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Abstract. The Stanley–Stembridge Conjecture asserts that the chromatic symmetric
function of the incomparability graph of a (3 + 1)-free poset is e-positive. Recently,
Hikita proved this conjecture by giving an explicit e-expansion of the Shareshian–
Wachs q-chromatic refinement for unit interval graphs. Using the Aq,t algebra, we give
an expansion of these q-chromatic symmetric functions into Macdonald polynomials.
Since q-chromatic symmetric functions do not depend on t, we obtain expansions into
different bases of symmetric functions by specializing t. Upon setting t = 1, we red-
erive Hikita’s formula and obtain another proof of the Stanley–Stembridge Conjecture.
Upon setting t = 0, we obtain an expansion into Hall–Littlewood symmetric functions.
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1 Introduction

In 1995, Stanley [14] introduced the chromatic symmetric functions, which generalize the
chromatic polynomial of a graph. The Stanley–Stembridge Conjecture [15], a long-
standing open problem in algebraic combinatorics, states that the chromatic symmetric
function of the incomparability graph of a finite (3 + 1)-free poset is e-positive, meaning
that it expands positively in the elementary symmetric function basis. By [7], the conjec-
ture can be reduced to proving the e-positivity of unit interval graphs. Shareshian and
Wachs [13] subsequently generalized the conjecture by introducing a certain refinement,
the chromatic quasisymmetric functions (or q-chromatic symmetric functions) χe[X; q], which
they conjecture are also e-positive.
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Recently, Hikita [10] proved the Stanley–Stembridge Conjecture by giving a formula
for the coefficients ce,λ(q) in the e expansion of χe[X; q] as a sum of rational functions in
q, which then specialize to nonnegative numbers upon taking q = 1.

On the other hand, Carlsson and Mellit [2], in their proof of the long-standing Shuffle
Conjecture, proved a plethystic formula relating χe[X; q] to LLT polynomials, and they
related the corresponding LLT polynomials to the action of a certain algebra, denoted
by Aq,t, on symmetric functions. In [1] the action of Aq,t was explicitly computed in a
certain basis, generalizing the Macdonald basis.

In this article, we show that combining these results produces an explicit formula for
the expansion of the LLT polynomials in the basis of modified Macdonald polynomials
H̃λ[X; q, t]. Applying the plethysm leads to an explicit expansion of χe[X; q] in the basis
of integral form Macdonald polynomials (2.1). For all details not written here, see the
full article [6].

Our main result can be stated as follows:

Theorem 1.1 (Theorem 3.3). We have explicit tableau formulas for the coefficients Ce,µ(q, t)
appearing in the expansion

χe[X; q] = ∑
µ

Ce,µ(q, t)(q− 1)−nH̃µ[(q− 1)X; q, t], (1.1)

expanding χe[X; q] in terms of plethystically evaluated modified Macdonald polynomials.

Observe that since χe[X; q] does not depend on t, the sum on the right-hand side of
(1.1) is independent of t.

Corollary 1.2 (Corollary 3.7). Setting t = 1 in (1.1), we get

χe[X; q] = ∑
µ

Ce,µ(q, 1)

(
∏

i
[µi]q!

)
eµ[X].

Upon setting q = 1, we find that the coefficient of eµ is nonnegative, so the Stanley–Stembridge
Conjecture holds. Furthermore, the coefficient of eµ is the same as the one found in [10].

The coefficient of eµ in χe[X; q] can be counted by certain admissible proper colorings,
see Corollary 3.7 and Remark 3.8.

Corollary 1.3. Upon setting t = 0, we expand χe[X; q] into Hall–Littlewood Q polynomials,
see Corollary 4.1. Setting t = q−1 gives an expansion of χe[X; q] into Schur functions, see
Remark 4.2.

It would be interesting to see if there is any connection between this formula and the
(q, t)-chromatic symmetric functions recently defined by Hikita [11].
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2 Background

2.1 The Aq,t algebra

Our main method is to use the Aq,t algebra, which was introduced by Carlsson and
Mellit [2] to prove the Shuffle Theorem [8] and its compositional refinement [9].

