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On the finiteness of the group associated with
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Abstract. In the study of walks with small steps confined to multidimensional or-
thants, a certain group of transformations plays a central role. In particular, several
techniques to potentially compute the generating function, including the orbit sum
method, can only be applied when this group is finite. In this extended abstract, we
present three new results concerning this group. First, in two dimensions, we pro-
vide a complete characterization of the weight parameters that yield a finite group. In
higher dimensions, we show that whenever the group is finite, it must necessarily be
isomorphic to a simpler reflection group. Finally, in three dimensions, we give a full
classification of the parameters leading to a finite group that also satisfies an additional
Weyl property.

Résumé. Dans I'étude des marches restreintes a des orthants multidimensionnels, il
s’avere qu'un certain groupe de transformations joue un rdle crucial, en particulier
au travers de son éventuelle finitude. En effet, si ce groupe est fini, plusieurs méth-
odes peuvent étre appliquées (comme la somme sur 'orbite) pour calculer la fonction
génératrice d’intérét. Dans cette note nous présentons trois nouveaux résultats sur ce
groupe. Tout d’abord, en dimension deux, nous donnons une caractérisation compléte
des poids conduisant & un groupe fini. En dimension supérieure, nous montrons que
si le groupe est fini, il est nécessairement isomorphe a un groupe de réflexions plus
simple. Enfin, en dimension trois, nous proposons une classification complete des
parametres menant a un groupe fini possédant en outre une propriété de type Weyl.
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1 Introduction

A lattice walk is a sequence of points Py, Py, ..., P, of Z% d > 1. The points Py and
P, are its starting and end points, respectively, the consecutive differences P, — P;
its steps, and # is its length. Given a set S C Z“, called the step-set, a set C C R?
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called the domain (which in this paper will systematically be the cone R%, called the
d-dimensional orthant), and elements P and Q of C, we are interested in the number
ec(P,Q;n) of (possibly weighted) walks of length n that start at P = Py, have all their
steps in S, have all their points in C, and end at Q = P,,. Normalising the weights (which
are assumed to be non-negative) with the condition that they sum to one, we obtain
transition probabilities, and the number ec(P, Q; 1) can be interpreted as the probability
that a random walk starting at P will reach the point Q at time n while remaining in the
domain C.

In the last twenty years, there has been a dense research activity in the mathematical
community on the enumerative aspects of walks confined to cones, in particular to the d-
dimensional orthant. To summarise, three main questions have attracted most attention:
the first is to determine, if possible, a closed-form formula for the number of walks
ec(P, Q;n). Of course, such an explicit formula is not expected to exist in general, and in
most cases can be explained by bijections with other combinatorial objects. The second
question concerns the asymptotic behaviour, e.g. of the number of walks ec(P, Q; n), in
the regime where the length n — co. The last question focuses on the complexity of
generating functions associated with these models, such as the series

Y ec(P,Q;n)t". (1.1)

n=0

One then asks whether the series satisfies any algebraic or differential equation. Answer-
ing this question allows us to classify the models according to the complexity of their
generating function. The three questions are by no means independent: for example the
possible asymptotic forms of the numbers ec(P, Q; n) depend heavily on the complexity
of the associated generating function.

To present the main results of this paper, we recall a tool that has played a crucial role
in obtaining several previous results in the literature: the group of the walk model. This
is a group that was first introduced in two dimensions, in a combinatorial context, in
[©], following the idea of Fayolle, lasnogorodski and Malyshev in [6]. This group will be
properly defined later in the paper, but can be presented informally as a symmetry group
of involutions defined by the step-set S of the model. The main application is that, if the
group is finite, its action on a functional equation naturally associated with the model
can lead to explicit expressions for the generating functions (1.1) as well as information
on the asymptotics and algebraic complexity. In principle, this method works in two
dimensions [, 3] and, in higher dimensions, may apply in a few favorable cases [2, 11,

, 4]. However, there is no known criterion to determine whether the group is finite
(even in two dimensions). This is precisely the question we address in this paper.



