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Abstract. The Stanley-Stembridge Conjecture asserts that the chromatic symmetric
function of the incomparability graph of a (3 + 1)-free poset is e-positive. Recently,
Hikita proved this conjecture by giving an explicit e-expansion of the Shareshian—
Wachs g-chromatic refinement for unit interval graphs. Using the A, algebra, we give
an expansion of these g-chromatic symmetric functions into Macdonald polynomials.
Since g-chromatic symmetric functions do not depend on ¢, we obtain expansions into
different bases of symmetric functions by specializing t. Upon setting ¢t = 1, we red-
erive Hikita’s formula and obtain another proof of the Stanley—Stembridge Conjecture.
Upon setting t = 0, we obtain an expansion into Hall-Littlewood symmetric functions.

Keywords: Chromatic symmetric function, e-positivity, Macdonald polynomials

1 Introduction

In 1995, Stanley [!14] introduced the chromatic symmetric functions, which generalize the
chromatic polynomial of a graph. The Stanley-Stembridge Conjecture [15], a long-
standing open problem in algebraic combinatorics, states that the chromatic symmetric
function of the incomparability graph of a finite (3 + 1)-free poset is e-positive, meaning
that it expands positively in the elementary symmetric function basis. By [/], the conjec-
ture can be reduced to proving the e-positivity of unit interval graphs. Shareshian and
Wachs [13] subsequently generalized the conjecture by introducing a certain refinement,
the chromatic quasisymmetric functions (or g-chromatic symmetric functions) xe|X;q|, which
they conjecture are also e-positive.
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Recently, Hikita [10] proved the Stanley-Stembridge Conjecture by giving a formula
for the coefficients ce 1 (q) in the e expansion of x.[X;q| as a sum of rational functions in
g, which then specialize to nonnegative numbers upon taking g = 1.

On the other hand, Carlsson and Mellit [7], in their proof of the long-standing Shuffle
Conjecture, proved a plethystic formula relating x.[X;g] to LLT polynomials, and they
related the corresponding LLT polynomials to the action of a certain algebra, denoted
by A, on symmetric functions. In [1] the action of A,;; was explicitly computed in a
certain basis, generalizing the Macdonald basis.

In this article, we show that combining these results produces an explicit formula for
the expansion of the LLT polynomials in the basis of modified Macdonald polynomials
H,[X;q,t]. Applying the plethysm leads to an explicit expansion of x.[X;g] in the basis
of integral form Macdonald polynomials (2.1). For all details not written here, see the
full article [©].

Our main result can be stated as follows:

Theorem 1.1 (Theorem 3.3). We have explicit tableau formulas for the coefficients Ce (g, t)
appearing in the expansion

Xe[X;q) =Y Cep(q,t)(q—1)"Hyl(g — 1)X;q,t], (1.1)
H

expanding xe[X;q| in terms of plethystically evaluated modified Macdonald polynomials.

Observe that since xe[X;g| does not depend on ¢, the sum on the right-hand side of
(1.1) is independent of t.

Corollary 1.2 (Corollary 3.7). Setting t = 1 in (1.1), we get

XelX;q) = ¥ Cep(9,1) (qu!) e[X].
|2 1

Upon setting g = 1, we find that the coefficient of e, is nonnegative, so the Stanley-Stembridge
Conjecture holds. Furthermore, the coefficient of e, is the same as the one found in [10].

The coefficient of e, in x[X; g] can be counted by certain admissible proper colorings,
see Corollary 3.7 and Remark 3.8.

Corollary 1.3. Upon setting t = 0, we expand xe[X;q| into Hall-Littlewood Q polynomials,
see Corollary 4.1. Setting t = q~! gives an expansion of xe|X;q] into Schur functions, see
Remark 4.2.

It would be interesting to see if there is any connection between this formula and the
(g, t)-chromatic symmetric functions recently defined by Hikita [11].
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2 Background

21 The A,; algebra

Our main method is to use the A,; algebra, which was introduced by Carlsson and
Mellit [7] to prove the Shuffle Theorem [©] and its compositional refinement [7].

Let A[X] be the space of symmetric functions with coefficients in C(g,t). Let V; =
AIX]®Cly1, ..., yx]. We will only need the following operators appearing in the A,
algebra.

