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Cylindric growth diagrams
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Abstract. Semistandard cylindric tableaux were introduced by Gessel and Kratten-
thaler, and later studied by Postnikov in connection to Gromov-Witten invariants. A
cylindric analogue of the Robinson-Schensted—Knuth (RSK) correspondence was dis-
covered by Neyman, who described it in terms of an insertion operation adapted from
a construction for skew tableaux due to Sagan and Stanley.

In this abstract we introduce a cylindric version of Fomin’s growth diagrams, and
use it to provide an alternative description of the cylindric RSK correspondence. This
natural description elucidates the symmetry obtained when switching the insertion
and recording tableaux. Our construction also shows that, in the special case where
these two tableaux are equal and standard (i.e., each entry appears once), cylindric RSK
is equivalent to a bijection of Courtiel, Elvey Price and Marcovici for certain walks in
simplicial regions. We introduce oscillating cylindric tableaux and use them to encode
such walks.
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1 Introduction

The main goal of this extended abstract is to introduce a cylindric analogue of Fomin’s
growth diagrams, where the role of Young tableaux is played by cylindric tableaux.

Semistandard cylindric tableaux were defined by Postnikov in [13], although they can
be viewed as a special case of what Gessel and Krattenthaler called cylindric partitions
in [0], which are plane partitions with additional constraints between the entries of the
tirst and last rows. Postnikov showed that semistandard cylindric tableaux are related to
the structure constants of the quantum cohomology ring of the Grassmannian, called the
3-point Gromov-Witten invariants. Specifically, he showed that these coefficients appear
when expanding the generating functions for semistandard cylindric tableaux of a given
shape (later called cylindric skew Schur functions in [10]) in terms of ordinary Schur
functions.

On the other hand, growth diagrams were first introduced by Fomin [4, 5] in order
to generalize the Robinson-Schensted (RS) correspondence [15], a celebrated bijection
between permutations and pairs of standard Young tableaux of the same shape. Over
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the years, growth diagrams have proved to be very useful in various settings (see e.g. [?]),
and they have been extended [!4, Ch. 4] in order to provide an alternative description of
the more general Robinson-Schensted—Knuth (RSK) correspondence, a bijection between
matrices with non-negative integer entries and pairs of semistandard Young tableaux of
the same shape. Growth diagrams are built in terms of local rules which describe how
to label the vertices of a certain grid by elements of a differential poset [17]. In the basic
case, this is the poset of partitions ordered by containment of their shapes, known as
Young's lattice. Even though the lattice of cylindric shapes ordered by containment is no
longer a differential poset (it does not have a minimum element), we will show that this
lattice can still be used to define a cylindric analogue of growth diagrams.

Cylindric growth diagrams, as we call them, have several applications. First, they
provide a natural description of Neyman'’s cylindric analogue of the RSK correspon-
dence [! 7], which was originally defined in terms of an insertion operation inspired in
Sagan and Stanley’s insertion on skew tableaux [16]. In particular, our description using
cylindric growth diagrams elucidates the symmetry of the correspondence, similarly to
how Fomin’s original growth diagrams explain the symmetry of the classical RS corre-
spondence.

Second, cylindric growth diagrams, in the symmetric case and when restricted to
standard cylindric tableaux (i.e., where each entry appears once), provide the “right”
setting to understand a bijection of Courtiel et al. [?] for certain simplicial walks with a
given starting point and an arbitrary pattern of forward and backward steps. Compared
to the ad-hoc description from [”], which is based on a “convergent rewriting system”
and then rephrased in terms of tilings of square using a certain set of tiles, our descrip-
tion arises naturally once we interpret the walks as oscillating cylindric tableaux. In
particular, the local rules of the cylindric growth diagrams determine the set of available
tiles.

This extended abstract is organized as follows. In Section 2, we give some back-
ground on cylindric tableaux and on the cylindric RSK correspondence, described by
Neyman [17] in terms of insertion operations. In Section 3, we introduce the notion
of cylindric growth diagrams and use them to give an alternative description of cylin-
dric RSK. In the standard case, the forward and backward rules for cylindric growth
diagrams resemble the classical ones, except that the row indices are periodic and that
no cells can be filled with crosses. In the semistandard case, our general construction
is vaguely reminiscent of a description by Berenstein and Kirillov [1] of a variant of
RSK (as a bijection between matrices of nonnegative integers and plane partitions) in
terms of piecewise linear transformations. In Section 4, we introduce cylindric oscillat-
ing tableaux, and we use them to construct a bijection for simplicial walks with a given
starting point and an arbitrary pattern of forward and backward steps.
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2 The cylindric RSK correspondence

