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Abstract. We give a descent monomial basis of A-Springer modules R, ) 5, first defined
by Griffin (2021). Our construction simultaneously generalizes the descent basis for the
Garsia-Procesi module R, (Carlsson—C. (2024), H.(2025)), as well as the descent basis
for the generalized coinvariant algebras R, x studied by Haglund-Rhoades-Shimozono
(2018). We highlight the representation theoretic properties of this monomial basis
by using it to give a direct combinatorial proof of the formula for graded Frobenius
character of R, )¢ in terms of battery-powered tableaux, a fact which has only the
geometric proof of Gillespie-Griffin (2024).
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1 Introduction

The coinvariant ring R, = C[x1,..., x|/ (e1(x),...,eq(x)) is well-studied due to its rich
combinatorial, geometric, and representation theoretic significance. As an representation
of Sy, it is isomorphic to the cohomology ring of the flag variety, where S, acts by
permuting the variables. Its graded Frobenius character can be expressed using the
cocharge statistic on standard tableaux:

FI‘Obq(Rn): Z qcocharge(S)Ssh(S).
SeSYT,

The descent basis is defined to be {gs(x) =I5, , Xoy * * * X, : 0 € Sp}. We can see that
deg(gs(x)) = maj(c). Although this basis does not form a standard monomial basis,
it is useful when studying representation theoretic properties of R;: for instance, they
are closely related to certain Demazure atoms that appear in the study of the 0-Hecke
algebra H,(0)-action on the coinvariant ring [“].

In this work, we consider different generalizations of the coinvariant ring that are
Sp modules under the same action. The first is the Garsia-Procesi ring Ry, indexed
by u = n, a further quotient of R, that corresponds to the cohomology ring of the
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Springer fiber indexed by u. When p = 1", we recover the coinvariant ring. We have
that Frob, (R, ) is given by the modified Hall-Littlewood polynomial, where SSYT (u)
denotes the set of all semistandard Young tableaux of weight u [11]:

Hilcq = Y, g8 sy, (1.1)
TeSSYT(u)

There is a monomial basis of R, consisting of a subset of the descent basis of R,;, due to
Carlsson and the first author [?]. The second author provided an alternative construction
of the basis which is compatible with the combinatorics of H,[X;q] [5].

The second generalization comes from the Delta conjecture. The Haglund-Rhoades-
Shimozono generalized coinvariant ring R, ; (for k < n) is a partial representation
theoretic model for Aékf en (up to a twist). When k = n we recover the coinvariant
ring. The following combinatorial formula for Frob, (R, x) is due to Haglund-Rhoades-
Shimozono [7], where SYT,, denotes the set of all standard Young tableaux of size n.

n—des(S) =1 ai
Frobg(Rux) = ) [ n—<k) } 4" sgs)- (1.2)
SESYT, q
des(S)<k

They also provide a generalized descent basis of R, x, in terms of the major index statistic
on ordered set partitions.

The third generalization due to the work of Griffin [¢], interpolates between the previ-
ous two. The A-Springer module R,, , ; depends on parameters (n,A,s) where A -k <n,
s > £(A). We have that Ry ) ¢1) = Ra, R, (16 ¢ = Ruk- There is a combinatorial formula
for Frob, (R ) ¢) in terms of battery-powered tableaux due to Gillespie-Griffin [5].

1
Frobq (Rn,)»,s) = m Z qcocharge(T)Ssh(D) . (1.3)

g2 T=(D,B)€T,,

Though (1.3) is combinatorial, the only known proof was through the geometry of gen-
eralized Springer fibers. In [5], the authors pose the question of whether there is more
direct algebraic or combinatorial proof. Though recent results [4] give such explanation
for R, , there is still no known argument for general R, ) ;. Furthermore, there was no
descent basis analogue for R, ) .
In this work, we give a construction of a generalized descent basis for R, ) s (Theorem
3.3). At the appropriate specializations, this recovers the known descent bases for Ry, [2,
] and R,k [7]. There are two different constructions of this basis: in terms of shuffles
(Section 3) and tableaux and cocharge (Section 4): we utilize both presentations in our
arguments. We then use our basis to give a tableau formula for the graded Frobenius
character of R, ) s (Theorem 6.8). Our formula can be used to recover (1.1) and (1.2) up to
combinatorial observations. Moreover, our formula, which arises from the combinatorics
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and algebraic structure of R, » s as a ring, can be shown to be equivalent to the battery-
powered tableaux formula (1.3), a geometric result. This gives a direct proof of (1.3) and
bridges the gap between the combinatorics, algebra, and geometry of R, , ;. Full details
of this work are in [3].