Let Λ[X] be the space of symmetric functions with coefficients in C(q, t). Let Vk =
Λ[X] ⊗ C[y1, . . . , yk]. We will only need the following operators appearing in the Aq,t
algebra.

Definition 2.1. For any expression F(yi, yi+1), let

TiF =
(q− 1)yiF(yi, yi+1) + (yi+1 − qyi)F(yi+1, yi)

yi+1 − yi
.

Define d+ : Vk → Vk+1 by setting

d+F[X] = T1 · · · TkF[X + (q− 1)yk+1],

and define d− : Vk → Vk−1 by setting

d−F[X] = −F[X− (q− 1)yk]Exp
[
−y−1

k X
] ∣∣∣

y−1
k

,

where Exp[X] = ∑n≥0 hn[X] is the plethystic exponential, and f
∣∣
y−1

k
means take the

coefficient of y−1
k in f .

2.2 q-chromatic symmetric functions

Given a finite graph G with edges E and vertices V = {v1, . . . , vm}, a proper coloring of
G is a function κ : V → Z>0 such that κ(v) 6= κ(w) whenever vw ∈ E. Given a proper
coloring κ (and the ordering on V), the ascents of κ are

asc(κ) := #{(i < j) : vivj ∈ E, κ(vi) < κ(vj)}.

The chromatic quasisymmetric function introduced by Shareshian and Wachs [13] is
given by

χG[X; q] := ∑
κ

qasc(κ)xκ,

where the sum is over all proper colorings of G and xκ = ∏i xκ(vi)
.

A unit interval graph is a type of graph whose chromatic quasisymmetric function
has particularly nice properties. One equivalent way of defining such a graph is as
follows: Let [n] = {1, . . . , n} and e : [n] → {0, 1, . . . , n − 1} be a reverse Hessenberg
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Figure 1: The Dyck path D and unit interval graph Γe associated to the reverse Hes-
senberg function e = (0, 1, 1, 2, 2, 3, 4). Cells are labeled by the edges, ij, present in the
graph.

function, which is a function that is weakly increasing such that e(i) < i for all i.
Then the unit interval graph Γ = Γe is the graph with vertex set V = [n] and edges
{ij : e(j) < i < j}. We will write χe[X; q] = χΓe [X; q].

Before Hikita’s proof of e-positivity, it was known that χe[X; q] is a Schur positive
symmetric function in the case of unit interval graphs by Shareshian and Wachs [13]
who refined a formula for χe[X; 1] of Gasharov [5]. In this article, we will restrict our
attention to unit interval graphs and refer to the chromatic quasisymmetric function as
a q-chromatic symmetric function.

A Dyck path D = Wa1Sb1 · · ·Wa`Sb` is a sequence of West and South unit lattice steps,
so that the lattice path starting at (n, n) and taking West (−1, 0) and South (0,−1) steps
according to the word D stays weakly above the diagonal of the n× n grid and ends at
(0, 0).

Let eD(i) be the number of South steps preceding the i-th West step of D. In this way,
we associate to every D ∈ Dn a reverse Hessenberg function eD of length n. Any reverse
Hessenberg function arises from a unique Dyck path in this way. So we will identify
Dyck paths with reverse Hessenberg functions and write e ∈ Dn. See Figure 1 for D and
the unit interval graph corresponding to e = (0, 1, 1, 2, 2, 3, 4).

Carlsson and Mellit showed that the q-chromatic symmetric function can be obtained
from d+ and d− by first writing

FD[X; q] := db`
−da`

+ · · · d
b1
−da1

+ (1),

then setting
χD[X; q] := (q− 1)−nFD[(q− 1)X].

Proposition 2.2 ([2, Theorem 4.4+Proposition 3.5]). For any reverse Hessenberg function e
with the corresponding Dyck path D ∈ Dn, we have

χD[X; q] = χe[X; q].
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We will write Fe for the corresponding function FD where D is such that e = eD.