Finiteness of the group for weighted walks in orthants 3

2 Main results

We work under the small step-set assumption, that is, S C {—1,0,1}d. Define the
inventory of the model § as follows:

ot xg) = X i, i 2, 1)
(il,...,id)eS

where w(iy,...,iz) > 0 is the weight of the step (i1,...,i;) € S. We will normalize the
non-negative weights in such a way that xs(1,...,1) = 1, so that they are also transition
probabilities. Most of the time we shall assume that the step-set satisfies the following
irreducibility assumption:

(H1) The step-set S is not included in any half-space {y € R? : (x,y) > 0} with x €
R?\ {0}, (-, ) denoting the classical Euclidean inner product.

A consequence of (H1) is that the model is truly d-dimensional and is not directed
towards a half-space, unlike, for example, the singular walks considered in [3].

2.1 The combinatorial group

This group was first introduced in the context of two-dimensional walks [, 5] and turns
out to be very useful. Let xs be the inventory (2.1), and define Aj, B, C; forj=1,...,d
as follows

Xs(xl,. . .,xd) = xlAl(xz,. . .,xd) -+ Bl(xz,. . .,xd) +X_1C1(X2,. . .,xd)
= x2A2(x1,X3,. . .,xd) —+ Bz(xl,X3,. . .,xd) +x_2C2(X1,X3,. . .,xd)
= x3A4(x1, ..., %3-1) + Ba(x1, ..., x5-1) + X3C4(x1, ..., x4-1),

where x; = xl, Under the assumption (H1), the functions Ay,..., A; and Cy,...,C; are
all non-zero. The group of S is defined as the group

G=(p1,..., pa) (2.2)

of birational transformations of the variables [x, ..., x;| generated by the involutions:

( [+ Ci(x2,...,
(Pl([xli-"/xd]) = xl%/xa/uwxd}/
_ [ —C2(x1,X3,...,xd)
o2([x1,...,x4) = _x1/xz—Az(XLxS,_“,xd),x?), .- -/xd} ’ (2.3)

_ —Cy(x1,mX4-1)
L God([xlw--/xd]) - _xll.."xd_l,did(xllmzxdfl) .
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Figure 1: Examples of finite group models taken from [10]. From left to right, a model
with a group of order 4, 6, 8 and 10. They should be normalised to satisfy the property
that ) ; yes w(i, j) = 1. The paper [10] actually contains infinite families of finite group
examples. For example, the third example defines a group model of order 8 if and only
if the associated weights w(i, j) satisfy w(1,0)w(—1,0) = w(1,1)w(—-1,—1) # 0.

The generators of the group G therefore satisfy the relations ¢7 = - - = ¢2 = Id, plus
possible other relations, depending on the model. Note that if p,aq,..., a5 > 0, then
the model defined by the inventory (xi,...,%4) — pxs(a1x1,...,a;3x4) shares the same
combinatorial group as the model S. Such transformations are referred to as central
weightings.

2.2 A new complete classification in two dimensions

In the unweighted case (that is, when all jumps in the step-set have the same weight),
the models were classified in [3] according to the finiteness of the group. Among the 79
non-equivalent models, only 23 have a finite group. For example, unweighting the first
and third models of Figure 1 yields models with groups of order 4 and 8, respectively.

In the general weighted setting, the paper [10] characterizes the weights that produce
models with groups of order 4, 6, and 8. For example, they find two families of models
with a group of order eight: the first one (family 4a in [10]) is defined by w(1,1) =
w(0,1) = w(0,-1) = w(—1,—-1) = 0 and w(1,—1)w(-1,1) = w(1,0)w(—1,0) # 0,
the second one is our third example on Figure 1. Furthermore, the authors identify
three isolated models with a group of order 10, namely the one on the right of Figure 1,
together with its vertical reflection and its reflection through the origin. Kauers and
Yatchak leave open the possibility of additional finite-group models. Essentially, we
prove that these are indeed all the finite-group models.

Theorem 1. In two dimensions, the only possible orders of G are 4, 6, 8 and 10.

In fact, we prove more: first, we recover all the families identified in [10], and we
show that the only models with a group of order 10 are the rightmost model in Figure 1,
its two symmetric versions, and all their central weightings.
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See [0, 5] for recent progress on the classification of a related group over an underly-
ing Riemann surface.

