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Abstract. Let W be a finite Weyl group and fix a Coxeter element c P W. We construct
a complex of toric varieties in the complete flag variety by setting all extremal gener-
alized Plucker coordinates which are not c-noncrossing to zero. We describe the struc-
ture of this complex, including the corresponding moment polytopes for each c, which
reflect the structure of c-clusters. We give a GKM description of the (T-equivariant)
cohomology rings and show that its isomorphism type of this depends only on W.

Résumé. Soit W un groupe de Weyl fini et c P W un élément de Coxeter fixé. Nous
construisons un complexe de variétés toriques en annulant toutes les coordonnées de
Plücker généralisées extrémales qui ne sont pas c-non-croisées. Nous décrivons la
structure de ce complexe, ainsi que les polyèdres du moment correspondants pour
chaque c, lesquels reflètent la structure des c-clusters. Nous donnons ensuite une
description GKM des anneaux de cohomologie (équivariante par rapport à T) et mon-
trons que leur type d’isomorphisme dépend uniquement de W, et non de c.

Keywords: flag variety, noncrossing partition, Schubert, Richardson, Plucker, equiv-
ariant cohomology

1 Introduction

Let G be a reductive complex algebraic group of finite rank n and fix a Borel subgroup
B Ď G and a maximal torus T Ď B. The generalized flag variety is the coset space G{B.
The starting point for any question about the geometry of G{B is the Weyl group W “

NGpTq{T. The Bruhat decomposition

G{B “
ď

wPW

X̊w with X̊w
“ BwB{B
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gives rise to Schubert varieties Xw “ BwB and Richardson varieties Xv
u “ Xv X w˝Xw˝u,

where w˝ P W the longest element. Describing the interactions of these varieties using
the combinatorics of W is a major focus of modern algebraic combinatorics, including in
Schubert calculus, Kazhdan–Lusztig theory, and beyond.

A (standard) Coxeter element c P W is any product of all simple reflections in W.
Coxeter–Catalan combinatorics is the study of a number of equinumerous families natu-
rally generated by the choice of a pair pW, cq, including:

(A) The lattice of c-noncrossing partitions NCpW, cq Ď W comprises all prefixes τ1 ¨ ¨ ¨ τi
of minimal length reflection factorizations c “ τ1 ¨ ¨ ¨ τn [4].

(B) The (combinatorial) c-clusters Clc are subsets of the almost positive roots that index
the (algebraic) clusters in a cluster algebra [17].

(C) The c-Cambrian congruence ”c is a lattice quotient of the right weak order ďR [16].

This abstract is an invitation to study a space CFlc Ď G{B that enriches the Coxeter–
Catalan combinatorics of pW, cq in much the same way that G{B enriches the general
combinatorics of W. Complete results and proofs can be found in our paper [3].

We call CFlc the c-Coxeter flag variety.1 Of the possible definitions of CFlc—we have
one for each of (A)-(C) above—this abstract will use the generalized Plücker embedding

Pl : G{B ãÑ PpVλq

gB ÞÑ rgvλs,
(1.1)

where λ P homalg. grp.pT, Cˆq is fixed to be regular and dominant, Vλ is the simple G-
module with highest weight λ, and vλ P Vλ is a highest weight vector. Each w P W
indexes a one-dimensional extremal weight space

Vλ
wλ “ tv P Vλ

| hv “ pλqpwhq for all h P Tu.

The extremal Plücker coordinates Plw are the projective coordinates on G{B associated with
each Vλ

wλ. For any A Ď W, we can define a A-Plücker vanishing variety

PVA “
č

wPA
tgB P G{B | PlwpgBq “ 0u Ď G{B.

Understanding arbitrary Plücker vanishing subvarieties is intrinsically impossible be-
cause of the key role they play in Mnëv’s universality theorem [14].

Definition 1.1. The c-Coxeter flag variety is CFlc – PVNCpW,cq Ď G{B.