2.3 Macdonald symmetric functions

For the reader’s convenience, we mention the following conversion formulas between
the modified Macdonald polynomials from [4] and the integral form Macdonald poly-
nomials from [12]:

H̃µ[(q− 1)X; q, t] = qn(µ′)+|µ| Jµ′ [X; t, q−1] = (−1)|µ|tn(µ) Jµ′ [X; t−1, q] (2.1)

where n(µ) = ∑i(i− 1)µi and |µ| = ∑i µi.
The modified Macdonald polynomials H̃µ[X; q, t] = H̃µ[X] specialize to modified

homogeneous symmetric functions:

H̃µ[X; q, 1] = (q; q)µhµ

[
X

1− q

]
,

where (q; q)µ = hµ[1/(1− q)]−1 is the Pochhammer symbol. Therefore,

H̃µ[(q− 1)X; q, 1] = (−1)|µ|(q; q)µeµ[X],

where we have used that hµ[−X] = (−1)|µ|ω(hµ)[X] = (−1)|µ|eµ. As a consequence, the
elementary basis expansion of χe[X; q] can be found by the expansion of Fe in the basis
{hµ[X/(1− q)]}µ.

Our goal will be to first write Fe in terms of the modified Macdonald basis:

Fe[X; q] = ∑
µ

Ce,µ(q, t) H̃µ[X; q, t].

Since χe[X; q] has no t variable, we must then also have

Fe[X; q] = ∑
µ

Ce,µ(q, 1) H̃µ[X; q, 1]

= ∑
µ

Ce,µ(q, 1)(q; q)µhµ

[
X

1− q

]
.

From here, it follows that

χe[X; q] = ∑
µ

Ce,µ(q, 1)(1− q)−|µ|(q; q)µeµ[X], (2.2)

and Theorem 1.1 will follow.
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Figure 2: An indexing object for the basis of Vk where λ = (5, 3, 1) and k = 4

2.4 The action of d± on Iλ,w

We now think of partitions as being given by a sum of cells. We say (i, j) ∈ λ if 0 ≤ j <
`(λ) and 0 ≤ i < λj+1. To simplify notation, we will then write

λ = ∑
(i,j)∈λ

qitj.

For a given λ, we say x = qrts is an addable cell if λ + x = µ is a partition, and we will
then write x ∈ Add(λ). The cells in λ that are in the same row as x are denoted by Rλ,x;
and similarly, the cells in λ that are in the same column as x are denoted by Cλ,x. For a
given cell c ∈ λ, let aλ(c) denote the arm length of c in λ (that is, the number of cells to
its right), and let lλ(c) be its leg length (that is, the number of cells above c in the French
convention).

If x ∈ Add(λ), we let

dλ,x = ∏
c∈Rλ,x

qaλ(c) − tlλ(c)+1

qaλ(c)+1 − tlλ(c)+1 ∏
c∈Cλ,x

qaλ(c)+1 − tlλ(c)

qaλ(c)+1 − tlλ(c)+1
.

These factors appear in the Pieri formula for e1H̃λ[X], see [3].
A basis for Vk is given by certain elements of the form Iλ,w, where w = (w1, . . . , wk)

is a sequence of cells in λ which form a horizontal strip, meaning no two cells are in the
same column and each row is connected and right justified in λ. The list is written such
that λ− w1 − w2 − · · · − ws forms a partition for each s ≤ k, meaning that if we place i
in the cell wk−i+1, we get a standard tableau of the horizontal strip w1 + · · ·+ wk.

In [1], Carlsson, Gorsky, and Mellit construct an action of Aq,t on the direct sum of the
(localized) equivariant K-theory of parabolic flag Hilbert schemes, KC∗×C∗(PFHn,n−k);
moreover, they show that ⊕

k

KC∗×C∗(PFHn,n−k) ∼=
⊕

k

Vk

as Aq,t-modules. The basis {Iλ,w} corresponds to the distinguished basis of the left-hand
side given by the classes of torus fixed points.

It will not be important to know explicitly what the elements Iλ,w are. Instead, we
rely on the following three facts.
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Proposition 2.3 ([1]). Given a partition λ and sequence w = (w1, . . . , wk) forming a horizontal
strip (as described above), we have

Iλ,∅ = H̃λ[X]/H̃λ[−1] ∈ V0, (2.3)
d− Iλ,wx = Iλ,w, and (2.4)

d+ Iλ,w = −qk ∑
x∈Add(λ)

xdλ,x

(
k

∏
i=1

x− twi

x− qtwi

)
Iλ+x,xw. (2.5)

We will also need the following identity:

H̃µ[−1] = (−1)|µ| ∏
(i,j)∈µ

qitj. (2.6)

3 Main proof

In this section, we prove Theorem 1.1 using the Aq,t algebra.