Definition 2.1. For any expression F(y;, y;11), let

rF — 0= VYiFWiyiva) + i = qy) EWiv yi)
Z Yit1 — Yi
Define d : Vi — Vi1 by setting
d+F[X] =Ty TiF[X + (9 — D41l

and define d_ : Vi — Vj_1 by setting

d-F[X] = =F[X = (g — Dyl Bxp |-y, 'X]

_17
Yk

where Exp[X] = Y,50h[X] is the plethystic exponential, and f |y,1 means take the
- k

coefficient of yk’l in f.

2.2 g-chromatic symmetric functions

Given a finite graph G with edges E and vertices V = {v1,...,v, }, a proper coloring of
G is a function k : V — Z+ such that x(v) # x(w) whenever vw € E. Given a proper
coloring « (and the ordering on V), the ascents of x are

asc(x) = #{(i < j) : vjv; € E, x(v;) < x(v)}.

The chromatic quasisymmetric function introduced by Shareshian and Wachs [13] is
given by
XolXa] = L,
K

where the sum is over all proper colorings of G and x* = [T; x,(y,)-

A unit interval graph is a type of graph whose chromatic quasisymmetric function
has particularly nice properties. One equivalent way of defining such a graph is as
follows: Let [n] = {1,...,n} and e : [n] — {0,1,...,n — 1} be a reverse Hessenberg
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Figure 1: The Dyck path D and unit interval graph I'e associated to the reverse Hes-
senberg function e = (0,1,1,2,2,3,4). Cells are labeled by the edges, ij, present in the
graph.

function, which is a function that is weakly increasing such that e(i) < i for all i.
Then the unit interval graph T = T is the graph with vertex set V = [n]| and edges
{ij : e(j) <i < j}. We will write xe[X;q] = xr.[X; 9]-

Before Hikita’s proof of e-positivity, it was known that xe[X;q| is a Schur positive
symmetric function in the case of unit interval graphs by Shareshian and Wachs [13]
who refined a formula for x.[X;1] of Gasharov [5]. In this article, we will restrict our
attention to unit interval graphs and refer to the chromatic quasisymmetric function as
a g-chromatic symmetric function.

A Dyck path D = W% Sbi. . WSl s a sequence of West and South unit lattice steps,
so that the lattice path starting at (n,#) and taking West (—1,0) and South (0, —1) steps
according to the word D stays weakly above the diagonal of the n x n grid and ends at
(0,0).

Let ep (i) be the number of South steps preceding the i-th West step of D. In this way,
we associate to every D € D, a reverse Hessenberg function ep of length n. Any reverse
Hessenberg function arises from a unique Dyck path in this way. So we will identify
Dyck paths with reverse Hessenberg functions and write e € D,,. See Figure 1 for D and
the unit interval graph corresponding to e = (0,1,1,2,2,3,4).

Carlsson and Mellit showed that the g-chromatic symmetric function can be obtained
from d and d_ by first writing

Fp[X;q) = ddf - dd (1),

then setting
xp[X;q] = (¢ —1)""Fp[(qg — 1)X].

Proposition 2.2 ([, Theorem 4.4+Proposition 3.5]). For any reverse Hessenberg function e
with the corresponding Dyck path D € D,,, we have

xp[X;q] = xe[X;q].
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We will write Fe for the corresponding function Fp where D is such that e = ep.

2.3 Macdonald symmetric functions

For the reader’s convenience, we mention the following conversion formulas between
the modified Macdonald polynomials from [*] and the integral form Macdonald poly-
nomials from [12]:

Hyl(g = 1)X;q,8] = ¢, (X107 = (—) MW, [X; 471, ) 2.1)
where n(p) = Y;(i — 1y; and |p| = ¥ pi.