1We use the term “flag variety” to emphasize the remarkable combiantorial parallels between CFlc and
G{B. The inclusion CFlc Ď G{B is also commensurate with the fact that the Coxeter–Catalan combinatorics
of W are a proper subset of arbitrary Weyl group combinatorics.
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We show that each c-Coxeter flag variety is an equidimensional complex of toric
Richardson varieties indexed by c-Cambrian classes and, with affine pacing indexed by
c-clusters. Moreover, the associated moment polytopes form a contractible polytopal
complex of pW, cq-polypositroids in the sense of Lam–Postnikov [13].

In the special case of G “ GLn`1, W “ Sn`1, and c “ pn` 1 ¨ ¨ ¨ 2 1q, this variety was
studied in [1, 2] as the quasisymmetric flag variety because of the following result.

Theorem 1.2 ([2, Theorem A]). If G “ GLn`1, W “ Sn`1, and c “ pn` 1 ¨ ¨ ¨ 2 1q, then

H‚
pCFlcq – Zrx1, . . . , xn`1s{x f px1, . . . , xn`1q ´ f p0, . . . , 0q | f P QSymn`1y

where QSymn`1 is the quasisymmetric polynomial ring of Gessel and Stanley.

In this case we constructed a near-complete geometric and combinatorial analogue of
Schubert calculus, replacing symmetric polynomials with quasisymmetric polynomials
and Schubert polynomials with the (equivariant) forest polynomials of [1, 15].

The reader should consider how the results of [1, 2] might generalize to arbitrary
Coxeter flag varieties, including analogues of Theorem 1.2 (see Section 7). However,
even if one keeps G “ GLn`1, varying “c” produces new and surprising structures
which are not yet understood; see Appendix A for a concrete example.

2 Preliminaries

We review some standard preliminary material on Weyl groups and algebraic groups,
directing the reader to [6, 20] for details. Let CharpTq be the group of algebraic characters
of T. The Weyl group W acts on E “ RbZ CharpTq by reflections. The adjoint action of
T decomposes the Lie algebra g “ LiepGq into weight spaces

g “ gT
‘
à

αPΦ
gα,

and the set of nonzero weights is a root system Φ for W. The choice of B determines a
set of simple roots ∆ and positive roots Φ` in Φ.

For α P Φ`, let sα P W be the corresponding reflection. Let S “ tsα | α P ∆u, the set
of simple reflections, and T “ tsα | α P Φ`u, the set of all reflections. For τ P T, let rpτq
be the associated root. For w P W, a reduced word w “ psw

1 , . . . , sw
` q is any minimal-length

factorization
w “ sw

1 ¨ ¨ ¨ s
w
` with sw

1 , . . . , sw
` P S.

The length of w is `pwq, the number of simple reflections in any such factorization. The
inversions of w are elements of Invpwq “ tτ P T | `pτwq ă `pwqu. Let ďB and ďR be
the strong and (right) weak Bruhat orders on W. Multiplication by the longest element
w˝ P W gives an antiautomorphism of these orders.



4 Bergeron, Gagnon, Spink, and Tewari

For w P W and any subset C Ď rpInvpwqq that is closed under addition in Φ, let

UC “
ź

αPC

exppgαq where exppXq “ 1` X `
1
2

X2
` ¨ ¨ ¨ (2.1)

and the product is taken in any fixed order. This gives a (non-canonical) T-equivariant
isomorphism of varieties from UC to

À

αPC gα. We also have a (canonical) isomorphism

UrpInvpwqq – X̊w given by u ÞÑ uwB,

so in all we have a T-equivariant coordinatization of each open Schubert cell X̊w.
A minimal reflection factorization for w P W is any minimal factorization

w “ τi1 ¨ ¨ ¨ τik with τi1 , . . . , τik P T.

The absolute length of w is `Tpwq “ k. The absolute order on W is the prefix order with re-
spect to minimal reflection factorizations. For a Coxeter element c P W, the c-noncrossing
partitions are

NCpW, cq “ tu P W | u ďT cu,

and the positive noncrossing partitions are

NCpW, cq` “ tu P NCpW, cq | c ďB uu.