Notation 3.1. Let e be a reverse Hessenberg function. If e(j) < i < j, then we will write
i ≺ j. Note that ≺ is not a partial order since it is not necessarily transitive.

For example, in the case e = (0, 1, 1, 2, 2, 3, 4) considered in Figure 1, the pairs i ≺ j
are given by the edges of Γe. Namely, 2 ≺ 3, 3 ≺ 4, 3 ≺ 5 and so on. This function
corresponds to e = eD for the Dyck path D = WSWWSWWSWSWSSS, and the pairs
i ≺ j are in bijection with the cells in the 7× 7 grid between the diagonal and D.

Let SYTµ be the set of standard Young tableaux of shape µ. For a given j, let T<j
be the standard tableau given by the entries smaller than j. We will also let T≺j be the
skew-shaped tableau with entries i satisfying i ≺ j. Similarly, define T≤j and T�j to
include the entry j. We will say that a skew tableau is strict if its entries are increasing
along rows and columns. A strict skew tableau T gives a sequence w(T) = (w1, . . . , wk)
of cells, where w1 is the cell with the largest entry, w2 is the cell with the second largest
entry, and so on until we reach the cell wk with the smallest entry. For a strict skew
tableau, we will also write sh(T) to denote the skew diagram with no fillings.

First, we write
Fe[X; q] = drn

−d+drn−1
− · · · d+dr1

−d+(I∅,∅), (3.1)

where r1 + · · · + rj = e(j + 1), r1 + · · · + rn = n. Note that e(1) = 0. Suppose that
after we apply d+d

rj−1
− · · · dr1

−d+ we arrive at a term with Iλ,w. Applying d
rj
− eliminates rj

elements from w giving w′, leaving only the last j− e(j + 1) cells which were added to
λ; and j− e(j + 1) is the number of i ≺ j + 1. Applying d+ then adds a cell x to λ so
that the sequence xw forms a strict horizontal strip. Keeping track of the order in which
cells were added throughout this process gives us a tableau T, see Figure 3.
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Figure 3: A sequence of indexing objects obtained in the expansion of d3
−d2

+d−d2
+(I∅,∅)

and its corresponding tableau. Here, e = (0, 0, 1, 1).

Let SYTe
λ, be the set of standard tableaux T such that for each i, T�i is a horizontal

strip. It can then easily be checked that the tableaux obtained in the expansion of (3.1)
are precisely SYTe

λ.

Remark 3.2. We may alternatively define SYTe
λ as follows. Define a partial order on [n],

called the unit interval order, by i� j if i ≤ e(j). Then SYTe
λ is the set of standard tableaux

whose rows increase with respect to < and whose columns increase with respect to�.

Let

Aλ,w
x := ∏

c∈Rλ,x

qaλ(c) − tlλ(c)+1

qaλ(c)+1 − tlλ(c)+1
× ∏

c∈Cλ,x

qaλ(c)+1 − tlλ(c)

qaλ(c)+1 − tlλ(c)+1
×

k

∏
i=1

x− twi

x− qtwi
. (3.2)

Let T(i) := sh(T≤i)− sh(T<i) be the cell containing i, and let

Ae
T(q, t) :=

n

∏
i=1

Ash(T<i),w(T≺i)

T(i) . (3.3)

Lastly, note that ∏n
i=1−q|T≺i|T(i) = q(

n
2)−|e|H̃λ[−1], where |e| = ∑i e(i). Proposition 2.3

then tells us that

Fe[X; q] = ∑
λ

H̃λ[X]/H̃λ[−1]

 ∑
T∈SYTe

λ

n

∏
i=1
−q|T≺i|T(i)Ash(T<i),w(T≺i)

T(i)

 .

This gives us the next theorem.