For positive integers d and ¢, define the cylinder C;, = Z?/(—d,{)Z?. Elements of
Cyy, called cells, are equivalence classes (i,j) = (i,j) + (—d, {)Z?, where i,j € Z. As
in [13, 12], we draw points (i,]) € Z? as unit squares with vertices (i —1,j —1), (i —1,j),
(i,j —1), (i, j), where the positive x-axis points downward and the positive y-axis points
to the right, to be consistent with the English notation for Young diagrams. With this
notation, (i,j) represents the square in row i and column j, where row indices increase
from top to bottom, and column indices increase from left to right.

A cylindric shape of period (d,?) is a doubly infinite weakly decreasing sequence of
integers, A = (A;)jcz, such that A; = A s+ ¢ for all i € Z. A cylindric shape is
determined by any integers Ay,..., Ay satisfying Ay +4 > A1 > Ay > -+ > A, We will
write A = [A1,Ag,...,Ay] or A = [A1A;... A4]. Denote by A,y the set of cylindric shapes
of period (d,£). For A € Ay, the region {(i,j) € Z?: j < A;} is a union of equivalence
classes, which we denote by Y, = {(i,j) € C;, : j < A;}, and we call it the Young
diagram of A. We often identify A with Y, when we talk about adding or removing cells
to A.

Consider the partial order on A;, defined by containment of their Young diagrams:
given A, u € Ay, write p C A if Yy, C Y); equivalently, if u; < A; for all i € Z. For
1 C A, the cylindric Young diagram of shape A/ is the finite set Y, ,, = YA \ Y, = {(i,]) €
Car: i < j < A;}. We denote its cardinality by [A/u| = Y%, (A; — ;). We also define
Al = A1 + - - - + Ay, which may be negative.

A semistandard cylindric tableau of shape A/p is a function T : Y,,, — {1,2,3,...}
such that T((i,j)) < T((i+1,j)) and T((i,j)) < T((i,j+ 1)) for all i,}; equivalently, a
filling of the cells in Y}, so that entries are weakly increasing along rows (from left
to right) and strictly increasing along columns (from top to bottom). Such a tableau is
standard if it is filled with the entries 1,2,...,|A/u|, each appearing exactly once. For
example, the semistandard cylindric tableau T on the top left of Figure 2 has shape «/y,
where « = [5,5,3] and ¢ = [2,1,0] are cylindric shapes in Ajz4; here |a/u| = 10. The
four cylindric tableaux in Figure 1 are standard.

Denote by SSCT; ¢(A/u) (resp. SCT;(A/p)) the set of semistandard (resp. standard)
cylindric tableaux of period (d, ¢) and shape A/p. If T € SSCT;4(A/p), we call A and p
the outer shape and the inner shape of T, respectively. Define the weight wt(T) = [T, ',
where ¢; is the number of times that the entry i appears in T. For example, if T &
SSCT54([5,5,3]/[2,1,0]) is the tableau from Figure 2, then wt(T) = x}x3x3x;. Denote by
SSCTj ,(-/ ) (respectively, SSCT}; ,(A/+)) the set of semistandard cylindric tableaux with
n cells and inner shape p (respectively, outer shape A), and define analogous notation
for SCT.

We will call A/ a horizontal strip if the cylindric Young diagram Y) /,, contains at most
one cell in each column; equivalently, if y; < A; < p;_q for all i. In any semistandard
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cylindric tableau, the set of cells containing a given number form a horizontal strip.

For A,yu € Ay, with uy C A and |A/p| = n, elements of SCT; ,(A/p) are in bijection
with sequences of shapes u = A0 c A c ... ¢ AW = A, where A} € A, for
all k, and each A(k), for 1 < k < n, is obtained from A1) by adding a cell. Similarly,
elements of SSCT, ;(A/p) with entries < N are in bijection with sequences of shapes
U= A0 c AW c ... € AN) = A, where A(K) € N4y for all k, and AR A1) §g 4
horizontal strip for each 1 < k < N. For T € SSCT, ;(A/u), we denote this sequence by

ssh(T) = (AO, A, ), (2.1)

