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Abstract. Given a linear extension σ of a finite poset R, we consider the permutation
matrix indexing the Bruhat cell containing the Cartan matrix of R with respect to σ.
This yields a bijection Echσ : R → R that we call echelonmotion; it is the inverse of
the Coxeter permutation studied by Klász, Marczinzik, and Thomas. Those authors
proved that echelonmotion agrees with rowmotion when R is a distributive lattice.
We generalize this result to semidistributive lattices. In addition, we prove that every
trim lattice has a linear extension with respect to which echelonmotion agrees with
rowmotion. We also show that echelonmotion on an Eulerian poset (with respect
to any linear extension) is an involution. Finally, we initiate the study of echelon-
independent posets, which are posets for which echelonmotion is independent of the
chosen linear extension. We prove that a lattice is echelon-independent if and only if
it is semidistributive. Moreover, we show that echelon-independent connected posets
are bounded and have semidistributive MacNeille completions.
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1 Introduction

Rowmotion. Let Q be a finite poset, and consider the distributive lattice J(Q) of lower
order ideals of Q, partially ordered by containment. For X ⊆ Q, let

∇Q(X) = {q ∈ Q : q ≥ x for some x ∈ X}

and
∆Q(X) = {q ∈ Q : q ≤ x for some x ∈ X}

be the upper and lower order ideals generated by X. Rowmotion is the bijective map
RowJ(Q) : J(Q)→ J(Q) defined by

RowJ(Q)(I) = Q \ ∇Q(max(I)), (1.1)

where max(I) is the set of maximal elements of I. Birkhoff’s representation theorem
states that every finite distributive lattice is isomorphic to the lattice of lower order ideals
of a finite poset, so one can define a bijective rowmotion operator on any distributive
lattice. The left-hand side of Figure 1 shows the action of rowmotion on the lower order
ideals of a 3-element poset.

Rowmotion has been discovered and rediscovered in several contexts, including ma-
troid theory [12] and quiver representation theory [16, 20]. It has been studied exten-
sively in dynamical algebraic combinatorics [1, 3, 14, 23, 28, 29, 32]. Rowmotion has been
extended to larger families of posets besides distributive lattices [3, 9, 31, 32].

We consider a broad generalization of rowmotion to any finite poset.

Echelonmotion. The new incarnation of rowmotion we consider was recently discovered
by Klász, Marczinzik, and Thomas while studying the grade bijection for Auslander–
Gorenstein algebras [18], and is defined using the Bruhat decomposition of the general
linear group GLn(C). Let B be the set of upper-triangular invertible complex matrices.
Recall that

GLn(C) =
⊔

P∈Sn

BPB, (1.2)

where Sn denotes the symmetric group on n letters, which we identify with the set of
n× n permutation matrices. (See [22] for more details.)

Let R be an n-element poset, and let [n] = {1, . . . , n}. A linear extension of R is a
bijection σ : R → [n] such that σ(x) ≤ σ(y) for all x, y ∈ R satisfying x ≤ y. Let L(R)
denote the set of linear extensions of R and fix σ ∈ L(R). The Cartan matrix of R with
respect to σ is the n× n matrix WR,σ whose entry in row i and column j is

WR,σ
i,j =

{
1 if σ−1(i) ≥ σ−1(j)
0 if σ−1(i) 6≥ σ−1(j).
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Because WR,σ is lower-triangular with ones on its diagonal, it is invertible—so by (1.2),
there is a unique permutation matrix PR,σ ∈ Sn such that WR,σ ∈ BPR,σB. Using σ, we
can view PR,σ as a bijection from R to itself.

Definition 1.1. Given a linear extension σ of a finite poset R, define echelonmotion with
respect to σ to be the bijection Echσ : R→ R such that Echσ(x) = y if and only if PR,σ has
a 1 in row σ(y) and column σ(x). We say a poset R is echelon-independent if Echσ = Echσ′

for all linear extensions σ, σ′ of R.

Klász, Marczinzik, and Thomas [18] proved that if R = J(Q) is a distributive lattice,
then Echσ = RowR for any linear extension σ of R.1 In particular, this shows that
distributive lattices are echelon-independent.