Theorem 3.3. We have the following expansions of Fe and χe:

Fe[X; q] = q(
n
2)−|e| ∑

λ

 ∑
T∈SYTe

λ

Ae
T(q, t)

 H̃λ[X; q, t], (3.4)

χe[X; q] = (q− 1)−nq(
n
2)−|e| ∑

λ

 ∑
T∈SYTe

λ

Ae
T(q, t)

 H̃λ[(q− 1)X; q, t]. (3.5)
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Let SYT
e
µ denote all standard tableaux in SYTe

µ with the following extra condition:

For every i not in the first column,
there is a j in the column immediately left of i such that j ≺ i. (∗)

Remark 3.4. Having condition (∗) in place, together with the property that the columns
increase with respect to� (see Remark 3.2), it can be checked that the standard tableau
conditions hold automatically.

Example 3.5. When e = (0, 1, 1, 2, 2, 3, 4),

T =

1
2

3 4

5
6 7

is an element of SYTe
3,3,1 since T�i is a horizontal strip for each i. In order to satisfy (∗),

2 is forced to be in the first column since 1 6≺ 2. Furthermore, since 2 ≺ 3, 3 ≺ 4, 5 ≺ 6,
and 6 ≺ 7, all entries i satisfy condition (∗). Hence, T is in SYT

e
(3,3,1).

Lemma 3.6. For T ∈ SYTe
µ, Ae

T(q, 1) 6= 0 if and only if T ∈ SYT
e
µ.

Thus, SYTe
µ are exactly the tableaux that remain after setting t = 1. In fact, we get an

explicit expansion for Aλ,w
x (q, 1), and therefore, an explicit expansion of χe[X; q].

Corollary 3.7. For a given standard tableau T, let ci(T) be the column of i, so that T(i)|t=1 =
qci(T). Then χe[X; q] expands as

q(
n
2)−n−|e|∑

λ

(
q`(λ)[λ1]q · · · [λ`(λ)]q ∑

T∈SYTe
λ

∏
i≺j

cj(T) 6=ci(T)+1

qcj(T) − qci(T)

qcj(T) − qci(T)+1

)
eλ[X]. (3.6)

Moreover, setting q = 1 in this identity yields a positive expansion of χe[X; q] into the elementary
basis. This proves the Stanley–Stembridge Conjecture. Explicitly:

χe[X; 1] = ∑
λ

(
λ1 · · · λ`(λ) ∑

T∈SYTe
λ

∏
i≺j

cj(T) 6=ci(T)+1

|cj(T)− ci(T)|
|cj(T)− ci(T)− 1|

)
eλ[X]. (3.7)

Remark 3.8. One can also interpret this formula in terms of proper colorings. We call a
proper coloring κ on the graph Γe admissible if for every i with κ(i) > 1, there is an edge
vjvi (with j < i) for which κ(j) = κ(i)− 1.
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Let Ke
λ′ be the set of all admissible colorings κ on the graph Γe such that λ′i is the

multiplicity of the color i. To such a coloring we associate a weight

weight(κ) = ∏
edges vivj,i < j

κ(j) 6=κ(i)+1

|κ(j)− κ(i)|
|κ(j)− κ(i)− 1| .

By interpreting T ∈ SYT
e
λ as a coloring κT where i is assigned the color κT(i) = ci(T) + 1,

then (3.7) translates to

χe[X; 1] = ∑
λ

eλ ∑
κ∈Ke

λ′

λ1 · · · λ`(λ)weight(κ).

Example 3.9. For e in Figure 1, the e3,3,1 coefficient of the q-chromatic symmetric function
χ(0,1,1,2,2,3,4) is q5 + q4 + q3. From Corollary 3.7, it comes from a single tableau, see
Example 3.5. Equation (3.6) produces

q21−7−13+3[3]q[3]q[1]q ×
1− q
1− q2 ×

1− q2

1− q3 ×
q− q2

q− q3 ×
q2 − 1
q2 − q

,

the fractions coming from the pairs (i, j) = (3, 5), (4, 5), (4, 6), (5, 7). Performing cancel-
lations results in q3[3]q. On the other hand, the coefficient of e4,2,1 comes from 3 tableaux
and we observe non-trivial denominators:

q2[4]q[2]q + q3 [4]q[2]q
[3]q

+ q3 [2]
4
q

[3]q
.