2.3 A reflection group

Let S be a step-set satisfying (H1), and let xs be its inventory (2.1). The system of
equations

IXs Ixs

Ao _ L. =242 2.4

0x1 dx, 24)
admits a unique solution in (0,00)%, denoted by xo. The point xp has the following
interpretation: if we consider the central weighting of the model S with the weights

x111d)

w(i,..., 1
( Lreees d) X&“(XO) :
now the covariance matrix

using the multi-index notation, we get a zero drift model. Define

f . (2.5)

Let A~2 denote the inverse of the symmetric, positive definite square root of the co-
variance matrix A. This construction is designed to satisfy the following property: the
walk with steps A28 (together with the above reweighting) has zero drift and identity
covariance matrix. In other words, the matrix A is canonical in the sense that it allows
one to transform the random walk into a new walk lying in the domain of attraction of a
universal Brownian motion with zero drift and identity covariance matrix. Consider the
d-dimensional unbounded polytope

T=A2R%, (2.6)

We denote the canonical basis of R? by (e;)1<i<g, so the orthant R% is bounded by the
hyperplanes
G; = Span{ey,...,ei_1,€i+1,...,e4}, 1€{1,...,d}, (2.7)

and thus T in (2.6) is bounded by the hyperplanes H; = A’%Gi. Finally, we introduce
the reflection group
H= <1’1,...,1’d>, (28)

where r; is the orthogonal reflection in side H; of T.

In [5, Cor. 6], the authors prove the existence of a surjective morphism that sends the
set of generators (¢1,...,¢4) of G in (2.3) to the set of generators (r1,...,7r4) of H. In
this extended abstract, we present a strong refinement of that previous result:

Theorem 2. If G is finite, then G is isomorphic to H.
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In particular, this implies that G is a reflection group, which is convenient as reflection
groups are well understood.

2.4 Classification of finite groups in three dimensions and beyond

Theorems 1 and 2 are not only interesting in their own right, but can also be combined
to completely determine, in arbitrary dimension, the cases where G is finite and the cone
T in (2.6) is a Weyl chamber of the reflection group H. In these cases we will say that G
has the Weyl property. Focusing on these models is natural, as we believe that they are
precisely the cases where the reflection principle and orbit-sum methods can be used to
directly compute the number of walks; see [/, 11, 17, 4]. We don’t state a precise general
result, but illustrate how this can be done in a specific case by classifying all irreducible
groups in three dimensions that satisfy the Weyl property.

Theorem 3. In d = 3 dimensions, the models that give rise to finite groups with the Weyl
property can be completely classified. See the end of Section 5 for a concrete example.

The basic idea is that when G has the Weyl property, its generators form a Cox-
eter system, meaning that the only relations between the generators are of the form
(pi@;)™ = 1. As a consequence we can reduce the problem to two dimensions and
apply Theorem 1. More generally this idea allows one to classify all models in arbitrary
dimension for which the group is finite and the generators form a Coxeter system. We
note that whenever G is finite, Theorem 2 implies that G is a Coxeter group, but the
generators ¢; do not always form a Coxeter system.

3 Proof outline for Theorem 1

While the full proof would exceed the space available in this short note, we can sketch it
as follows:

1. We first establish a criterion for the finiteness of the group (¢, ¢2) introduced in
(2.2). To each model we associate a function r : (0,1) — (0,00), which is real-
analytic in t and expressed as the ratio of two elliptic integrals. The criterion can
be stated as follows: the group is finite if and only if r(t) = gisa rational constant;
in that case, the order of the group is 2g.

2. We show that lim;_,o7(t) = ry, where
1112223333455 (3.1)
2'3'4’3'5"7'4'5°7'8 778" '
As a consequence, the only possible orders of the group are 4,6,8,10,14, and 16.
Surprisingly, 12 does not appear as a possible order.
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3. Using, on the one hand, that groups of orders 4, 6, and 8 are already classified,
and on the other hand, that the order of the group is at most 12 (see [Y, Rem. 5.1]),
the only remaining case is that of a group of order 10. In this case we conclude by
analysing the behaviour of 7(¢) around 0 that the only cases where the group has
order 10 are those found in [10].