where A(¥) is the outer shape of the tableau consisting of the cells of T with entries < k.
In [16], Sagan and Stanley introduced analogues of the RSK correspondence for skew
tableaux. Neyman later adapted these algorithms to semistandard cylindric tableaux
in [17], describing a bijection from pairs of cylindric tableaux with given outer shapes to
pairs of cylindric tableaux with given inner shapes. The cylindric RSK correspondence,
denoted by CRSK, relies on a row insertion operation which, in its simplest version,
removes an inner corner of a tableau and inserts the removed entry into the next row.
This entry may in turn bump a larger entry into the following row. This process is re-
peated until the bumped entry becomes the largest entry in the row where it is inserted.
Unlike in the usual RSK correspondence, this process may visit the same row multiple
times, since rows are indexed modulo d. To deal with repeated entries in semistandard
cylindric tableaux, a more complicated multi-insertion operation is described in [17].

Theorem 1 ([12]). Fix a, B € Ny . There is a bijection

CRSK: | | SSCTy(a/p) x SSCTye(B/ 1) — | | SSCT4e(A/B) x SSCTyp(A/ )
uCa,B ADa,p

such that, if CRSK(T,U) = (P, Q), then wt(T) = wt(P) and wt(U) = wt(Q).

When restricted to standard cylindric tableaux, that is, when wt(T) = wt(P) =
x1...x, and wt(U) = wt(Q) = x7 ... x,, we denote this bijection by

CRS: | | SCTy(a/p) x SCTye(B/u) — | | SCTae(A/B) x SCTyp(A/x).  (2.2)
uCue,p ADa,B

Note that |a/u| = [A/B| = n and |B/u| = |A/a| = m in this case.

3 Cylindric growth diagrams

Growth diagrams were introduced by Fomin [4, 5] as an alternative description of the RS
correspondence, in order to generalize it to differential posets [17]. We refer the reader to
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[15,Sec. 7.13] and [15, Sec. 5.2] for expositions on growth diagrams. Roby showed in [14,
Ch. 3] that Sagan and Stanley’s analogue of the RSK algorithm for skew tableaux [16]
also has a natural description in terms of growth diagrams.

In this section we extend the growth diagram approach to the cylindric case, pro-
viding a new description of the cylindric RSK correspondence from Theorem 1. This
description makes the construction more natural, and it elucidates the symmetry ob-
tained when switching the two tableaux in the pair.

3.1 Growth diagrams for SCT

We start with the case of standard cylindric tableaux, which is simpler and more similar
to the classical case. In Subsection 3.2 we will explain how to deal with repeated entries.

Fix o, € Ayjyand n,m > 0. Let T € SCTy (a/pu) and U € SCT,;,(B/ ), where
u C a,p satisfies |a/pu| = n and |B/pu| = m. We will construct a cylindric growth
diagram to compute the pair (P,Q) = CRS(T,U). We draw the growth diagram as an
m x n rectangular grid whose vertices have integer coordinates (x,y) for 0 < x < m
and 0 < y < n. (Here we use the usual orientation of the axes, rather than the rotated
convention that we used for cells of the cylinder C;, in Section 2.) Each vertex of the
grid will be labeled with an element of A ,.

Before we proceed with the description of the labels, let us highlight some differences
between our approach and the usual setup for growth diagrams [14, 15, 15]. Unlike
Young’s lattice, the poset (A;,, C) of cylindric shapes ordered by containment is not
an r-differential poset as defined in [17, Def. 1.1], since it does not have a minimal ele-
ment. However, if we disregard this condition and relax the usual requirement that r be
positive, then (A; 4, C) satisfies the other parts of this definition with » = 0. Specifically,

(D1) it is locally finite and it has a rank function (letting the rank of p be |p|, as defined
in Section 2);

(D2) for any p,v € Ay, with p # v, the number of elements covered by both p and v
equals the number of elements that cover both p and v (this number is always 0 or
1); and

(D3) every p € Ay, covers the same number of elements that it is covered by (this
number equals c(p) = [{i € {1,2,...,d} : pi_1 > pi}]).

For comparison, condition (D3) for an r-differential poset states that if an element
covers exactly k elements (for some k), then it must be covered by exactly k + r elements.
One consequence of setting 7 = 0 in this condition is that, unlike usual growth diagrams,
cylindric growth diagrams will never have crosses in the squares of the m x n grid.
Another difference is that, for any edge in a cylindric growth diagram for SCT with
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endpoints labeled v and p, with p above or to the right of v, the shape p is obtained from
v by adding exactly one cell; in particular, v # p.

