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Abstract. In 2018, Stanton proved generalisations of the celebrated Andrews-Gordon
and Bressoud identities (in their g-series version). In this extended abstract, we give
combinatorial proofs of these identities. They are based on particle motion intro-
duced by Warnaar and extended by the first and third authors and Konan, and use
the original Andrews-Gordon and Bressoud identities as ingredients. We also find
new Stanton-type generalisations of classical identities.
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1 Introduction

A partition A = (Ay, ..., Ay) of a positive integer n is a weakly decreasing finite sequence
of positive integers A; > Ay > --- > A, > 0 such that Zle A; = n. Each A; is called a
part of A and ¢(A) = ¢ is called the length of A. A frequency sequence (f;)i>1 is a sequence
of non-negative integers. Given a partition, its frequency sequence is defined by setting
fi to be the number of parts of size i for all i > 1. This yields a one-to-one correspon-
dence between frequency sequences and partitions. The size and length of a frequency
sequence (f;);>1 are defined as |f| := Y ;> if; and £(f) := };>1 fi, respectively, which
coincide with the size and length of the corresponding partition. Whenever convenient,
we identify a partition with its frequency sequence.

Many classical partition identities are elegantly expressed using g-series. We use
standard g-series notation which can be found in [10]:
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where k € Z, and

(a1, ...,am)k = (a1, ..., am; Q) = (a1)k - - (Am)ks

where k is an integer or infinity.

Gordon [11] proved the following partition identities, reformulated in terms of fre-
quency sequences. Andrews [1] found their analytic analogue, which is now referred to
as the Andrews—Gordon identities.

Theorem 1.1 (Andrews-Gordon identities [1 1, 1]). Let k > 1 and 0 < r < k be two integers.
We have

qs%+-~-+s%+sk,r+1+---+sk ( q2k+3, qk+1—r k24, q2k+3)
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Equivalently, the number of frequency sequences (f;)i>1 of n such that
fi+ fix1 <k foralli, and f; <k-—r, (1.2)
is equal to the number of partitions of n into parts 0, £(k —r 4+ 1) (mod 2k + 3).

These identities generalize the celebrated Rogers—-Ramanujan identities [15]. The
identity (1.1) is also proved in [] together with a similar formula [4, (3.3)], valid for
all integers k > 1and 0 <j <k:

§2+4- 525 — o —5; ] (q2k+3 k+2—j+2s k+1+j—2s. ,2k+3
g (g7, g =T T g
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Bressoud proved an even moduli counterpart of the Andrews—Gordon identities, which
was recently derived combinatorially from (1.1) in [5].

Theorem 1.2 (Bressoud’s identities, [4, (3.4)]). Let r and k be integers with k > 1 and
0<r <k Then
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qs§+~--+s§+sk,r+1+-~-+sk (qzk+2l qurlfr k14, q2k+2)

=. (1.4)

Equivalently, the number of frequency sequences (f;)i>1 of n such that f; + fi1 < k for all i,
f1 < k—r, and whenever f; + fiy1 = k for some i, then if; 4+ (i +1)fiy1 =k —r (mod 2), is
equal to the number of partitions of n into parts # 0, £(k —r +1) (mod 2k + 2).

Bressoud [, (3.5)] also proved a similar formula, which was recently derived combi-
natorially from (1.4) in [©]: for integers k > 1and 0 <j <k,

21462 5 ——s: i i i
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Kursungoz [17] considered partitions with the same frequency conditions as in Bres-
soud’s identity, but with the opposite parity condition if; + (i +1)fiy1 = k—r+1
(mod 2). He proved a product side formula for their generating function. In [¢], a
multisum expression was given for the same generating function, and the identity of
Kursung6z was proved combinatorially using this multisum and Bressoud’s identity,
leading to the following identities:

Theorem 1.3 (Kursungoz identities, [12] and [?]). Let r, j, and k be integers with k > 1,
0<r <k and0<j <k Then

ST Sp (S g+ se) s
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1 o o
= e <(q2k+2,qk+ gkT2, 2RARY (k2 k2t ok ;q2k+2)oo) . (16)

and

34 Fsg—51— - —5;+5¢ j (q2k+2, qk—j+25, qk+2+]'—25,. q2k+2)

d = © 17
51>...Z>:sk>0 (Ds1—s5*** (@se1-5(3% 7 )t E) (7)o (17)

Stanton [14] recently generalised both the Andrews—Gordon identities (1.1) and the
related identities (1.3). He also presented an even moduli version, generalising both of
Bressoud’s identities (1.4) and (1.5).