The modified Macdonald polynomials H,[X;q,t] = H,[X] specialize to modified
homogeneous symmetric functions:

Hy[X;9,1) = (3;:9)uhy {%} ,

where (7;9), = hu[1/(1 — q)] ! is the Pochhammer symbol. Therefore,

Hu[(g - 1)X;9,1] = (=1) (g 9)uen[X],

where we have used that h,[—X] = (—1)I"lw(h,)[X] = (—1)Ile,. As a consequence, the
elementary basis expansion of x.[X;g] can be found by the expansion of F, in the basis

{1 [X/ (1= 9)] }5-

Our goal will be to first write Fe in terms of the modified Macdonald basis:

Fe[X;q] = Zce,y(q/ t) ﬁy [X;4q,t].
M

Since xe[X;g] has no t variable, we must then also have

Fe[X;q] = Zce,y(q/l) ﬁy[X? q,1]
M

i [
= Ceula Ny |77

From here, it follows that

Xe[X:q] = Y Cepl(q,1)(1 — )" (g;9) ueu[X], (2.2)
H

and Theorem 1.1 will follow.
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Figure 2: An indexing object for the basis of Vi where A = (5,3,1) and k = 4

24 The action of 41 on [, ,

We now think of partitions as being given by a sum of cells. We say (i,j) € Aif 0 < j <
£(A) and 0 <i < Ajy4. To simplify notation, we will then write

A= Z qitj :
(i,j)er
For a given A, we say x = g't° is an addable cell if A + x = u is a partition, and we will
then write x € Add(A). The cells in A that are in the same row as x are denoted by R ,;
and similarly, the cells in A that are in the same column as x are denoted by C, ,. For a
given cell ¢ € A, let a)(c) denote the arm length of c in A (that is, the number of cells to
its right), and let I, (¢c) be its leg length (that is, the number of cells above ¢ in the French
convention).
If x € Add(A), we let

qﬂA c)+1 _ ¢h(c)
a(c)+1 tu c)+1 H +1 _ li(o)+1

These factors appear in the Pieri formula for e H A1X], see [2].

A basis for Vj is given by certain elements of the form I, ,, where w = (wy, ..., wy)
is a sequence of cells in A which form a horizontal strip, meaning no two cells are in the
same column and each row is connected and right justified in A. The list is written such
that A —wq — wy — - - - — ws forms a partition for each s < k, meaning that if we place i
in the cell wy_;,1, we get a standard tableau of the horizontal strip wy + - - - + wy.

In [1], Carlsson, Gorsky, and Mellit construct an action of A, on the direct sum of the
(localized) equivariant K-theory of parabolic flag Hilbert schemes, Kc+yxc+(PFH,, ,—k);
moreover, they show that

@K@XC* PFH,, ,, &) @Vk

as Ag-modules. The basis {I) , } corresponds to the distinguished basis of the left-hand
side given by the classes of torus fixed points.

It will not be important to know explicitly what the elements I, ;,, are. Instead, we
rely on the following three facts.
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Proposition 2.3 ([1]). Given a partition A and sequence w = (w1, ..., wy) forming a horizontal
strip (as described above), we have

Lio = HA[X]/Hy[-1] € Vo, (2.3)
d_l/\’wx = IA,w/ and (2.4)
k
x —tw;
dihow=—q" Y xd, (H _—tl> Iy 42 xe0- (2.5)
xe€Add (M) i=1 % gt

We will also need the following identity:

H,[-1] = (-1 TT ¥ (2.6)
(i.j)ep

3 Main proof

In this section, we prove Theorem 1.1 using the A, algebra.

Notation 3.1. Let e be a reverse Hessenberg function. If e(j) < i < j, then we will write
i < j. Note that < is not a partial order since it is not necessarily transitive.

For example, in the case e = (0,1,1,2,2,3,4) considered in Figure 1, the pairs i < j
are given by the edges of I'e. Namely, 2 < 3,3 < 4,3 < 5 and so on. This function
corresponds to e = ep for the Dyck path D = WSWWSWWSWSWSSS, and the pairs
i < j are in bijection with the cells in the 7 x 7 grid between the diagonal and D.

Let SYT, be the set of standard Young tableaux of shape p. For a given j, let T;
be the standard tableau given by the entries smaller than j. We will also let T; be the
skew-shaped tableau with entries i satisfying i < j. Similarly, define T<; and T<; to
include the entry j. We will say that a skew tableau is strict if its entries are increasing
along rows and columns. A strict skew tableau T gives a sequence w(T) = (w1, ..., W)
of cells, where w; is the cell with the largest entry, w; is the cell with the second largest
entry, and so on until we reach the cell w; with the smallest entry. For a strict skew
tableau, we will also write sh(T) to denote the skew diagram with no fillings.