2 Background

2.1 Permutations, tableaux and cocharge

For any word w = wyw; ... w,, we write rev(w) := w,wy,_1 ... w; for the reverse word.
Throughout, we use French notation for Young diagrams, meaning that the first part
corresponds to the bottom row. The dominance ordering on partitions, denoted >, is
defined by y> A < uy + -+ g > Ay + - - - + A for all k. The Schensted correspon-
dence gives a bijection from permutations w € S, to pairs (P(w), Q(w)) of standard
Young tableaux of size n of the same shape.

Definition 2.1. The cocharge word of w € &, (denoted cc(w)) is a word of length n
consisting of the labeling of w that we obtain in the following way. Label the 1 of w with
0. Assume we labeled the letter i with k. Label (i + 1) with a k if it is to the right of i.
We label (i + 1) with a (k+ 1) if it is to the left of i.

This process is equivalent to scanning w from left to right, labeling entries in increas-
ing order. The label of i corresponds to the number of times we need to return to the left
end of w before we label i. The statistic cocharge(w) is the sum of the letters in cc(w).

Example 2.2. Let w = 7136524. The corresponding cocharge word is cc(w) = 4013201,
hence cocharge(w) =4+0+1+3+2+0+1=11.

We can define cc(S) directly on tableaux and set cocharge(S) to be the sum of the
entries in cc(S). We always have that cocharge(P(w)) = cocharge(w).

Definition 2.3. The cocharge tableau of a standard tableau S (denoted cc(S)) is a filling of
the same shape consisting of the labeling of S that we obtain in the following way. Label
the 1 of S with 0. Assume we labeled the letter i with k. Label (i + 1) with a k if it is in
the same row or lower than i. We label (i + 1) with a (k+ 1) if it is in a higher row than
i

Example 2.4. If S = E . , the corresponding cocharge tableau is cc(S) = ? 5
1[2[3]7] 0fofo[2]

We can think of a descent monomial as being a “reversed cocharge monomial", using
the fact that g,(x) = x™V(«(®)) where w = rev(rev(c)~!). Let D, = {a: x* = g,(x),0 €
Sy} be the collection of exponents of descent monomials.

Proposition 2.5. D,, = {rev(cc(w)) | w € &, }.
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2.2 Symmetric Functions

We refer to [14, Chapter 7] or [17] for background on symmetric functions and the
representation theory of the symmetric group. We follow Macdonald’s notation [1”] for
the the elementary symmetric functions {e, }, the complete (homogeneous) symmetric
functions {h, }, and the Schur functions {s, }.

We denote the Frobenius character of an S, representation V by Frob(V'). Recall that
Frob(V,) = s,, where V) is the irreducible S, representation indexed by partition A.
For a graded vector space V = @©;>(V;, the graded Frobenius character is Frob, (V) =

Yi>0 4" Frob(Vy).

2.3 Descent words

The descent monomials do not form a standard monomial basis: we can see that they
are not closed under monomial divisibility. However, they can be thought of as leading
terms with respect to the descent order <45, defined below.

Definition 2.6. Let a = (ay,...,a,) € Z. Define sort(a) := (a;; > -+ > a;,) to be
the unique way to write the entries of a in weakly decreasing order. Then, we say that
a <ges b if:

sort(a) <jex sort(b) or,
sort(a) = sort(b) and a <je b

Note that this does not induce a monomial order on Q[x;], as we do not have a <ges
b = a-+c <ges b+ ¢ butis only a total order on monomials of Q[x,|. We have
that the descent monomials are exactly the leading terms of R, with respect to <ge,
meaning they are the monomials that do not appear as leading terms of elements in the
ideal (e1(x),...,en(x)) with respect to <ges. The descent order satisfies the following
useful lemma.