Theorem 1.4 ([14, Theorems 3.2 and 4.2]). Let j,r > 0 and k > 1 be integers such that
j+r <k Then

5%_'_..._}'_5%_51_..._Sj+sk7r+1+...+5k

q (g
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(1.8)
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(1.9)

As remarked by Stanton, for j = 0, the identity (1.8) (resp. (1.9)) reduces to (1.1) (resp.
(1.4)), while for r = 0 it yields (1.3) (resp. (1.5)). Stanton proved his results by using some
(new properties of) Laurent polynomials Hy,(z,4|q) and some iterative process.

We prove a generalisation of Theorem 1.3, in the spirit of Stanton’s results.
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Theorem 1.5 (Stanton-type generalisation of the Kursungo6z identities). Let j,r > 0 and
k > 1 be integers such that j +r < k. Then
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For j = 0, the identity (1.10) gives (1.6), while for r = 0 it yields (1.7).

In this extended abstract, we focus on the combinatorial aspects of Stanton’s identi-
ties. Combinatorial approaches to partition identities are generally difficult. A famous
example is the lack of a simple bijection for the combinatorial version of the Rogers—
Ramanujan identities (the case k = 1 of (1.1)). Several efforts have been made to un-
derstand these identities from a combinatorial perspective, including work on bijective
proofs (see, e.g., [, 5, 6, 9]).

It is always simple to interpret the product side of the identities as partitions with
congruence conditions. However, in the Andrews—-Gordon identities and the other iden-
tities considered here, it is not at all obvious combinatorially that the sum side is the
generating function for partitions with difference conditions. In the case of Andrews—
Gordon, a more natural interpretation has been given by Andrews in terms of Durfee
squares [].

To prove combinatorially that the sum side of the Andrews-Gordon identities is the
generating function for partitions with difference conditions, Warnaar [15] introduced a
bijection based on particle motions. He used it to derive a finitisation of the Andrews—
Gordon identities. It was formulated as a one-dimensional lattice-gas of fermionic par-
ticles using slightly different notation. Inspired by Warnaar’s work, the authors of [5]
generalised his approach by adding parts equal to 0 to the reasoning and introducing
an explicit bijection A and its inverse I', which provided a combinatorial framework for
proving several partition identities. Rather than using a finitisation, they took a differ-
ent approach: by combining the infinite version with the classical Andrews—Gordon and
Bressoud identities, they established several identities, among which (1.3), (1.5), (1.6),
and (1.7).

Although Stanton proved Theorem 1.4 in [14], his proofs did not provide combina-
torial interpretations for the sum sides. After reading [¢], he asked the authors whether
their techniques could be applied to his identities.

Indeed, the ideas of [15] and [¢] can also be used to give combinatorial interpretations
and proofs of the identities in Theorems 1.4 and 1.5. We give a suitable interpretation
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of the sum sides of the identities using particle motion and a combinatorial reasoning
on parts equal to 0. Then we give combinatorial proofs of these identities, using this
interpretation and the Andrews—Gordon and Bressoud identities (1.1) and (1.4).

Following [5], we allow partitions to have non-negative parts, not just positive ones.
That is, a partition A of n is a weakly decreasing sequence of non-negative integers A; >
Ay > --- > Ay > 0 whose sum is n. The difference from the previous definition is
that 0 is now allowed as a part, and is taken into account in the length of the partition.
Accordingly, the associated frequency sequence becomes f = (fo, f1,--- ), rather than
(f1, f2,- -+ ). With this extension, the authors in [3] provided combinatorial proofs of
(1.3), (1.5), and (1.7), and gave combinatorial interpretations in terms of partitions with
difference conditions. For example, they proved that the combinatorial model for (1.3) is
given by

frequency sequences (f;);>o of n such that f; + fi;1 < kforalli, and fo <j. (1.11)

Following this framework, we use particle motion and Theorems 1.1 and 1.2 to give
combinatorial proofs of Theorems 1.4 and 1.5, and we also provide their following
partition-theoretic interpretations.

Theorem 1.6. The left-hand sides of (1.8), (1.9), and (1.10) are the generating functions for the
frequency sequences (f;)i>o such that

* fi+ fiy1 <kforalli, and
* fo<j—max{fo+ f — (k—r),0},

with an additional condition distinguishing the three identities: if f; + fi11 = k for some i, then

for (1.8),  no additional restriction,
for (19), ifi+(i+1)fiyxn=k+r—j (mod 2), and
for (1.10), ifi+(i+1)fizi=k+r—j+1 (mod 2).