We now give some more details on each item above. We start with 1. We use a detour via
complex analysis. As it turns out, the group (@1, ¢2) in (2.2) cannot only be viewed as a
group of birational transformations as in (2.3), but also as a group of automorphisms of
the Riemann surface

{(x,y) € (CU)*:1—txs(x,y) = 0}.

For t € (0,1), and under hypothesis (H1), this surface has genus 1; it is therefore homeo-
morphic to a torus C/ (w1Z + wyZ), where the fundamental periods w1, w; of the lattice
can be computed explicitly in terms of t as follows: wy = iaK(k'), wy, = aK(k), where
k is the elliptic modulus, which is an algebraic function of ¢, « > 0 is a non-essential
quantity (also algebraically dependent on ¢), and K denotes the complete elliptic integral
of the first kind; see, e.g., [1, Sec. 6.3]. It is then shown that the group takes the form
(W= —w,w — —w + ws3), with wz = aF(w, k), where w is another algebraic function
of t and F(w, k) denotes the incomplete elliptic integral of the first kind. The function

r(t) is equal to the ratio % = ‘F1(<zszél)()/

and the group is finite if and only if r(t) is a fixed
rational number.

For point 2, we proceed as follows: On the one hand, given the support of the step-set
{(i,j) : w(i,j) # 0}, we can directly write w? and k? as series in C[[v/#]] with coefficients
depending on the (non-zero) weights w(i,j). On the other hand, we can write w? and k?

K(k)

as series in the elliptic nome q = exp(inT) = exp(ir(K,—(k)) and g"!), by inverting the re-
lation r = % using Jacobi elliptic functions: w = sn(rK(k), k) = —isc(rK(k), v1 —k?),
where the first equality is the classical inversion formula for F(w, k), while the second

is by the Jacobi transformation. Writing the Jacobi elliptic function sc in terms of Jacobi

theta functions yields the following expression for w?:

W — 05(0)*01(57,9)*  _ (A+29+2¢*+- - (1—¢ —¢* "+ +---)
G sr g’ (=22t )2(1+q +q2 T )Y
2 _ ba)? _(1-29-2¢ 4 )"
63(q)* (1+2q+2¢4+-- )

log(1—w?)
log(1—k2)
Then using the series in t, we can identify this limit, and show that it only depends on

the support of the step-set.

Using these series in g, we have — 19 as g — 0, or equivalently as t — 0.
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Finally, for point 3, we consider the situation where the group has order 10. By
symmetry arguments, we only need to consider the case where r(t) = % and w(1,1) =0,
while w(1, -1),w(—1,-1),w(—-1,1) = 1 and w(1,0),w(0,1) # 0. Then from the series
in g, we have

6 4 2 2 2 2 2
(385w — 1415w + 18350 869) | o, (K ~1) (8w 6 13) . (k 1)8 — o),
(w? —1) (w?—1) (w? —1)

as g — 0. On the other hand, writing this expression directly as a series in ¢, the coeffi-
cient for t =3, t72, t~1 and ¥ are all rational functions of the square-roots of the unknown
weights w(1,0), w(0,1), w(—1,0), w(0, —1). The only case where these coefficients are
all 0 is when w(1,0) = w(0,1) = 1 and w(—1,0) = w(0, —1) = 2. This corresponds, after
a central reflection, to the rightmost model in Figure 1.

4 Proof of Theorem 2

It was shown in [¢] that there is a surjective morphism ¢ : G — H, implying that
whenever G is finite, H is also finite, and more precisely

G

H ker¢’

Theorem 2 is then equivalent to the statement that ker ¢ is trivial whenever G is finite.
Actually we prove the stronger statement that ker ¢ is torsion-free, that is every non-
identity element of ker ¢ has infinite order.

We start by defining the transformation. From the definition (2.4) of x(, one can show
that x is fixed by each generator ¢; of G, and hence by every element ¢ € G. This allows
us to define the morphism
. G — GLy (]R)
18— Jacy, g
In [¢], it is shown that Im ] and H are isomorphic, which ensures the existence of a
surjective morphism ¢ : G — H for which ker] and ker¢ are isomorphic. Hence
it suffices to show that ker | is torsion free. This statement follows directly from the
following lemma:

J (4.1)

Lemma 1. Let Q C R? be a connected open set and f : Q — Q be a C>-mapping such that
o there exists a positive integer n such that " = Id (implying that f is a C?-diffeomorphism);
* f admits a fixed point X € Q) with dfx = Id.