Now we are ready to describe the labels of the vertices of the m x n grid. We start by
labeling the vertices in the left boundary (i.e., those with coordinates of the form (0,y)),
from bottom to top, by the sequence ssh(T), as defined in equation (2.1). Similarly, we
label the vertices in the bottom boundary (i.e., those of the form (x,0)), from left to right,
by the sequence ssh(U). In particular, vertex (0,0) has label y, vertex (0,7) has label «,
and vertex (m,0) has label . See Figure 1 for an example.

Q
/T, x =[331) [332] [432] [433] [533]— A P,
n[t 3 s
A s 5 a [321] [322] [422] [432] [433] 5[5
1 ? [311] {321} [322] [422] 432] ‘ — 451 A
T P
Uy " [211] [311] [321] [322] [332] Q -
P g é 8 210} [211] [221] [222] [322] - 2 4
- 14 ¢ =[110] [111] [211] [221] [222] = B E A
u

Figure 1: The computation of CRS(T,U) = (P, Q) using growth diagrams.

To compute the labels of the remaining vertices, we use the following forward local
rule, which describes, for each unit square of the grid, the label of the upper-right vertex
in terms of the labels of the other three vertices. Let the diagram below denote the
labels of the vertices of a unit square, and suppose that p"-, " and p~ have already been
computed.

o p
L _
PP (3.1)

Then p' is computed as follows:
(F1) If p" #p”, letp' = p" Up~, ie., p; = max{p;,p;'} for all i.

(F2) If p" = p~, then this shape is obtained from p" by adding a cell to some row i. Let
p' be the shape obtained from p" = p~ by adding a cell to row i + 1 (with indices
modulo d).
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Once all the labels of the m x n grid have been computed, let A be the label of vertex
(m,n), and note that |A/B| = nand [A/a| = m. Let P € SCT,; s(A/p) be such that ssh(P)
is the sequence of the labels of the right boundary of the grid (i.e., vertices of the form
(m,y)), from bottom to top. Similarly, let Q € SCT;,(A/«a) be such that ssh(Q) is the
sequence of labels of the top boundary (i.e., the vertices of the form (x,n)), from left to
right.

It can be shown that the pair of tableaux (P, Q) obtained in this way is precisely the
image of (T,U) under the map CRS from equation (2.2), which is described in [17] in
terms of iterated insertion operations.

The forward local rule can be inverted in order to determine the label of the lower-
left vertex of a unit square of the grid in terms of the labels of the other three vertices.
Assuming that p", p~ and p' have already been computed, the following backward local
rule determines p*:

(B1) If p" # p7, let p= = p" Np7, ie., p; = min{p},p;'} for all i.

(B2) If p" = p~, then this shape is obtained from p' by removing a cell from some
row i + 1. Let p- be the shape obtained from p" = p~ by removing a cell from
row i (with indices modulo d).

This allows us to compute the map CRS™! that recovers the pair (T,U) from the pair
(P,Q) € SCT,¢(A/B) x SCTy ¢(A/ ).

3.2 Growth diagrams for SSCT

Next we generalize the above construction to deal with semistandard cylindric tableaux.
In this case, for any edge of the cylindric growth diagram with endpoints labeled v and
p, with p above or to the right of v, the shape p/v is a horizontal strip.

Again, fix o, € Ay, and now let T € SSCT; ¢(a/p) and U € SSCT,; ((B/ ), where
# C «,B. Let N and M be upper bounds on the entries of T and U, respectively. To
compute (P, Q) = CRSK(T, U), we will build a cylindric growth diagram on a M x N
rectangular grid, where again each vertex is labeled with an element of A ,.

We start by labeling the vertices in the left boundary of the grid, from bottom to top,
by the sequence ssh(T), and the vertices in the bottom boundary, from left to right, by
the sequence ssh(U). See Figure 2 for an example.

The forward local rule that computes p' given the labels p-, p" and p~ of the vertices
of a unit square, as in the diagram (3.1), is now generalized by letting

pjl. = max{pi'—,pf} + min{pir_ppf_ﬁ - Pli_—l (3.2)

for all i. It is not hard to see that this rule restricts to (F1) and (F2) when both p" and p-
are obtained from p“ by adding one cell.
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Tgl 4 4, Q s
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u

Figure 2: The computation of CRSK(T, U) = (P, Q) using growth diagrams.

As an example of equation (3.2), let p~ = [2,1,0], " = [4,2,1] and p~ = [3,1,1], as
in the bottom-left square in Figure 2. Then p; = max{4,3} + min{5,5} —4 = 5, p, =
max{2,1} + min{4,3} —2 =3 and p} = max{1,1} + min{2,1} —1=1,s0 p' = [5,3,1].