The combinatorial interpretation in Theorem 1.6 is new. When j = 0, the second
condition becomes fy = 0 and f; < k —r, which yields the interpretation (1.2), and
when r = 0, it satisfies fy < j, yielding (1.11). Furthermore, the same model extends
naturally to the Bressoud (1.9) and Kursungoz (1.10) cases, which shows its flexibility
and confirms that it provides a natural combinatorial interpretation.

This extended abstract contains only the combinatorial part of the preprint [/]. In
the full version, the Bailey pair machinery is also used to obtain another family of
Stanton-type generalisations involving binomial coefficients. Furthermore, [/] contains
not only generalisations of Kursungoz identities, but also Stanton-type generalisations
of the Bressoud-Gollnitz—Gordon identities.
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2 Insertion map for multipartitions revisited

In this section we revisit the particle motion bijection, which was first used in [15], and
generalised recently in [5], to make it more systematic and easier to apply. Warnaar’s ap-
proach had a simpler combinatorial description but was less general, while the approach
of [¢] was more general and gave rise to useful explicit formulas but was less intuitive
to understand. Our goal here is to keep the best of both worlds by reformulating the
approach of [?] in the style of Warnaar, which leads both to a simple combinatorial
description and explicit formulas.

We use the notation of a multipartition, which simply refers to a finite sequence of
partitions. For an integer k > 1, a k-multipartition A = ()\(1),)\(2), .. .,/\(k)) is a tuple of
partitions A(), and each of them may be empty. The size |A| of A is defined by Y5 ; [A()],
and its length £(A) is Y5 £(A()).

For A = (A(l),. . .,/\(k)), let s1,...,s be integers with s; > --- > s; > 0 such that the
length of A is s; — s;1 for all i, where we set 51 := 0. We define the frame sequence of
A as the frequency sequence

fs(A) := (k,0,...,k0,...,i,0,...,i,0,...,1,0,...,1,0,0,...).

N~ "~

Sk pairs $;—S;4+1 pairs $1—Ssp pairs

For example, let A = (/\(1),/\(2),/\(3),)\(4)) = ((3,1),2,(6,6,5,3),(19,0)) be a 4-
multipartition. Then

fs(A) = (4,0,4,0,3,0,3,0,3,0,3,0,1,0,1,0,0,...).

Definition 2.1. For a non-negative integer k, let P, denote the set of all pairs (A,fs(A)),
where A is a k-multipartition and fs(A) is its frame sequence. Let Ay denote the set of
all frequency sequences (f;);j>o such that f; + fi11 < k for alli > 0.

In this section, we introduce an insertion map A for multipartitions, which defines
a size-preserving bijection between the sets Py and Ay, where the size of an element
(A, fs(A)) € Py is defined as |(A,fs(A))| := |A| 4+ |fs(A)]. Although fs(A) is uniquely
determined by A, we regard A as a map from Py to Ay, rather than directly from the set
of multipartitions A, in order to emphasize that it preserves the size.

Particle motion

Let f = (fo, f1,-..) be a frequency sequence. Suppose that u is a non-negative integer
such that there exists h > 1 with f, + f,41 = hand f; + fiy1 < hforalli > u. We
now describe the procedure for applying m particle motions in f, starting from the pair
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(fu, fu+1)- Consider the pair (fy, fy+1). If the local condition f,,11 + f,42 < h is satisfied,
we perform the following (single) particle motion:

(fur fusr) = (fu — 1, fusa +1).

As long as the local condition remains satisfied for the current pair (fy, f;+1), we con-
tinue to apply this particle motion repeatedly at the current pair. Once the local condition
is no longer satisfied, that is, if f,+1 + f,+2 = h, then we increment u by 1, shift our fo-
cus to the next pair (f,11, fu+2). This focus shifting is not counted as a particle motion.
We then repeat the same procedure, and the process continues until exactly m particle
motions are performed.