Then f = Id.
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Indeed, let g € ker]. Then g has the fixed point xy at which dg,, is the identity. If
additionally the order n of g is finite, then ¢ satisfies the assumptions of Lemma 1 with
Q = (0,00)% and X = xp which proves that ¢ = Id. Hence, the only element of ker |
of finite order is the identity, so ker ] is torsion free, as required. It remains to prove
Lemma 1. Unlike Sections 3 and 5, we can present the complete proof here.

Proof. Let
F:={x e Q|f(x) =x and df, =1d}.

From the assumptions, we have F # @. Moreover, F is clearly a closed set. The proof
will be complete once we show that F is also open, which, by the connectedness of (),
will imply that F = (). Hence it suffices to show that for x € F there is some ¢y > 0
satisfying B(x,y) C F. For the rest of the proof we fix x € F. The idea is to show that for
z in an open ball centered at x, we have f"(z) —z ~ n(f(z) — z); then, since the left-hand
side is 0 by the first assumption of Lemma 1, we must have f(z) = z.

To make this approximation precise, we fix & > 0 such that B(x,a) C (). We use the
Taylor-Lagrange theorem, together with the fact that f* is of class C?, which implies that
there exists Cp > 0 such that for all y,z € B(x,a) and all k € {0,...,n — 1} (where we
recall that n is the order of f in the diffeomorphism group of (2),

1F5(y) = 5(z) = d(f5):(y = 2) || < Colly —=I%.
In particular, if f(z),z € B(x,a) and v = f(z) — z then
14 (=2) = f5(2) = d(f)=(0) || < Collo]|*. (4.2)

Now let ¢ € (0, ) be sufficiently small that ¢(1 +2Cp) < 1. Let k € {0,...,n — 1}. Since
f¥ is differentiable at x, df, = Id, and x is a fixed point of f, it follows that d(f*), = Id.
Since f is of class C!, there exists 6y > 0 such that B(x,6;) C Q and such that for all
z € B(x,d),

l4(f5)= —1d | <e. (4.3)

Finally, by continuity of f¥, we can choose 7 € (0, ;) such that
fk(B(x/ ’)/k)) - B(x/ min(sr (Sk))

Set v = ming (g, €). We will show that B(x,y) C F. Combining (4.2) and (4.3) applied
atv = f(z) — z yields

IF1(2) = f4(z) = ol < Collol® + ello]. (4.4)

By summing (4.4) from k = 0 to k = n — 1, we obtain that, since " =1d,

n—1
nllol| = [If"(z) —z —nol| < kZ 11 (2) = F(2) = o]l < n(Collol* +ellol)).  45)
=0
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Now observe that, by definition of 7, we have f(z),z € B(x,e), which implies that
||v]| < 2¢, and thus the right-hand side of (4.5) is at most (2Coe + €)n||v||. But our choice
of € implies (2Cpe + &) < 1, which makes (4.5) possible only if v = 0, that is, f(z) = z.
Hence f(z) = z for all z € B(x,7y). This implies that df, = Id for z € B(x,v), and
therefore B(x,y) C F. This completes the proof of Lemma 1. O

5 Proof outline for Theorem 3

We assume in this section that d = 3 and thus, xs can be written as xs(x,y,z) =
Y jk)e{-1,01 w(i j, k)x'y! zF, where (x,v,z) are the standard coordinates on IR®. Denote
by m;; the order of ¢;¢; in G. In this section, the main tool we use is the following result:

Proposition 1. The group G is a finite group with the Weyl property if and only if

1. up to a permutation of the coordinates (x,y,z), the triple (mip, mi3, my3) belongs to the
following list:
{(2,2,k),(3,2,3),(3,2,4), (3,2,5) |k € N*}; (5.1)

2. for all i # j, the coefficient a;j of A in (2.5) is equal to — cos <m1>

)
The above result is a direct consequence of the results in [¢] combined with Theorem
2 and the classification of finite Coxeter groups. Indeed, if conditions 1 and 2 both
hold, then the classification of finite Coxeter groups (see [, Sec. 6.2]), combined with [5,
Prop. 4] imply that the group H has the presentation