The size of these sets are the W-Catalan numbers and the positive W-Catalan numers:

|NCpW, cq| “ CatW and |NCpW, cq`| “ Cat`W .

For ďB, ďR, or ďT, we use a dot to indicate a covering relation, as in ÌB, ÌR, or ÌT.
Every such relation corresponds to an edge in the Cayley graph CayleypWq with respect
to right multiplication by the generating set T. For an interval I in the Bruhat or absolute
order, we write HasseTpIq and HasseBpIq for the edge-labelled subgraph of CayleypWq
with vertex set I and edge set given by the covering relations of ďT or ďB, respectively.

A Coxeter matroid is a subset M Ă W such that wM has a unique Bruhat-maximum
element for every w P W. Recall that we have fixed a regular dominant weight λ P E.
The Gelfand–Serganova theorem [7, Theorem 6.3.1] gives a bijection

M ÞÑ PM :“ convptw ¨ λ | w PMuq.

between Coxeter matroids and Coxeter matroid polytopes; we take the above map as our
definition for Coxeter matroid polytopes.

For Y Ď G{B a T-invariant subvariety, the moment polytope of Y is

µpYq “ convptw ¨ λ | w P YT
uq Ď E.
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Proposition 2.1 ([9]). The moment polytope µpYq of an irreducible T-invariant variety
Y Ă G{B is a Coxeter matroid polytope.

The T-fixed points of G{B are wB{B for w P W, so µpG{Bq “ PW , the W-permutahedron.
For a Richardson variety Xv

u, which has T-fixed point set ru, vs “ tw | u ďB w ďB vu, the
moment polytope is µpXv

uq “ Pru,vs, the twisted Bruhat interval polytope.
Finally, say that a T-invariant subvariety X Ă G{B is rigid if, for any T-invariant

subvariety Y Ď G{B, YT Ă XT implies Y Ă X. The following is well-known to experts.

Theorem 2.2. If A Ď W, then PVA is the union of all T-orbit closures Y Ă G{B with
YT Ă A. As such it is the unique rigid variety with T-fixed point set A.

3 Coxeter Richardson Varieties

A c-Coxeter Richardson variety is a Richardson variety of the form Xwc
w . These are n-

dimensional toric varieties, which have been studied by a number of authors [8, 11, 12].

Fact 3.1 ([3, Theorem 7.1]). For w P W, Xwc
w is nonempty if and only if `pwcq “ `pwq` `pcq.

A translated c-Coxeter Richardson variety is the translation w´1Xwc
w . In this section we

investigate when two w, w1 P W give the same translated variety; we find that this is
determined by Reading’s c-Cambrian equivalence [18].

Fix a reduced word c for c and let c8 denote the8-fold concatenation of c. For x P W,
we let xc8 denote the lexicographically first reduced word for x in c8. For any subword
x of c8, we refer to the part of x in the ith copy of c in c8 as the ith syllable of x.

Definition 3.2. A c-sortable permutation is a permutation x such that each syllable of xc8

contains every letter in the following syllable. We denote the set of c-sortable permuta-
tions in W by SortpW, cq.

Example 3.3. Let W “ S5 and c “ s2s1s3s4 P S5. Using one-line notation, the permuta-
tions x “ 35421 and y “ 53421 have c-sorting words

x “ s2 s1 s3 s4 | s2 s1 s3 s4 | s2 s1 s3 s4 | ¨ ¨ ¨ , and
y “ s2 s1 s3 s4 | s2 s1 s3 s4 | s2 s1 s3 s4 | ¨ ¨ ¨ .

Then x is c-sortable, but y is not, as ts2, s3, s4u Ğ ts1, s2u.

In [18, Theorem 1.1], Reading shows that for any x P W there is a unique ďR-
maximum c-sortable element πÓpxq ďR x. The c-Cambrian congruence is the relation on
W defined by x ”c y if πÓpxq “ πÓpyq.