Lemma 2.7. Let A C [n] with complement A'. If w is a composition, denote x| o := (a;, ..., &;),
where A = {iy < -+ <is}. Then, we have a| g <ges Bla, ®|lar <des Blar = & <ges B

2.4 Catabolizability and the Garsia-Procesi ring

In this subsection, we recall results from [2, &]. For any partition u + 1, define OSP,, to
be the collection of ordered set partitions (A1]...|Ay,)) of [n] where |A;| = p;. Using
this, we can define the following set:

Dy:={a:a|s € Dy for (A1]...|Ay) € OSPy}. (2.1)
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Note that we take OSSP/, so the sizes of the parts correspond to the lengths of the
columns. We have that D,, C Dy, hence {x* |a € D, } C {g,(x) | ¢ € &,}. Furthermore,
we have that this subset is in fact a basis of R, due to Carlsson and the first author.

Theorem 2.8 (Carlsson—-C.[2]). The collection of monomials {x* | a € D, } descends to a basis
of Ry,.

In [¢], the second author reformulates this construction in terms of catabolism. To
each standard Young tableau T, we associate a partition called its catabolizability type
ctype(T) (for details, see [10, 13]). We can translate statements about semistandard
tableaux to those about subsets of standard tableaux using the following fact. Let X, :=
{S € SYT,, : ctype(T) > u}.

Theorem 2.9 (Lascoux [10]). Let SSYT(u) denote the set of semistandard tableaux of weight .
There exists a bijection std : SSYT (u) — ¥, which preserves shape and cocharge.

We refer to this map as the Lascoux standardization map. This map can be explicitly
described using certain crystal operators [15]: from this, we can extend it to consider
any word of partition weight, rather than just reading words of semistandard tableaux.
This standardization differs from the common standardization map on semistandard
tableaux, which standardizes entries from left to right, demonstrated in the following
example.

Example 2.10. We have that |2]4 S, 4T , which differs from |36
1[1]2]3] 1]2[3]5] 1]2]4]5]

Using std : SSYT(u) — X, we can replace the indexing set of (1.1) with X,. This
new expression for I:IP, [X; q] matches the second presentation of the descent basis of R,
given below. Note that it is not obvious that the two presentations coincide.

Theorem 2.11 (H [3]). {x*V(«®) : w € S, P(w) € X} is a monomial basis of R,. In fact,
it coincides with the basis given in Theorem 2.8.

2.5 A-Springer module R,

In this section, we review some properties of R,, ) s, originally defined by Griffin [6], that
we make use of in our work. The first property is the structure of R, ) ; as an ungraded
Sp-module. To do this, let OSP,, ¢ be the collection of (weak) ordered set partitions
(B1]...|Bs) of [n] where |B;| > A;.

Theorem 2.12 (Griffin [6, Theorem 3.21]). Ry, rs ~s, QOSSP s In particular, we have
Frob(R, 5 s) = Y hy.

a=(aq,...,05) =1,
ACu
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From this, we have a formula for dim(R, , ) in terms of semistandard tableaux.

Corollary 2.13. dim(R; 1 5) = Y Y. |SYT(sh(T))|.
a=(aq,...,.05) =1, TESSYT(a)
ACua

We can reformulate Corollary 2.13 in terms of battery-powered tableaux.
Definition 2.14. A battery-powered tableau of parameters (1,A,s) consists of a pair

T = (D, B) of semistandard Young tableaux, where B is of shape (n — k) x (s — 1) and
the total content of (D, B) is given by A,y ¢ := (n —k) x s+ A.

We refer to D, B as the device and battery of T. Let 7', _ denote the set of all battery-
powered tableaux of parameters (7, A, s).

Example 2.15. For (n,A,s) = (4,(2,1),3), where k = |A| = 3, the battery-powered
tableaux are:

11[1[2]  [A[[2[2] , [O[[2[3] , [2]2] , [2]3] ,
3 3 2 1[1 1[1
7 B E eI
E
[2] 3] 2] [2] 3]
111 ’ 1[1]2] ’ 1[1[2] ’ 1[1[3] = [2]
3 2 3 2 11
7 7 B E
-

Note that a battery-powered tableau is uniquely defined by the device: that is, once we
know D, there is at most one B so that the total tableau has the correct weight. Thus the
map 7, — U SSYT(«) that takes (D, B) — D is a bijection. Using this, we

a=(aq,...005) 0

ACw
can restate Corollary 2.13 in terms of 7:3 .
Corollary 2.16. dim(R, 2 s) = Y |SYT(sh(D)|.