First, we write

Fe[X;q) =d™dyd™ - -dyd"d. (Ipg), (3.1)

where r1 +---+71; = e(j+1), 1 +---+r, = n. Note that e(1) = 0. Suppose that
after we apply d +glr_f‘l ---d"'d we arrive at a term with I ,,. Applying d” eliminates ri
elements from w giving w’, leaving only the last j — e(j + 1) cells which were added to
A; and j — e(j + 1) is the number of i < j+ 1. Applying d+ then adds a cell x to A so
that the sequence xw forms a strict horizontal strip. Keeping track of the order in which
cells were added throughout this process gives us a tableau T, see Figure 3.
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w1 W2 3

o [wn] Juelwr| [ fun[ | fue] | [usur] = [1]2[4a] €T

Figure 3: A sequence of indexing objects obtained in the expansion of d® d3 d_d? (Ip,»)
and its corresponding tableau. Here, e = (0,0,1,1).

Let SYT§, be the set of standard tableaux T such that for each i, T<; is a horizontal
strip. It can then easily be checked that the tableaux obtained in the expansion of (3.1)
are precisely SYTS.

Remark 3.2. We may alternatively define SYT§ as follows. Define a partial order on [n],

called the unit interval order, by i < jifi < e(j). Then SYTY is the set of standard tableaux
whose rows increase with respect to < and whose columns increase with respect to <.

Let

Aw . qu(C) _ tl/\(c)-H qa/\(c)—H _ tl)L(C) k X — tw;
AT celg,x g () +1 () +1 8 Cgﬂ g+ — ¢h(0)+1 X E x — gtw; (3.2)
Let T0) = sh(T<;) — sh(T.;) be the cell containing i, and let
A7(q,1) H A=), (33)

Lastly, note that [T, —q!™<IT() = g@)~lelH, [~1], where |e| = Y e(i). Proposition 2.3
then tells us that

n
gl = Y HX)/H-1 [ T]—qmlr®ahTe)
A TESYTS i=1
This gives us the next theorem.

Theorem 3.3. We have the following expansions of Fe and Xe:

Fe[X;ql = g2l Y | X Af(a0) | HulXiqt), (34)
A\ TesYT

XelXiql = (g=1) @7l Y | Y Af(g ) | Mg -1DX;q 8. 35)
A\ TesyYT
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Let SYT: denote all standard tableaux in SYT}, with the following extra condition:

For every i not in the first column,

there is a j in the column immediately left of i such that j <i. (x)

Remark 3.4. Having condition (*) in place, together with the property that the columns
increase with respect to < (see Remark 3.2), it can be checked that the standard tableau
conditions hold automatically.

Example 3.5. When e = (0,1,1,2,2,3,4),

T = 7|

34

r—\l\.)(.ﬂ‘
(@)

is an element of SYT3 5 ; since T; is a horizontal strip for each i. In order to satisfy (%),
2 is forced to be in the first column since 1 &£ 2. Furthermore, since 2 < 3,3 < 4,5 < 6,

and 6 < 7, all entries i satisfy condition (*). Hence, T is in SYTF3,3/1).

Lemma 3.6. For T € SYTy, A7(q,1) # 0 ifand only if T € SYT;.

Thus, SYT; are exactly the tableaux that remain after setting t = 1. In fact, we get an
explicit expansion for A% (g,1), and therefore, an explicit expansion of xe[X;].

Corollary 3.7. For a given standard tableau T, let c;(T) be the column of i, so that T\ |;_; =
q%T). Then xe[X;q] expands as

(5)—n—le| oM ch(T) — geilT)

q% Yol a Vg Als X I1 T e eAlX].  (3.6)

A TESYT, i<j q — g
¢j(T)#ci(T)+1

Moreover, setting q = 1 in this identity yields a positive expansion of xe[X; q| into the elementary
basis. This proves the Stanley—Stembridge Conjecture. Explicitly:

¢(T) — (T
XelX;1] =Y (A1 Ay X I L e[X]. (3.7)
~ L 1ci(T) —ci(T) — 1|
A TeSYT; i<j /
Cj(T)#Cl‘(T)+1
Remark 3.8. One can also interpret this formula in terms of proper colorings. We call a
proper coloring « on the graph I'e admissible if for every i with x(i) > 1, there is an edge
vjv; (with j <) for which «(j) = x(i) — 1.
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Let K$, be the set of all admissible colorings x on the graph I'e such that A; is the
multiplicity of the color i. To such a coloring we associate a weight

k() — x()]
edges v;vj,i < j |K(]) o K(l) - 1|
<) £x(i)+1

weight(x) =

By interpreting T € SYTj as a coloring x where i is assigned the color x7(i) = ¢;(T) +1,
then (3.7) translates to

XelX;1 =Y ex Y Ay--- Ag(ryweight(x).