Example 3.4. Continuing Example 3.3 with W “ S5 and c “ s2s1s3s4 P S5, x “ 35421, and
y “ 53421, we have x ”c y: x is covered by y in ďR, so it must be πÓpyq.
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For w P W, let wop :“ w´1w˝, and note that Xwc
w ‰ ∅ if and only if c ďR wop.

Theorem 3.5 ([3, Theorem 14.3 and Corollary 6.9]). If u, v P W have c ďR uop, vop, then
the following are equivalent.

1. uop ”c vop

2. u´1Xuc
u “ v´1Xvc

v

Theorem 3.5 is proved independently as [8, Theorem 1.9]; in [3] we extend it to
describe equivalence among u´1Xuc1

u for any c1 ďB c. We sketch a few details from the
proof that will be useful in later sections. The essential definition is that of a translated
Bruhat interval: for u, v P W, let

ÐÝÝÝ
ru, vs :“ u´1

ru, vs where ru, vs “ tw | u ďB w ďB vu. (3.1)

Proposition 3.6. For u, v, w P W, the Plücker vanishing variety associated to urw, vs is
uXv

w, and therefore uXv
w is rigid. In particular, this holds for u “ w´1 and v “ wc.

Proof sketch. Translating by u in G{B also translates each T-fixed point and extremal
Plücker coordinate by u. Moreover, if Y Ď G{B is a T-invariant variety, then YT “ tz P
W | YX BzB ‰ ∅u, so assuming YT Ď rw, vs implies that Y Ď Xv and Y Ď w˝Xw˝w.

Say that two Bruhat intervals ru, vs and ru1, v1s are shape equivalent if multiplication by
u1u´1 gives an order homomorphism from ru, vs to ru1, v1s. A consequence of the rigidity
in Proposition 3.6 is the following geometric implication of shape equivalence.

Corollary 3.7. For u, v, u1, v1 P W, the following are equivalent.

1. ru, vs and ru1, v1s are shape equivalent.

2.
ÐÝÝÝ
ru, vs “

ÐÝÝÝÝ
ru1, v1s

3. u´1Xv
u “ pu1q´1Xv1

u1

Proof sketch for Theorem 3.5. It is sufficient to show that
ÐÝÝÝÝ
ru, ucs “

ÐÝÝÝ
rv, vcs if and only if

uop ”c vop. We show that
ÐÝÝÝÝ
ru, vcs is determined by a distinguished chain in ru, ucs, and

that this chain is uniquely determined by the c-Cambrian equivalence class of uop.

4 Translated Richardsons and noncrossing partitions

In this section we explore how translated c-Coxeter Richardson varieties interact with
noncrossing partitions.
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Theorem 4.1 ([3, Theorem 7.1]). For any w P W we have an injective homomorphism

Shw´1 : HasseBprw, wcsq Ñ HasseTpNCpW, cqq
u ÞÑ w´1u

Moreover HasseTpNCpW, cqq is the union of the images of these maps.

Sketch of proof. Every maximal Bruhat chain w ÌB wτ1 ÌB ¨ ¨ ¨ ÌB wc corresponds to a
maximal absolute chain id ÌT τ1 ÌT ¨ ¨ ¨ ÌT c, proving the homomorphism. To see it is
surjective, we do the reverse, finding intervals ru, ucs that contain Bruhat chians mapping
to every absolute chain, which is nontrivial.

We now describe Reading’s map from Cambrian classes to noncrossing partitions [17,
Theorem 6.1] . The cover reflections for x P SortpW, cq are Coverspxq “ txsx´1 | xs ÌR xu Ă
Invpxq. Then there is a unique order (up to trivial commutation) such that

nccpxq–
ź

τPCovers x

τ P NCpW, cq,

Moreover the map ncc : SortpW, cq Ñ NCpW, cq is a bijection, and restricts to a bijection

tx P SortpW, cq | x ěR cu Ñ NCpW, cq`.