Definition 2.2. Let f = (fp, f1,...) be a frequency sequence and m be a non-negative
integer. Suppose that u is a non-negative integer such that there exists h > 1 with f;, +
fut1 =hand f;+ fir1 < hforalli > u. We define pm\"™ (f) to be the resulting frequency
sequence by applying m particle motions starting from (fy, f,+1) in f. Moreover, if
meZ”) (f) = (fo, f1,---) and the final focus is on the pair (f,, f,.;), then we say that the

pair (fu/ fu+1) moves to (7{)’ 71)+1)'

In [3], the authors describe the frequency sequence obtained by iteratively applying
the particle motion. The resulting frequency sequence can be computed directly in a
single step, without performing each individual particle motion. In the next proposition,
we show that applying m particle motions as described above gives exactly the same
frequency sequence.

Proposition 2.3. Let f = (fo, f1,...) be a frequency sequence. Suppose that u is a non-negative
integer such that there exists h > 1 with (fy, fu+1) = (h,0) and f; + fixq1 < h forall i > u.

For a non-negative integer m, the frequency sequence (f,)i>o = pm!"™ (f) is given explicitly by:

(

fi fo<i<u,
fir2 ifu<i<o-—2,

Fi= A ot Tlalh— (1 + ) =m  ifi=0—2, 1)
for+m— Tl = (fa+ ) fi=o-1
¥ ifi>o,

and (fu, fus1) moves to (f,_5, fo_1), where

v::min{tZu—i—Z: Zt: (h—(ﬁl—i—ﬁ))Zm}. (2.2)

i=u+2
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Figure 1: Illustration of applying 9 particle motions starting from (fy, f1) in the fre-
quency sequence f = (4,0,2,0,3,1,0,0,- - - ). The symbol = indicates a single particle
motion, and — indicates a focus shift.

Example 2.4. A frequency sequence (f;);>( is represented by placing boxes above the
x-axis. Starting from the Oth column, the number of boxes in the ith column corresponds
to f;. The current focus is indicated by shading the corresponding boxes in gray and
marking the corresponding position on the x-axis with a bold line.

Let f = (4,0,2,0,3,1,0,0,...) be a frequency sequence. In Figure 1, we obtain 7 =

pm(()g) (f) where

7=(2031,0,3,1,0,...).

Here, (fo, f1) = (4,0) moves to (fs, f,) = (3,1) after 9 particle motions. The same result
follows directly from the explicit formula in Proposition 2.3.

The map A

Now we reformulate the explicit map A : P, — Ay defined in [¢] in terms of particle
motions. Recall that to a k-multipartition A = (A(l), .. .,A(k)), we associate a sequence
(s1,...,sx) of non-negative integers such that s; > --- > s > 0, and for each i, A has
length s; — s; 1, where we set s 1 := 0. Recall that the frame sequence fs(A) consists of
si — Si1 pairs equal to (7,0) fori = 1,...,k. Let A = (Ag,..., A5, —1) be the sequence of
non-negative integers defined by

(Asy—1,Asy 20+ AL Ag) = A, A0 A0 A, (2.3)

IR St i
Since A can be obtained directly from fs(A) and A, we regard the pairs (A,fs(A)) and
(A, fs(A)) as essentially the same.
We define the map A : Py — Ay on a pair (A, fs(A)) to be the frequency sequence

A(A,fs(A)) == (pmé)‘(’) opmiM oo pm;)(\;:zz)) o pm;?:I_ll))> (fs(1)).
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01234567 89101112131415161718 0123456 7 8 91011121314151617 18

Figure 2: The process of applying the map A to (A,fs(A)) where A =
((3,1),9,(6,6,5,3),(19,0)). Here, the notation f 2 findicates thatf = me,m) (f).
u

Example 2.5. Let A = (A(D,A(2,AC) A4)) = ((3,1),2,(6,6,5,3),(19,0)). Figure 2
shows the process of applying the map A to (fs(A),A). Hence, we have
A(fs(A),A) = <pm(()0) o pmglg) o pmf) o pméS) o pmé6) o pmgg) o pmg) o pmﬁ?) (fs(A))
= (4,0,0,3,0,1,2,1,1,2,1,2,0,3,1,0,0,1,0,...).

The inverse map I' of A is constructed in our preprint [/]; interested readers may
refer to Section 5 for details. We conclude this section by stating the bijectivity of A.
This was proved in [¢], but the proof there was quite tedious. With the new formulation,
the proof is only a few lines in [7].