Figure 1: On the left is the distributive lattice of lower order ideals of a 3-element
poset, where each lower order ideal is represented as a collection of elements shaded
in red. On the right is the same lattice labeled according to a linear extension. In each
depiction, a green arrow is drawn from an element to its image under rowmotion.

Example 1.2. Let Q be the 3-element poset . The left side of Figure 1 shows the
lattice R = J(Q), with the action of rowmotion represented by green arrows. The right
side of the figure shows the same lattice with elements labeled by a linear extension σ.
The Cartan matrix and the permutation matrix in its Bruhat decomposition are

WR,σ =


1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 1 1 1 0
1 1 1 1 1

 and PR,σ =


0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
0 0 0 0 1
1 0 0 0 0

 .

1They actually worked with the bijection Ech−1
σ , which they called the Coxeter permutation. This name

comes from the fact that it corresponds to the permutation matrix appearing in the Bruhat decomposition
of the Coxeter matrix −(WR,σ)−1(WR,σ)>. The definition of rowmotion used in [18] is the inverse of the
one we use here.
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Indeed, this follows from the factorization
1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 1 1 1 0
1 1 1 1 1

 =


1 1 1 1 1
0 1 0 1 1
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1




0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
0 0 0 0 1
1 0 0 0 0




1 1 1 1 1
0 −1 0 −1 0
0 0 −1 −1 0
0 0 0 1 0
0 0 0 0 −1

 .

The permutation matrix PR,σ, viewed as a permutation of R, agrees with rowmotion.

Our aim is to study echelonmotion for several classes of posets, as detailed in Fig-
ure 2. This extended abstract is a shortened form of [8].

Trim [30, 32]
Section 2.2

Distributive
Equation (1.1)

Semidistributive [3]
Section 2.1

Finite Posets
Definition 1.1

Lattices

Figure 2: Some of the classes of posets considered in this abstract (figure not to scale).

2 Main Results

All posets in this article are assumed to be finite. We write JL and ML for the set of join-
irreducible elements and meet-irreducible elements, respectively, of a lattice L.

2.1 Semidistributive Lattices

A lattice L is called meet-semidistributive if for all x, y ∈ L such that x ≤ y, the set
{z ∈ L : z ∧ y = x} has a maximum element. A lattice is join-semidistributive if its dual is
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meet-semidistributive. A lattice is semidistributive if it is both meet-semidistributive and
join-semidistributive.

Semidistributive lattices generalize distributive lattices. They have a representation
theorem that mimics Birkhoff’s representation theorem for distributive lattices [27]. No-
table examples of semidistributive lattices include intervals in weak order on Coxeter
groups [6, 26], the facial weak orders of simplicial hyperplane arrangements [11], Cam-
brian lattices [25], ν-Tamari lattices [5, 24], framing lattices [4], and lattices of torsion
classes of finite-dimensional algebras [10].

Suppose L is semidistributive. We can label each cover relation x l y in L with the
minimum element jx,y of the set {z ∈ L : z ∨ x = y}; this element is necessarily join-
irreducible. For x ∈ L, define UL(x) = {jx,w : xlw} and DL(x) = {jw,x : wl x}. Barnard
[3] defined the rowmotion operator RowL : L→ L by the equation

UL(RowL(x)) = DL(x). (2.1)

Note that (2.1) agrees with (1.1) when L is distributive.

Figure 3: A semidistributive lattice. Each join-irreducible element has its own color,
which is also used to color the edges that it labels. A green arrow is drawn from each
element to its image under rowmotion.

Our first theorem generalizes the main result of [18] to semidistributive lattices.

Theorem 2.1. Let L be a semidistributive lattice. We have Echσ = RowL for every linear ex-
tension σ of L. In particular, L is echelon-independent. Furthermore, every echelon-independent
lattice is semidistributive.

2.2 Trim Lattices

We next turn our attention to trim lattices, which were introduced by Thomas [30]. Fol-
lowing [21], we say a lattice L is extremal if it has a maximum-length chain of cardinality
k + 1, where k = |JL| = |ML|. An element x ∈ L is called left modular if for all y, z ∈ L
satisfying y ≤ z, we have the equality (y ∨ x) ∧ z = y ∨ (x ∧ z). A lattice is left modular
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if it has a maximal chain of left modular elements. A lattice is trim if it is both extremal
and left modular [30, 32]. Notable examples of trim lattices include distributive lattices,
Cambrian lattices [25], ν-Tamari lattices [5, 24], and certain lattices of torsion classes of
finite-dimensional algebras [32, 2].