Example 4.2. Continuing Example 3.3 with W “ S5 and c “ s2s1s3s4 P S5, and x “
35421 P SortpS5, cq, the cover reflections of x are p4 5q, p2 4q, and p1 2q. Moreover,

nccpxq “ p2 4qp1 2qp4 5q “ p2 4qp4 5qp1 2q “ 41352.

We find a novel characterization of Reading’s map using c-Coxeter Richardson vari-
eties. Given w P NCpW, cq, define the noncrossing inversion set to be

InvNCpwq :“ tτ P Invpwq | τw P NCpW, cqu.

Theorem 4.3 ([3, Theorem 15.1]). For w P W with `pwcq “ `pwq ` `pcq:

1. the Bruhat maximum element of
ÐÝÝÝÝ
rw, wcs is u “ nccpπÓpwopqq, and

2. the neighbors of u in Shw´1
`

HasseBprw, wcsq
˘

are the n elements of tτu | τ P

InvNCpuqu.

Sketch of proof. By the Coxeter matroid property, it is sufficient to prove 2. We do so by
explicitly constructing intervals rv, vcswhich are shape equivalent to rw, wcs and contain,
in a clear way, the covering relation vτu ÌB vu. Key to our proof are results of Biane–
Josuat-Vergès [5] and Reading–Speyer [19].
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5 Cluster charts for CFlc

We now characterize CFlc using the combinatorics of clusters. As defined in [17, Section
7], the c-cluster fan is a complete simplicial fan in RΦ whose ray generators comprise the
almost positive roots Φě´1 “ Φ` Y´∆. The positive cluster fan is the set

Cl`c “ tF XΦ` | F P Clcu,

where as is customary we identify each cone F P Clc with its collection of ray generators.
Biane and Josuat-Vergès [5] construct a bijection between NCpW, cq and Cl`c by taking

each u P NCpW, cq to the roots corresponding to its right inversions. We exploit the fact
that Cl`c “ Cl`c´1 to create a “left” version of this map:

Clust : NCpW, cq Ñ Cl`c , with Clustpuq “ trpτq | τ P InvNCpuqu.

Restricting to NCpW, cq` gives a bijection to the maximal cones in Cl`c , which subdivides
the positive root cone Rě0∆ and contains every positive root as a ray generator.

Definition 5.1. For u P NCpW, cq we define the Coxeter Schubert cell by

X̊u
NC :“ UClustpuqB{B Ă BuB{B.

Explicit examples of X̊u
NC can be found in Appendix A. If we coordinatize X̊u as the

T-module
À

αPrpInvpwqq gα as in Equation (2.1), then X̊u
NC Ă X̊u is the coordinate subspace

À

αPClustpuq gα, which is a T-submodule with characters Clustpuq.

Theorem 5.2 ([3, Theorem 9.3]). We have
ď

wPW
wďBwc

w´1Xwc
w “ CFlc “

ğ

uPNCpW,cq

X̊u
NC.

As we already know that w´1Xwc
w Ď CFlc, we prove Theorem 5.2 by establishing the

second equality, and that each X̊u
NC belongs to some w´1Xwc

w .

Proposition 5.3. If u P NCpW, cq, then X̊u
NC “ BuBXCFlc. Otherwise, BuBXCFlc “ ∅.

The proof of this fact uses a key property of the cluster fan. Say that a subset C Ă Φ`W
of roots is strongly closed if Rě0C X Φ “ C. A direct calculation ([3, Proposition 9.8])
shows that for any w P W and any subset C Ă Invpwq such that rpCq is strongly closed,

UrpCqwB{B “ BwBX
č

αPInvpwqzC

tPlsαw “ 0u.

Fact 5.4 (Cluster cone property). For u P NCpW, cq the subset Clustpuq is strongly closed.
Therefore Proposition 5.3 is true.

For the next result, recall the contents of Theorem 4.3.

Proposition 5.5. Take w P W with `pwcq “ `pwq ` `pcq, and let u P NCpW, cq` be the
Bruhat-maximum element of

ÐÝÝÝÝ
rw, wcs. Then the w´1Xwc

w is the closure of X̊u
NC.

