote gi, = Y especompoy(z,) W(#). These numbers gy, have the following
simple recurrence formula:

Lemma 30. Let n be a positive integer and k > 3. Then: gx, = Y"1 5 Ci - k—2n—i-

i even

We write Gu(t) = Y0 8knt’ and G(tz) := ¥,50 Gu(t)z". Using formal series ma-
nipulation, we can give a closed formula for G(t;z):
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Name Closed formula Expansion formula Coefficient formula
12
Wi (z) 2arcsin(z/2)/V1—22/4  Wi(z) = Liso W+ (2k + 1)2%+1 wy(2k+1) = (Zl(ck—.i-)l)'
1 k=1
W_(z) 2arcsin(z/2)V1—22/4 W_(z) =z+ s w-(2k+1)2% w_(2k+1) = —(k1)2 o1
(2k)(2k+1)1  —
_ 2
C(z) 4arcsin?(z/2) C(2) = Yyo1 Coxz® Co = 25
U(z) 2arcsin(3) U(2) = Liso Ui 122! Upjet1 = W(zkk)

Table 1: Generating functions relevant to the proof of Proposition 31.

Proposition 31. We have that
G(t;z) = V/1-22/4 - (1 + 2tarcsin(z/2)) / (1—4t* arcsin(z/2))

This leads to the following closed formula for the generating function of the shifted
order polynomial as a Hadamard product ©:

Theorem 32. For all t:
Zi’l
; Q(Zy;t — 1/2)5 = (tan(t) + sec(t)) ©¢ G(t; z). (5.3)
n>
This can be approximated using analytic combinatorics to get the following bound.

Corollary 33. Forn > 8and p > 3,
Py S B pyn
Q<Z”’2 2) T (2) ' (54)
To finish the proof of the second part of the Watanabe—Yoshida conjecture!, we com-
pute epx(Ap,x) using (5.1) and (5.4). For the case n < 8, we check by hand that indeed
enk(Apn) > 1+ E,/n!. Therefore:

Theorem 34. Forall p > 3andn > 2, epx(Apn) > 14 Ey/nl.
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IThe original conjecture is for p > 2 but the case p = 2, follows from a calculation (e.g., see [12, p. 2]).
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