For instance, setting q = 1 produces a decomposition of 16 as 16 = 8 + 8
3 +

16
3 .

3.1 The relation to Hikita’s formula

We will now find an equivalent expression that lets us re-derive Hikita’s formula. Let,
once again, λ, w, and x be given as in Proposition 2.3. Let c1 < · · · < ck be the columns
for w = (w1, . . . , wk) in increasing order. Let wL

1 < · · · < wL
m be the subsequence of

columns such that wL
j − 1 6= ci for some i, and let wR

1 < · · · < wR
m be the subsequence

of columns for which wR
j + 1 6= ci for some i. In other words, the sequence of columns

c1 < · · · < ck consists of a union of contiguous segments, and the left-most elements
of these contiguous segments are denoted by wL

i and the right-most elements of these
contiguous segments are denoted by wR

i .

Lemma 3.10. Let x = qrts as in Theorem 3.3. When r = 0,

Aλ,w
x (q, 1) =

m

∏
i=1

[wL
i ]q

[wR
i + 1]q

. (3.8)
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When r > 0, letting j be maximal such that wR
j is on the left of x (in other words, wR

j = r− 1),
then

Aλ,w
x (q, 1) = qb(w,x)−r

j

∏
i=1

[r− wL
i ]q

[r− wR
i−1 − 1]q

m

∏
i=j+1

[wL
i − r]q

[wR
i + 1− r]q

, (3.9)

where wR
0 := −1, and b(w, x) = ∑

j
i=1(w

L
i − wR

i−1 − 1) counts the number of columns left of x
with no wj.

The proof is to specialize t = 1 in (3.2), divide numerators and denominators by
appropriate powers of (q− 1) and cancel telescoping factors, and carefully keep track of
q powers.

Using Lemma 3.10 on each factor of (3.3) (at t = 1), one can then relate Ae
T(q, 1) to the

product over transition probabilities in [10, Equation 5]. In particular, it can be checked
that the tableaux T that appear with positive probability in [10, Theorem 3] are exactly
the tableaux SYT

e
λ appearing in our formula (3.6).

4 A Hall–Littlewood expansion

In this section, we use Theorem 1.1 to give an expansion of χe in terms of Hall–Littlewood
symmetric functions. Combining Equation (2.1) with [12, p. VI.8.4.ii], we find that

H̃λ[(q− 1)X; q, 0] = q|λ
′|+n(λ′) Jλ′ [X; 0, q−1] = q|λ

′|+n(λ′)Qλ′ [X; q−1].

Specializing t = 0 in Theorem 3.3 and reducing the expression gives us the following
expansion in Qλ′ [X; q−1] functions.

Given T ∈ SYTe
λ and a label i, let m(T, i) be the number of entries of T≺i that are at

least 2 rows below T(i) in French notation. Furthermore, if T(i) is in row ri + 1 (starting
from 1), then let d(T, i) := sh(T<i)ri − sh(T<i)ri+1. If T≺i contains elements in row ri, let
L(T, i) be the column of its left-most element in row ri of T≺i. Finally, we write T1 for
the first row of T.

Corollary 4.1. We have the following expansion of χe in terms of reversed Qλ functions:

χe[X; q] = ∑
λ

Qλ′ [X; q−1]
q(

n+1
2 )−|e|

(q− 1)λ1

×

 ∑
T∈SYTe

λ

∏
i/∈T1

q−m(T,i)−d(T,i) ∏
i/∈T1,

(T≺i)ri=∅

[d(T, i)]q ∏
i:(T≺i)ri 6=∅

[L(T, i)− sh(T<i)ri+1]q

 .

Remark 4.2. We note that a Schur expansion of χe[X; q] can also be obtained by setting
t = q−1 in Theorem 3.3, which we do not write out explicitly here. It is not clear how this
formula matches Shareshian and Wachs’ Schur expansion in terms of P-tableaux [13].



12 Sean T. Griffin, Anton Mellit, Marino Romero, Kevin Weigl, and Joshua Jeishing Wen

Acknowledgements

This work was supported by ERC grant “Refined invariants in combinatorics, low-
dimensional topology and geometry of moduli spaces,” No. 101001159.