To prove Theorem 5.2, we show an analogue of Proposition 5.5 for the X̊u
NC for u P

NCpW, cqzNCpW, cq` by applying the proposition to each parabolic subgroup of W.
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Figure 1: With c “ s1s3s2 P S4, the cumulative overlay of moment polytopes for un-
translated (top) and translated (bottom) c-Coxeter Richardson varieties. Each trans-
lated polytope is distinct, as the c-Cambrian congruence is trivial on tw | wop ďR cu.

6 The Coxeter Flag Variety as a toric complex

Using Theorem 4.1 and 5.2, we have an abstract polytopal complex whose 1-skeleton is
HasseTpNCpW, cqq, namely

ComplexpCFlcq “

˜

ğ

wďRwc
w´1Prw,wcs

¸

M

"

identify any faces F1 and F2
having the same vertex sets.

*

. (6.1)

Corollary 6.1. CFlc is a toric complex which is combinatorially equivalent under the
moment map to ComplexpCFlcq.

By decomposing ComplexpCFlcq according to our affine paving, one can show that
the ComplexpCFlcq is contractable. However, the type of ComplexpCFlcq depends heavily
on c; for instance if G “ GL3 and c “ s3s2s1, every constituent will be a cube, but if
c “ s2s1s3, one constituent will be a tetragonal trapezohedron; see Appendix A and
Figure 1.

Recall that a Coxeter matroid polytope is a pW, cq-polypositroid if its defining inequal-
ities have the form x ¨~n ď a with pid´cq~n parallel to a root [13].

Theorem 6.2 ([3, Theorem 8.5]). All faces in ComplexpCFlcq are pW, cq-polypositroids.

7 The cohomology of CFlc

We now describe the equivariant cohomology of CFlc with respect to the adjoint torus
Tad “ T{ZpGq; this choice is made to resolve divisibility issues that arise for general T.
In this cohomology theory we have H‚

Tad
pptq “ Zrtα | α P ∆s.
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Our main tool is a framework known as GKM theory [10]; we now describe the
relevant details. For A Ď W, let the GKM cohomology ring be the H‚

Tad
pptq-algebra

H‚
Tad
pAq “

 

p fwqwPA P
`

H‚
Tad
pptq

˘A
| tα divides fw ´ fsαw whenever w, sαw P A

(

.

Under a certain condition, which we will refer to as having a good affine paving (see [2,
§11.1] for applicable criteria), we have an isomorphism H‚

Tad
pPVAq – H‚

Tad
pAq. This is a

free H‚
Tad
pptq-module, and the ordinary (singular) cohomology ring can be obtained as

H‚
pPVAq – H‚

Tad
pPVAq

L

m where m “ ptα | α P ∆q.

Theorem 7.1 ([3, Theorem 9.3]). The decomposition CFlc “
Ů

uPNCpW,cq X̊u
NC from Theo-

rem 5.2 is a good affine paving. As a consequence,

H‚
Tad
pCFlcq – H‚

Tad
pNCpW, cqq and H‚

pCFlcq – H‚
Tad
pCFlcq

L

m.

Corollary 7.2. For Coxeter elements c, c1 P W, we have H‚pCFlcq – H‚pCFlc1q

Proof. All Coxeter elements are conjugate so c “ uc1u´1 for some u P W. The map

H‚
Tad
pCFlcq Ñ H‚

Tad
pCFlc1q defined by p fwqwPNCpW,cq ÞÑ

`

fuwu´1ptu¨α
q
˘

uwu´1PNCpW,c1q

is a ring isomorphism that maps mH‚
Tad
pCFlcq to mH‚

Tad
pCFlc1q.

Thus Theorem 1.2 also describes H‚pCFlcq for any c P Sn`1. However, the isomor-
phism does not map classes rw´1Xwc

w s to classes rv´1Xvc1
v s, so the forest polynomials

in [1, 2] are no longer a Schubert-type basis. In [3, §12], we find a family of “flow-up
bases” for each H‚pCFlcq and H‚

Tad
pCFlcq with a Schubert-like property, but a combinato-

rial formula for these elements is unknown outside the quasisymmetic case.