A KeKS,

Example 3.9. For e in Figure 1, the e3 3 1 coefficient of the g-chromatic symmetric function
X(0,1,12234) 18 7° + g* + ¢*>. From Corollary 3.7, it comes from a single tableau, see
Example 3.5. Equation (3.6) produces
S Rl O il
3 2 ’

9—9° 9°—9
the fractions coming from the pairs (i,j) = (3,5), (4,5), (4,6), (5,7). Performing cancel-
lations results in q3 [3],7. On the other hand, the coefficient of e451 comes from 3 tableaux
and we observe non-trivial denominators:

21-7-13+3 l-q 1—9
q [3]q[3]q[1]4 x 1- 2 X1 7

[4]4(2] 23
7*[4]402] + 7 [g]q 1+ qgﬁ-

For instance, setting g = 1 produces a decomposition of 16 as 16 = 8 4 % + %.

3.1 The relation to Hikita’s formula

We will now find an equivalent expression that lets us re-derive Hikita’s formula. Let,
once again, A, w, and x be given as in Proposition 2.3. Let ¢c; < --- < ¢ be the columns
for w = (wy,...,wy) in increasing order. Let wl < --- < wl be the subsequence of
columns such that w]L — 1 # ¢; for some i, and let wR < -+ < wX be the subsequence

of columns for which wR + 1 # ¢; for some i. In other words, the sequence of columns
cp < --- < cx consists of a union of contiguous segments, and the left-most elements
of these contiguous segments are denoted by w! and the right-most elements of these
contiguous segments are denoted by wR.

Lemma 3.10. Let x = g"t° as in Theorem 3.3. When r = 0,

(3.8)
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When r > 0, letting j be maximal such that w]R is on the left of x (in other words, w]R =r—1),
then

R AT )
AA (g,1) —r q L 1 , (3.9)
E —wi, — 1] i—]l—-[H [wf +1 1]
where wk == —1, and b(w, x) = Zﬂzl(wiL —wR | — 1) counts the number of columns left of x

with no wj.

The proof is to specialize t = 1 in (3.2), divide numerators and denominators by
appropriate powers of (g — 1) and cancel telescoping factors, and carefully keep track of
q powers.

Using Lemma 3.10 on each factor of (3.3) (at t = 1), one can then relate A%(g,1) to the
product over transition probabilities in [10, Equation 5]. In particular, it can be checked
that the tableaux T that appear with positive probability in [10, Theorem 3] are exactly
the tableaux SYT} appearing in our formula (3.6).

4 A Hall-Littlewood expansion

In this section, we use Theorem 1.1 to give an expansion of X in terms of Hall-Littlewood
symmetric functions. Combining Equation (2.1) with [12, p. VL.8.4.ii], we find that

Hal(g —1)X;4,0] = gV 10 [X;0,471] = gV 000 [X; 471

Specializing t = 0 in Theorem 3.3 and reducing the expression gives us the following
expansion in Q,/[X;g~!] functions.

Given T € SYT§ and a label i, let m(T, i) be the number of entries of T_; that are at
least 2 rows below T in French notation. Furthermore, if T() is in row r; + 1 (starting
from 1), then let d(T, i) := sh(T.;),, — sh(T<;),+1. If T~; contains elements in row r;, let
L(T,i) be the column of its left-most element in row r; of T-;. Finally, we write T; for
the first row of T.

Corollary 4.1. We have the following expansion of x. in terms of reversed Q) functions:
n+1
)-

XelX;q] = ZQA/X‘] ]?qz_—l))\l

|

| Y [TamT-dmh [T @A), [T LT —sh(Te)y i,

TESYTS i Ty i¢Ty, i(T=i)r, 70
(T<i)7’i:®
Remark 4.2. We note that a Schur expansion of xe[X;q] can also be obtained by setting
t = g~ ! in Theorem 3.3, which we do not write out explicitly here. It is not clear how this
formula matches Shareshian and Wachs” Schur expansion in terms of P-tableaux [13].
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