+
(D’B)elrn,/\,s

3 Shuffle Construction

In this section, we will go over the construction used in our main theorem, which gives
a descent basis of Ry, ) .

Definition 3.1. For any A = k < n, define OSP,, » to be the collection of ordered set
partitions ¢ = (Aq|...[ Ay, | B1|...| By—x) = (A,|B) of [n] where |A;| = Ajand |B;| =1
for any i,j. We denote B = Ll?:]k B;. We define the n, A, s-generalized descent words to
be

Dys:={a:als, € Dy,0 < alp, <s for some 0 € OSP,, v }. (3.1)
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Example 3.2. Consider (n,A,s) = (4,(2,1),3). Using that D; = {0}, D, = {00,01}, we
have

D, » s = {0000,1000, 0100, 0010, 0001, 2000, 0200, 0020, 0002,
0101,0110,0011, 1001, 1010, 0102,0120,0012,2001,2010,0201,0210}.

We can state our main theorem using D,, ) ;.
Theorem 3.3. The set B, ) ¢ := {xP:be Dy, a5} is a monomial basis of R, ) s.

To prove Theorem 3.3, we will show that |D,, 5| = dim(R, s) and that B, s is
linearly independent in R, ) ;.

Remark 3.4. It is difficult to determine |D,, ) ;| using Definition 3.1, since multiple or-
dered set partitions satisfy the condition in (3.1) for the same word. For z = 0110 in
Example 3.2, we have (12|4|3) and (13|4|2) both work.

4 Tableaux Construction

To get around the issue described in Remark 3.4 and show that |D, ) ;| = dim(R » ),
we introduce a new indexing set in terms of tableaux and partitions.

Zas = {(S, ) :S€SYT,, S|y €y, uC (n—k)x(s—des(S)—1)}.  (41)

Note that we do not consider S where s — des(S) < 0. Our indexing set specializes
naturally to the indexing set in Theorem 2.11: it is immediate that ¥ , y(1) = £, where
we identify all S € ¥, with the tuple (S, @) in Xy ) 4(5)-

Example 4.1. For (n,A,s) = (4,(2,1),3), the pairs in 2, , ¢ are:

>~

(ZEE), OEREO), OEEELL), GEa2), Gl
7] T 5 = 4]
(Lll 2|3|,@), (;l 2|3|'|:|)’ (i 2|4|,®), (i 2|4|,|:|), (?2(@)'

Now, given (w, i) where (P(w), it) € X, x, let cc(w, it) be the word defined by

; . if w; 1,...

ce(aw, )y = § CUH oy AT € AL @2)

12
cc(w); otherwise

In other words, we can think of cc(w, i) as the word we get from “boosting” the cocharge
of entries k +1,...,n in w according to p.
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Example 4.2. Let w = 7136524 and u = (3,2,2). Then cc(w, 1) = 7014301.

We can also define this notion of boosted cocharge directly on X, 5 ;. Given (S, u) €
X as, let cc(w, i) be a semistandard tableau of the same shape obtained by taking cc(S)
and adding p,,—j41 to cc(S)j for j € {k+1,...,n}.

Now, we construct a bijection between pairs (w, ) where (P(w), 1) € X, 1 s and our
indexing set D,, ) s, using the notion of boosted cocharge words.

Proposition 4.3. There exists a bijection {(w, i) | w € &, (P(w), u) € Zyrst — Dpas.

In particular, for any (w, ), we have that cc(w, ) = rev(b) for some b € D, , . This
gives the bijection in Proposition 4.3.

Example 4.4. Consider the pair (1324, ]), where P(1324) = [ jand ((? ) €

1]2]4]
L4 21)3 (as seen in Example 4.1). Then, we have cc(1324,[ ]) = 0102 = rev(2010) for
2010 € Dy (5,1)3 (as seen in Example 3.2).

Now, we want to relate the set ¥, 5 to the set of battery-powered tableaux 7., .

to make use of Corollary 2.16. First, let std(ﬁt\/s) be the image of the set 7;:;\/5 under
Lascoux standardization.

Let cc(std(T)) denote the cocharge labeling of std(T) and cc(std(T))|p, cc(std(T))|p
denote the device and battery part of cc(std(T)). Then we have the following fact.