The next lemma shows that the forward local rule (3.2) has the desired properties
when applied to horizontal strips.

Lemma 2. Suppose that p=,p",p", 0" € Ay satisfy equation (3.2). Then p" /p= and p=/p"
are horizontal strips if and only if so are p' /p~ and p'/ 0" . In addition, |p'/p~| = |p" /p"| and
'/ 1 =1p7/p"].

Once all the labels of the grid have been computed, let A be the label of vertex (M, N).
Let P € SSCT, (A /B) be determined by the sequence of the labels of the right boundary
of the grid, and let Q € SSCT, /(A /a) be determined by the sequence of labels of the top
boundary. Lemma 2 guarantees that P and Q are semistandard cylindric tableaux, and
that wt(P) = wt(T) and wt(Q) = wt(U).

In these growth diagrams for SSCT, the backward rule to compute p- given p", p~
and p' is obtained by solving equation (3.2) for p; ; and shifting the indices:

o7 = max{p;, 1,71} +min{p;, pi'} — pj 1

for all 1.

An alternative way to compute growth diagrams is by labeling each edge by the
difference of the labels of its endpoints. Specifically, for a square with vertex labels
as in equation (3.1), we label the top, bottom, left and right edges by 67 = p' —p",
0B = p? —p-, 6L = p" —p- and 6L = p" — p-, respectively. Then we can translate
equation (3.2) into a rule to compute oR and 6T in terms of 6% and §5. Specifically, if we
let m; = min{oF, 68} and Am; = m;_; — m; for all i, then we have 6% = 6 + Am and
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5T = 6B + Am. For example, if & = [2,1,1] and 6% = [1,0,1], thenm-[lOl] and Am =
0,1,—1],s0 6T =[1,0,1] +[0,1,—-1] = [1,1,0] and 6% = [2,1,1] +[0,1,—1] = [2,2,0].

3.3 Properties

One advantage of the growth diagram description of CRSK is that it explains the sym-
metry of this correspondence when T and U are swapped. The following result was
proved by Neyman [!”] using the insertion description, adapting a similar result for
skew tableaux [16, Thm. 3.3]. We can now provide a more transparent proof.

Corollary 3 ([12, Thm. 5.18]). If CRSK(T,U) = (P, Q), then CRSK(U, T) = (Q, P).

Proof. The local rule in equation (3.2) is symmetric with respect to switching the axes,
since it does not distinguish between p" and p~. Thus, the growth diagram for the pair
(U, T) is the reflection of the growth diagram for the pair (T, U). This reflection swaps
the upper boundary with the right boundary, and hence the roles of P and Q. O

A different property of CRSK concerns a complementation operation on cylindric
tableaux. For a cylindric shape A = [Aq, Ay, ..., Ag] € Agp letA=[0—Ag0—Ay q,...,0—
M) € Agy. For T € SSCT(A/p) with smallest entry 1 and largest entry N, define its
complement to be the tableau T € SSCT,; 1 (i/A) such that T((d+1—i,{+1—j)) =
N +1—T((i,j)) forall (i,j) € Y5, In other words, T is obtained from T by performing
a 180° rotation and replacing each entry k with N +1 — k.

The following property of CRSK was first proved by Neyman [1”]. Cylindric growth
diagrams provide a simpler proof. Indeed, rotating by 180° the cylindric growth dia-
gram that computes CRSK(T,U) = (P, Q) and replacing each label p with p yields the
cylindric growth diagram that computes CRSK(P, Q) = (T, U).

Corollary 4 ([12, Cor. 4.19]). If CRSK(T, U) = (P, Q), then CRSK(P, Q) = (T, U).

4 Walks in simplices and oscillating cylindric tableaux

4.1 Walks in a simplicial region
In [11], Mortimer and Prellberg studied lattice walks in the region
Age={(x1,x2,...,x5) € {0,1,2,.. Y cxy+ 204+ x5 =1}

with steps s; = €;;1 —¢; and 5; = e; — ¢; 11 for 1 < i < d, where the e; are the coordinate
vectors, and indices are taken modulo d. See Figure 3 for an example on a walk in A3z .
Using the kernel method, they enumerated n-step walks starting at a given x € A;, in
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[331], [332], [322], [422], [432] ) 51)
51 ~
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)

Figure 3: An oscillating cylindric tableau in OCT3,(a/-) and the corresponding walk
in W55(x), where &« = [3,3,1] € A3 and x = (0,0,2) € Asp.