References

[1] E. Carlsson, E. Gorsky, and A. Mellit. “The Aq,t algebra and parabolic flag Hilbert schemes”.
Math. Ann. 376.3 (2020), pp. 1303–1336. doi.

[2] E. Carlsson and A. Mellit. “A proof of the shuffle conjecture”. J. Amer. Math. 31.3 (2018),
pp. 661–697. doi.

[3] A. Garsia, J. Haglund, G. Xin, and M. Zabrocki. “Some new applications of the Stanley-
Macdonald Pieri rules”. The mathematical legacy of Richard P. Stanley. Amer. Math. Soc.,
Providence, RI, 2016, pp. 141–168. doi.

[4] A. Garsia, M. Haiman, and G. Tesler. “Explicit plethystic formulas for Macdonald (q, t)-
Kostka coefficients”. Sémin. Lothar. Comb. 42 (1999), b42m, 45. Link.

[5] V. Gasharov. “Incomparability graphs of (3 + 1)-free posets are s-positive”. Discrete Math.
157.1-3 (1996), pp. 193–197. doi.

[6] S. T. Griffin, A. Mellit, M. Romero, K. Weigl, and J. J. Wen. “On Macdonald expansions
of q-chromatic symmetric functions and the Stanley-Stembridge Conjecture”. 2025. arXiv:
2504.06936. Link.

[7] M. Guay-Paquet. “A modular relation for the chromatic symmetric functions of (3+1)-free
posets”. 2013. arXiv:1306.2400. Link.

[8] J. Haglund, M. Haiman, N. Loehr, J. B. Remmel, and A. Ulyanov. “A combinatorial formula
for the character of the diagonal coinvariants”. Duke Math. J. 126.2 (2005), pp. 195–232. doi.

[9] J. Haglund, J. Morse, and M. Zabrocki. “A compositional shuffle conjecture specifying
touch points of the Dyck path”. Can. J. Math. 64.4 (2012), pp. 822–844. doi.

[10] T. Hikita. “A proof of the Stanley–Stembridge conjecture”. 2024. arXiv:2410.12758. Link.

[11] T. Hikita. “(q, t)-chromatic symmetric functions”. 2025. arXiv:2503.23597. Link.

[12] I. G. Macdonald. Symmetric functions and Hall polynomials. 2nd ed. Oxford: Clarendon
Press, 1998.

[13] J. Shareshian and M. L. Wachs. “Chromatic quasisymmetric functions”. Adv. Math. 295
(2016), pp. 497–551. doi.

[14] R. P. Stanley. “A symmetric function generalization of the chromatic polynomial of a
graph”. Adv. Math. 111.1 (1995), pp. 166–194. doi.

[15] R. P. Stanley and J. R. Stembridge. “On immanants of Jacobi-Trudi matrices and permuta-
tions with restricted position”. J. Comb. Theory, Ser. A 62.2 (1993), pp. 261–279. doi.

https://dx.doi.org/10.1007/s00208-019-01898-1
https://dx.doi.org/10.1090/jams/893
https://dx.doi.org/10.1090//mbk/100/09
https://eudml.org/doc/119896
https://dx.doi.org/10.1016/S0012-365X(96)83014-7
https://arxiv.org/abs/2504.06936
https://arxiv.org/abs/2504.06936
https://arxiv.org/abs/2504.06936
https://arxiv.org/abs/1306.2400
https://doi.org/10.48550/arXiv.1306.2400
https://dx.doi.org/10.1215/S0012-7094-04-12621-1
https://dx.doi.org/10.4153/CJM-2011-078-4
https://arxiv.org/abs/2410.12758
https://doi.org/10.48550/arXiv.2410.12758
https://arxiv.org/abs/2503.23597
https://arxiv.org/abs/2503.23597
https://dx.doi.org/10.1016/j.aim.2015.12.018
https://dx.doi.org/10.1006/aima.1995.1020
https://dx.doi.org/10.1016/0097-3165(93)90048-D

	Introduction
	Background
	The Aq,t algebra
	q-chromatic symmetric functions
	Macdonald symmetric functions
	The action of d on I,w

	Main proof
	The relation to Hikita's formula

	A Hall–Littlewood expansion