Lemma 4.5. The tableau cc(std(T))|p is the superstandard tableau of shape (n — k) x (s —1):
that is, the semistandard tableau with row i filled with (i — 1).

The proof of Lemma 4.5 uses properties of catabolizability, as well as an algorithm by
Blasiak [1] which computes the catabolizability type of a permutation.

Remark 4.6. Lemma 4.5 does not hold for cc(T) for battery-powered tableau T € 7.7,
as demonstrated in the figures below, where (n,A,s) = (9,(3,2,1,1),4).

4] 3]
3(3 2|2
_ [I[1[1]2]2]2 _ [0]o[oJo]o[1
T = o c(T) = ot
213 1(0
1(1 0(0

If we standardize T and then take the cocharge tableau, we get the following.

15 3]
9112 1|2
112(3|4|5|6 0{0]0({0]0|0
std(T) = BleleL o ce(std(T)) = lojofol
10|11 11
718 0]0
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Now, we construct a map ® on X, .. For any (S,u) € X, ), we can construct a
boosted cocharge tableau cc(S, j). Let ®(S, 1) be the tableau we get by appending the
superstandard tableau of shape (n — k) x (s — 1) to the bottom right corner of cc(S, jt).

o

Lemma 4.8. For (S, u) € ¥, 1 s, we have that ®(S,u) = cc(std(T)) for some T € T,

n,A,8"°

1
Example 4.7. Consider (S, u) = (3 ALK |:|> Then we have ®(S, 1) = L 0[2

Thus @ gives us a map ;1 s — {cc(std(T)) : T € 7.}, ;}. Using the fact that we can
always recover std(T) from cc(std(T)), we can think of this as a map X, ) s — std(ﬁf;h o)
We can show that this in fact gives a bijection X, y ¢ — ’7:5\5

n n

Proposition 4.9. We have a bijection ¥ : %, ; 2% std(7,', ;) 5 T\ s stich that the device
of ¥ (S, u) is the same shape as S and cocharge(¥ (S, u)) = cocharge(S) + ||

Example 4.10. Under Y, the tableaux in Example 4.1 map to those in Example 2.15 (in
the same order).

Combining Proposition 4.9 and Corollary 2.16, we get the following.
Corollary 4.11. We have that dim(R;, 1 s) = | Dy 1 5]-

Remark 4.12. Though the map (D, B) — D gives a more straightforward bijection than
® in Proposition 4.9, it does not behave well with respect to cocharge: there is no clear
relation between the cocharge of (D,B) € 7./, . and D € SSYT(a) as demonstrated in
Remark 4.6. Lemma 4.5 resolves this issue: by standardization, the cocharge values in
the battery are forced to be given by the superstandard with i — 1’s in row i.

5 Linear Independence

We now show B, » s is linearly independent in R, , ;. Denote by A = (A}, ..., A},) the
partition obtained by removing the first column of A and taking the conjugate.

Proposition 5.1. Let A -k < n, s > £(A), and A be as above. Given any subset A C [n] of size
|A| = A}, the composite map

Pa: Qxu] = Qxa] @ Q[x\ al = Ry, @R, 45

given by the canonical projection in both tensor components descends to a well-defined map
(pAZRn—>RA£®R >

n,A8°
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This follows from showing that each of the generators of I,,;, where R, s =
QI[x]/ I, s, vanish in the image under 4. Using the maps from Proposition 5.1, we
can prove the following:

Proposition 5.2. Let a € Dy, s, and suppose ) p<, a cpx? = 0 in Ry rs- Then, we have
ca = 0. In particular, the monomials B,, , s are linearly independent in Ry, 5 s.

This proof involves the shuffle construction of D, ) ; given in Definition 3.1, along
with Lemma 2.7.
Our first main result (Theorem 3.3) follows from Proposition 5.2 and Corollary 4.11.

Remark 5.3. Our result unifies the seemingly disjoint results on descent bases of R, and
R; - Since we know Xy ) s(1) = X, it is immediate that Theorem 3.3 reduces to Theorem
2.11. If we set (n,A,s) = (n, 1k, k), we get the generalized descent basis of R, x, defined
by Haglund-Rhoades-Shimozono, though their presentation differs from ours.

6 Frobenius character of R, ) .

In this section, we use Theorem 3.3 to give a combinatorial formula for the graded
Frobenius character Frob, (R, » ) in terms of ¥, ) .