4
(2,0,0) (0,2,0

the case d = 3. When x = (¢,0,0), they found a surprising connection to Motzkin paths
of bounded height.

This connection was later explained bijectively by Courtiel et al. [7], who, in the
process, proved the following theorem about such walks. Let the type of an n-step walk
be the word w € {4, —}" whose kth entry is + or — if the kth step of the walk is of the
form s; of §;, respectively. Let W{,(x) be the set of walks of type w starting at x.

Theorem 5 ([2, Thm. 6 & 34]). Let x € Ay and n > 0. For any w,w’ € {+, —}", there is a
bijection between WY, (x) and Wg’é(x)

The proof given in [”] repeatedly applies certain flips to adjacent steps and to the last
step of a walk of type w starting at x until it becomes a walk of type w’. An alternative
description of this construction is given in [?, Sec. 2.3] in terms of tilings of a tilted
square with labeled tiles that must follow certain rules that emulate the allowed flips in
the walks. The authors then use induction to prove that the tiling exists and is unique.

Let us show that cylindric growth diagrams can be used to provide a more natural
proof of Theorem 5.

4.2 Oscillating cylindric tableaux

In analogy with the notion of oscillating tableaux [14, Y], we define oscillating cylindric
tableaux to be sequences p,pl,...,p" of cylindric shapes in A, where each shape is
obtained from the previous one by either adding or removing one cell.

The type of an oscillating cylindric tableau is the word in {+, —}" whose kth entry
is + if pk_1 C pk, and — if pk_1 D pk, for 1 < k < n. Oscillating cylindric tableau of
type +" can be identified with standard cylindric tableaux with n cells via the corre-
spondence T — ssh(T) defined in equation (2.1). For « € Ay, and w € {+,—}", let
OCTY(«, -) denote the set of oscillating cylindric tableaux p°, p!, ..., p" of type w where
P¥ = a.
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It is shown in [7] that there is a simple bijection between OCTy,(a, ) and WY, (x),
where x = (x1,x2,...,x3) € Ay has coordinates x; = ;1 —a; for 1 < i < d. See
Figure 3 for an example. This allows us to reformulate Theorem 5 as a statement about
oscillating cylindric tableaux. Then, by interpreting oscillating cylindric tableaux as
paths with east and south steps along the edges of cylindric growth diagrams, we can
prove the next result (see [3] for details), from where Theorem 5 follows. We say that a
cylindric growth diagram is symmetric if it is invariant under reflection along y = x.

Theorem 6. Let &« € Ayp and w € {+,—}" for some n > 0. There is a bijection between
OCTy y(a, ) and the set of symmetric cylindric growth diagrams for SCT on an n X n grid
where vertices (0,n) and (n,0) have label w. In particular, for any w,w’ € {4, —}", there is a

bijection between OCTy ,(«, -) and OCTZ’,/é(oa, ).

Even though there is no mention of growth diagrams or cylindric tableaux in [’], one
can argue that the tiles essentially simulate the local rules of cylindric growth diagrams
for SCT. In particular, if one generalizes the tiling from [”, Sec. 2.3] to arbitrary d, the
resulting bijection, when translated to a bijection from ngg(x) to O;‘f/e(x), is equivalent
to the one that we obtain in our proof of Theorem 6 using cylindric growth diagrams.

4.3 Further directions

Huh, Kim, Krattenthaler and Okada [/] have recently found a surprising connection
between standard cylindric tableaux and certain matchings. In our notation, letting
(0] = [0,...,0] € Ay, they prove in [7, Cor. 8.9] that |SCT} ,(-/[09])| equals the number
of partial matchings on n points avoiding certain generalized crossings and nestings.
Their proofs are computational, based on explicit determinantal formulas. Bijections are
known only in very specific cases, when d < 3 or d — co. We wonder if the cylindric
growth diagrams that we introduced here, or some generalization of them, might be
helpful in finding a general bijection between standard cylindric tableaux and restricted
partial matchings.

In a different direction, one could ask if some parts of the theory of r-differential
posets [17] can be adapted to the poset (A4, C) of cylindric shapes ordered by contain-
ment, which is not an r-differential poset in the sense of [17, Def. 1.1], but it has similar
properties if we allow r = 0 and do not require the poset to have a minimal element.
In this case, the analogous linear transformations U and D on the vector space of linear
combinations of elements of A;, commute.
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