{7%, 13,73, (r172)™2, (r17r3)™s3, (7273)m23} ,

where rq, 7o, 13 are the generators of H defined in Section 2.3, and that T in (2.6) is a Weyl
chamber of the group. Then condition 1 implies that G is finite and therefore isomorphic
to H by Theorem 2. In the other direction, if G is finite and has the Weyl property then
by Theorem 2, H is isomorphic to G and H is the reflection group associated to a Weyl
chamber T, so it is a finite Coxeter system. Moreover, the order of 7;7; in H is m;;, which
is the order of ¢;¢; in G. Then condition 1 follows from the classification of finite Coxeter
groups while condition 2 follows from [%, Prop. 4].

Note that if (m1p, m13,my3) belongs to the list (5.1), then G is respectively isomorphic
to % X Doy, As, B3, or Hs.

The next step is to use the classification of two-dimensional finite group models
(according to Theorem 1 and Kauers and Yatchak’s paper [10]) to determine when con-
ditions 1 and 2 of Proposition 1 hold. To do this, we first prescribe the value of the triple

(my, my3, my3) (and thus a;j = — cos <mll]> ). Considering z to be fixed, we define

xz(x,y) = xs(x,y,z) — (w(0,0,1)z +w(0,0, —1)z). (5.2)



Finiteness of the group for weighted walks in orthants 11

Note that removing the constant term w(0,0,1)z + w(0,0, —1)z in (5.2) does not affect
the nature of the two-dimensional model in the variables x,y. Hence, for any z > 0, the
inventory x:(x,y) corresponds to a two-dimensional model with group of order 2m; ,,
and coefficients
wY(i,j) =w(i,j,1)z+w(i,j0)+w(i,j—1)z

Moreover, the value a1, satisfies condition 2, which immediately allows us to eliminate
the possibility that mj; = 5. We denote by G, the group associated with the model
Xz- Analogously, we define xx, xy, Gx, and Gy. With this notation, and since in two
dimensions the only finite combinatorial groups are D4, Dg, Dg, and Djg, Proposition 1
can be restated as follows:

Proposition 2. The group G is a finite group with the Weyl property if and only if

1. up to a permutation of the coordinates (x,y,z), the triple of groups (G, Gy, Gx) appears
in the following list:

{(D4/ D4I DZk)I (D6/ D41 D6)/ (D6/ D41 DS) 12 < k < 4}/

2 = o (). = o (35 it = e 52)
ai» cos (15,1 ) 413 cos (¢, and a3 cos (1G]

So constructing a finite group G with the Weyl property is equivalent to prescribing
Gx, Gy and G, which gives rise to equations on the coefficients w™(i,j), w**(i,j) and
wY%(i,j) (from the classification in two dimensions, see Section 2.2) which in turn lead
to equations on the weights w(i, j, k). Note that, to fulfil the second condition in Propo-
sition 2, the classification in two dimensions must only take into account the models
whose covariance matrix has non-positive off-diagonal entries.

Let us conclude this section by giving the classification for the Coxeter groups Az and
Bs. For any inventory xs(x,y,z) corresponding to a finite group G with the Weyl prop-
erty, inventories defined by permuting x,y, z, as well as the inventories axs(bx, cy, dz)
and xs(X,7,z) also have these properties. Up to these transformations, we show that
there are exactly two families of models for which (m1p, m13,m23) = (3,2,3),s0 G = As.
The first is represented by

(x,y,2z) = LN
PRI T Ty Ty

for ¢ > 0, while the second is represented by

xsv) =a (e D) ap (L Xa ) ec(ye e By L)
S\ Y, Y x y . y ” ,

Vv, c
XZ X z

x z Xz X z
where a,b,c > 0 and a,b, c are not all 0. We have also fully classified the models with
(m1p, my3,mp3) = (3,2,4), so the group G = Bs. In this case, all models are related by
the symmetries described above to one of two unweighted models:

UNEINE )
z Yy y x z Yy Xz

+1+xand (x z)—x+z+ 1
T Xs(%y,z) = —+ e

XZ
XS(x/y/Z): +?+Z+
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