Thomas and Williams [32] defined a rowmotion operator RowL : L → L whenever
L is trim. They define a labeling of the edges of L by join-irreducible elements of L,
and they define rowmotion so that the labels of the edges extending up from RowL(x)
are the same as the labels of the edges extending down from x. When L is both trim
and semidistributive, their definition agrees with Barnard’s definition and, therefore,
coincides with echelonmotion on L (with respect to any linear extension) by Theorem 2.1.
When L is trim but not semidistributive, Theorem 2.1 tells us that we cannot have Echσ =
RowL for every linear extension σ of L. Nonetheless, we have the following theorem.

Theorem 2.2. Let L be a trim lattice. There exists σ ∈ L(L) such that Echσ = RowL.

Remark 2.3. In [8], we provide an explicit recursive recipe for constructing certain linear
extensions of a trim lattice L that we call vertebral linear extensions [8, Definition 6.7].
We then prove that Echσ = RowL whenever σ is vertebral.

2.3 Eulerian Posets

A rank function on a poset R is a map rk : R → Z such that rk(y) = rk(x) + 1 for every
cover relation x l y; if such a map exists, we say R is graded. We say R is Eulerian if
it is graded and its Möbius function satisfies µR(x, y) = (−1)rk(y)−rk(x) for all x, y ∈ R
with x ≤ y. Notable examples of Eulerian posets include face lattices of polytopes and
intervals of Bruhat order on Coxeter groups. We have the following theorem regarding
echelonmotion on Eulerian posets.

Theorem 2.4. Let R be an Eulerian poset. For every σ ∈ L(R), the map Echσ is an involution.

2.4 Echelon-Independence

Echelon-independent posets are especially nice because they come equipped with an in-
trinsic echelonmotion bijection (without the additional specification of a linear extension,
see Definition 1.1). While we do not have a characterization of such posets, we do have
some necessary conditions and some sufficient conditions for echelon-independence.

Recall that a poset is bounded if it has a minimum element and a maximum element.
A poset is called connected if its Hasse diagram is a connected graph.

Theorem 2.5. Every echelon-independent connected poset is bounded.

Theorem 2.6. Let R be an echelon-independent connected poset of cardinality at least 2. Then
echelonmotion on R has no fixed points.
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Theorem 2.7. The MacNeille completion of an echelon-independent connected poset is a semidis-
tributive lattice.

The converse of Theorem 2.7 is false. Figure 4 shows a poset labeled by two different
linear extensions σ and σ′ such that Echσ 6= Echσ′ . However, the MacNeille completion
of this poset is a Boolean lattice of cardinality 16, which is semidistributive.

Figure 4: Two linear extensions of a poset whose MacNeille completion is distributive.
Echelonmotion with respect to each linear extension is represented by green arrows;
note that the two echelonmotion maps are different.

We now provide an algorithm to test whether a poset is echelon-independent. This
algorithm is useful in practice; for example, it allowed us to verify that Bruhat order
on the symmetric group Sn is echelon-independent when n ≤ 5 and is not echelon-
independent when n = 6. Let σ be a linear extension of an n-element poset R. For
x ∈ R, let

Preσ(x) = σ−1([1, σ(x)]) and Sucσ(x) = σ−1([σ(x), n]).

If we view σ as a total order on R, then Preσ(x) is the set of elements that weakly precede
x in σ, while Sucσ(x) is the set of elements that weakly succeed x in σ.

Suppose x, y ∈ R. If x and y are comparable, define

Λ1(x, y) = {λ ∈ L(R) : Preλ(x) = ∆R(x) and Preλ(y) = ∆R(y)},

Λ2(x, y) = {λ ∈ L(R) : Sucλ(x) = ∇R(x) and Sucλ(y) = ∇R(y)}.
If x and y are incomparable, let