Theorem 2.6 ([©]). The map A : Py — Ay is a size-preserving bijection, with inverse map I'.
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3 A combinatorial proof of (1.8)

Our strategy is as follows. We first define a subset &, x C Py whose generating function
corresponds to the sum side of (1.8). On the other hand, we define a subset V;,x C A
whose generating function corresponds to the product side of (1.8), using the Andrews—
Gordon identities. However, the set );,x is an artifact introduced solely to match the
desired generating function. To connect &), and };, x, we define a new subset Z; , , C
Ay, and show that there exists a size-preserving bijection between ), and Z;, . We
then prove that the map A gives a bijection between &, and Z;, . Combining these
results gives a partition interpretation and a combinatorial proof of (1.8).

Definition 3.1. Let j, 7, and k be non-negative integers with j +r < k. Define &, x to be
the set of all pairs (A, fs(A)), where A = (A1), ..., A(K) is a k-multipartition and fs(A) is
the frame sequence corresponding to A, subject to the condition that each part of A(") is
at least m — j + max{m — (k—r),0}, forallm =1, ... k.

We give a combinatorial model for the left-hand side of the equation in (1.8). We use
the following facts. A simple calculation (as shown in [, (2.15)]) shows that the weight
of fs(A) is

|fs(A)| =8+ 457 — (51 4+ +5¢), (3.1)
where sy, ..., s, are the integers associated with A. Let Pg’d(n) be the number of partitions
of n of length ¢ into parts at least 4. Then

Y Pra(n)g" = q_df. (3.2)
n=0 (4)e

Using (3.1) and (3.2), we obtain a combinatorial model for the left-hand side of (1.8).
Proposition 3.2. For non-negative integers j,v, and k with j +r < k, we have

Y gl M = Y q

(Afs(A)EX;, §1>>5,>0 (q)51*52 T (Cl)sk_lfsk (q)sk

syt ebsp—(s1t ) (S Hsg)

Definition 3.3. For non-negative integers j, 7, and k with j +r < k, we define J;, x to be
the set of all frequency sequences (f;);i>o such that f; + fi;1 < k for all i > 0, subject to
the condition that
foe{l+max{¢{— (j—r),0}:0</¢<j}
Using Theorem 1.1, we give a combinatorial model for the right-hand side of (1.8).
Proposition 3.4. For non-negative integers j,r, and k with j +r < k, we have

J (q2k+3’ qk+17r+]725’ qk+2+rf]+25’. q2k+3)oo

Y. =Y

f€Yirk s=0 (q)oo




Particle motion methods for Andrews—Gordon and Stanton type identities 11

We now define the set Z;, x, which serves as the link between X, and ), , and
which provides the main combinatorial model for (1.8).

Definition 3.5. For non-negative integers j, 7, and k with j +r < k, we define Z;, x to be
the set of all frequency sequences (f;);>o such that f; + fiy1 < k for all i > 0, subject to
the condition that

fo < j—max{fo+ fr = (k—r),0}.
Proposition 3.6. There exists a size-preserving bijection from Y; , x to Z; , x.

The bijection proving the above proposition simply changes the Oth frequency while
keeping all other entries fixed; this modification is reversible and preserves size. Details
are provided in [/].

Proposition 3.7. The map A is a size-preserving bijection from X;, x to Z; , k.

It is shown in Theorem 2.6 that the map A is size-preserving and has an inverse map
I'. To complete the proof, it suffices to show that A(Xj,x) C Z;,x and ['(Z; k) C X, 1,
which we proved in Lemmas 3.8 and 3.9 of [7].

4 A combinatorial proof of (1.9) and (1.10)

We briefly describe how the identities (1.9) and (1.10) are obtained, leaving out the full
details. The combinatorial proof of (1.9) follows the same approach as that of (1.8), but
with Bressoud’s identity in place of Andrews—Gordon’s identity as key ingredient. The
sum and product sides are obtained as the generating functions of new sets X]’ , and

respectively. We then define a new set Z]’ -y

and between y]fmk and Z]{,r,k' However, the case of the Kursungoz type identi-

/ . .o . /
i e and give bijections between Xk and

/
2 .k’

ties (1.10) is somewhat different. One can define )?]-’ ok N; ok

and Z:f]’ . ¢ each satisfying
the opposite parity condition, as analogues of 7, , Vi , and Z/ . While the sum side

arises as the generating function of /f’j’ .- the product side does not correspond to the

generating function of )NJ]’ . Unlike in the previous cases, ZN]’ . ¢ 18 not in bijection with
V!
jrk

~/
for Z i

However, by using its relation to Z/

i WE can determine the generating function
which in turn yields (1.10).
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