Question 7.3. What are the forest polynomials for each Coxeter element c P Sn`1? Is
there an analogue of Theorem 1.2 and related results for other reductive groups?

A Examples in type A

The article [3] gives examples from all classical groups; here we consider G “ GLn`1pCq.
In this case W “ Sn`1, the symmetric group generated by s1, . . . , sn with si “ pi, i ` 1q.
Further Φ “ tei ´ ej | i ‰ ju Ď E “ Rn`1 and the weight lattice is Zn`1. The Lie algebra
is g “ Matn`1pCq, with weight space gei´ej being the i, j coordinate subspace. Choosing
B to be all upper triangular matrices in G gives Φ` “ tei ´ ej | i ă ju. We can choose
regular dominant weight λ “ pn, n´ 1, . . . , 0q P E, which has extremal Plücker functions

PlwpMq “
n
ź

i“1

det
`

Mwpiq,j
˘

1ďi,jďk.
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The UrpInvpwqq chart of a Schubert cell X̊w is obtained from the permutation matrix of
w by replacing each 0 that is not right or below a 1 with an ˚ (free entry). For example,

”

1
1

1

ı

loomoon

123

,
”

˚ 1
1

1

ı

loomoon

213

,
”

1
˚ 1
1

ı

loomoon

132

,
”

˚ ˚ 1
1

1

ı

loomoon

231

,
”

˚ 1
˚ 1
1

ı

loomoon

312

, and
”

˚ ˚ 1
˚ 1
1

ı

loomoon

321

.

To illustrate the extremal Plücker functions, let a, b, and c to be the p1, 2q, p2, 1q, and p1, 1q
entries of X̊321. Then the extremal Plücker functions on this chart are

pPl123, Pl213, Pl132, Pl231, Pl312, Pl321q “ pcpc´ abq, bpc´ abq,´ac,´b,´a,´1q.

We now give two example of Coxeter flag varieties. First, we describe the Coxeter
flag variety for c “ s1s2 “ 231, which is isomorphic to the “quasisymmetric” case, in
which the closure of every X̊u

NC chart has a cubical moment polytope:
”

1
1

1

ı

loomoon

123

,
”

˚ 1
1

1

ı

loomoon

213

,
”

1
˚ 1
1

ı

loomoon

132

,
”

˚ ˚ 1
1

1

ı

loomoon

231

, and
”

˚ 0 1
˚ 1
1

ı

loomoon

321

.

Taking c “ s1s3s2 “ 2413 P S4 departs from the “quasisymmetric” case. The charts are
„ 1

1
1

1



looomooon

1234

,
„

˚ 1
1

1
1



looomooon

2134

,
„ 1

˚ 1
1

1



looomooon

1324

,
„ 1

1
˚ 1
1



looomooon

1243

,
„ 1

˚ 1
˚ 1
1



looomooon

1423

,
„

˚ 1
1

˚ 1
1



looomooon

2143

,
„

˚ ˚ 1
1

1
1



looomooon

2314

,

„ 1
˚ ˚ 1
0 1
1



looomooon

1432

,
„

˚ 0 1
˚ 1
1

1



looomooon

3214

,
„

˚ ˚ 1
1
˚ 1
1



looomooon

2413

,
„

˚ ˚ ˚ 1
1

1
1



looomooon

2431

,
„

˚ 0 1
˚ 1
˚ 1
1



looomooon

4213

,
„

˚ 0 1
˚ ˚ 1
1

1



looomooon

3412

, and
„

˚ 0 ˚ 1
˚ 1
0 1
1



looomooon

4231

.

The moment polytopes for the top-dimensional chart closures are shown in Figure 1,
and we observe that X̊3412

NC corresponds to the (purple) tetragonal trapezohedron, with
vertices corresponding to the permutations 1234, 1243, 1423, 1432, 2134, 2143, 2314, 2413,
3214, and 3412.
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