Given a Young subgroup S, = Sy, X --- X S,, C S, indexed by 7 |= n, we define
N, = Loes, sgn(0)o to be the antisymmetrizer with respect to S,. For any CS;-module
V, the vector space N,V is the subspace of elements of V that are antisymmetric with
respect to S,.

Proposition 6.1. For any graded CS,-module V = @ ;>0V; and Young subgroup S, C Sy, we
have Hilby (N, V) = (e, Froby(V')), where (—, —) denotes the Hall inner product on symmetric
functions.

In particular, Frob, (V) is uniquely determined by Hilb, (N, V) for all partitions v - n.
From this, it suffices to determine Hilb, (N, Ry, 1 s) for o = n. To do this, we will construct
a basis of Ny R,, 5 s using Theorem 3.3.

For any composition ¢ = n and word z of length 1, we say z is strictly increasing on
v if when we divide z into blocks of sizes 71, 72, . .., ;, we have that the entries within
the blocks are strictly increasing. This condition picks out a subset of D, ) ; that gives a
spanning set of N, Ry, 5 .

Example 6.2. Consider z = 2423679 and 7y = (2,2, 3). Then when we divide z into three
blocks 2423|679, the entries are strictly increasing. Thus z is strictly increasing on 1.

Lemma 6.3. Let D! := {a € Dy, : ais strictly increasing on y}. Then {N,x* : a €
DY

n,A,8

} spans Ny Ry, s
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Since {N,x* : a € D, s} clearly spans N, R, ) s, we remove immediate linear depen-
dencies in the set. In particular, if a € D), 5 5 \ DZ, st there exists a j such that a; > a;,4
within the same block. In the case of equality we have N,x* = 0. Otherwise, we can find
b c DZ, A such that Nox® = +N,xP via the following lemma. Note that this is analogous
to [7, Lemma 3.4] and the same proof holds.

Lemma 6.4. Consider a € Dy, 5 s with a; > aj1 Let & be the word we get by swapping a; and

Ajt1- Then a € Dn,/\,s-

Thus we have a spanning set of N, R, » ;. We will show that |D,, » 5| = dim(Ny Ry, 5 5)
using the ungraded S, structure of R, ;. We can rewrite formula for Frob(R, , ) in
Theorem 2.12 to be in terms of the set X, ) ; by composing the map (D, B) — D with
the bijection ¥ in Proposition 4.9. Using this formula, we can derive the following
combinatorial formula for dim(N, Ry, 1 5)-

Corollary 6.5. Let Asc(w) denote the ascent set of w, defined to be Asc(w) = {i : w; < wj;1}-.
We have the following:

dim(N, R0 5) = Y [{w € Sy, P(w) = S, Asc(w) C {v, i +Yi-1,--, 11+ + 712},
where the sum ranges over (S,1) € Xy 5 5.
Using Proposition 4.3, we get the following relation.

Lemma 6.6. For v |= n, we have rev(cc(w, u)) € D;Z)/,)\,S if and only if Asc(w) C {v;, v +

Y1, Y1+ 7121+ -+ 72} In particular, we have ’DZ,A,5| = dim(NyR; 0 ).
Combining Lemmas 6.3, 6.6, we obtain a basis of N, Ry, , .

Proposition 6.7. {N,x*:a € D, | } is a basis of NyR,, » s.

Using the expression of Hilby(NyR,, ) s) that we get from Proposition 6.7, we obtain
an explicit Schur expansion of Frob, (R, ) using L , s.

Theorem 6.8. Frob, (R, 1) = % qCOCharge(S)HV'sSh(s)
(Su)ETy s

Remark 6.9. Theorem 6.8 unifies the known formulas for Frob,(R,) and Frobg(R,, ).

e When (n,A,s) = (k, A, £(A)), we immediately recover (1.1) up to std : SSYT(A) —
2., and Theorem 2.9.

e When (n,A,s) = (n, 1k,k), we recover (1.2) using the equidistribution of maj and
cocharge with respect to descents.

Furthermore, applying ¥ : £, ,s — 7.1, , from Proposition 4.9 to Theorem 6.8 recovers
the battery-powered tableaux formula (1.3). From this, our proof of Theorem 6.8, along
with Proposition 4.9 provides an algebraic and combinatorial proof for (1.3).
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