Ξ1(x, y) = {ξ ∈ L(R) : Preξ(x) = ∆R(x) and Preξ(y) = ∆R(x) ∪ ∆R(y)},
Ξ2(x, y) = {ξ ∈ L(R) : Preξ(x) = ∆R(x) ∪ ∆R(y) and Preξ(y) = ∆R(y)},
Ξ3(x, y) = {ξ ∈ L(R) : Sucξ(x) = ∇R(x) and Sucξ(y) = ∇R(x) ∪∇R(y)},
Ξ4(x, y) = {ξ ∈ L(R) : Sucξ(x) = ∇R(x) ∪∇R(y) and Sucξ(y) = ∇R(y)}.
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Proposition 2.8. Let σ# be a linear extension of a poset R. Fix x ∈ R, and let y = Echσ#(x).
Suppose x and y are comparable. Fix λ1 ∈ Λ1(x, y) and λ2 ∈ Λ2(x, y). If Echλ1(x) =
Echλ2(x) = y, then Echσ(x) = y for every linear extension σ of R.

Proposition 2.9. Let σ# be a linear extension of a poset R. Fix x ∈ R, and let y = Echσ#(x).
Suppose x and y are incomparable. For each k ∈ {1, 2, 3, 4}, fix a linear extension ξk ∈ Ξk(x, y).
If Echξ1(x) = Echξ2(x) = Echξ3(x) = Echξ4(x) = y, then Echσ(x) = y for every linear
extension σ of R.

To use Propositions 2.8 and 2.9 in practice to test whether or not an n-element poset R
is echelon-independent, one first chooses an arbitrary linear extension σ# and computes
Echσ# . For each x ∈ R such that x and Echσ#(x) are comparable, one can use Proposi-
tion 2.8 to test whether or not Echσ(x) = Echσ#(x) for every linear extension σ of R; this
requires one to test whether Echλ1(x) = Echλ2(x) = y for just two specific linear exten-
sions λ1 and λ2. For each x ∈ R such that x and Echσ#(x) are not comparable, one can
use Proposition 2.9 to test whether or not Echσ(x) = Echσ#(x) for every linear extension
σ of R; this requires testing whether Echξ1(x) = Echξ2(x) = Echξ3(x) = Echξ4(x) = y for
just four specific linear extensions ξ1, ξ2, ξ3, ξ4.

3 Further directions

3.1 Echelon-Independence and Auslander-Regular Posets

Recall that Theorems 2.1, 2.5 and 2.7 make progress toward the following problem.

Problem 3.1. Classify echelon-independent posets.

More generally, one may wonder how many different echelonmotions a given poset
induces, and when two permutations σ result in the same echelonmotion Echσ.

Let us briefly discuss an interesting connection between the rowmotion operator and
homological algebra of finite-dimensional algebras. Let K be a field, and let A be a finite-
dimensional K-algebra of finite global dimension. Then A is called Auslander-regular if
the minimal injective coresolution

0→ A→ I0 → I1 → I2 → · · · → In → 0

has the property that the projective dimension of Ii is at most i for all i ≥ 0. This is
the non-commutative generalization of the classical commutative regular rings due to
Auslander; see the surveys [7, 17]. Iyama and Marczinzik [16] proved that a finite lattice
L is distributive if and only if the incidence algebra of L is Auslander-regular. Every
Auslander-regular algebra A comes with a natural permutation π, called the Auslander–
Reiten permutation, which is defined by the condition that the indecomposable projective
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module Pπ(i) is the last term in the minimal projective resolution of the indecomposable
injective module Ii. For other equivalent descriptions of the Auslander–Reiten permu-
tation, see [18]. It was shown in [16] that the Auslander–Reiten permutation on the
incidence algebra of a distributive lattice coincides with the inverse of the rowmotion
operator on the elements of this distributive lattice. We call a finite poset R Auslander-
regular if the incidence algebra KR is Auslander-regular when K has characteristic 0. The
classification of Auslander-regular posets is an open problem with some partial progress
in the forthcoming article [15]. Examples of Auslander-regular posets that are not lattices
include the strong Bruhat order on the symmetric groups S3 and S4. Many more exam-
ples related to number theory will be given in [15]. We have the following conjecture:

Conjecture 3.2. Let R be a connected Auslander-regular poset. Then R is echelon-independent,
and echelonmotion on R is the inverse of the Auslander–Reiten permutation of R.

We have verified this conjecture for posets with at most 10 elements. Note that a con-
nected Auslander-regular poset is bounded and has a distributive MacNeille completion;
see [15]. As a final remark, we note that we can associate to every finite-dimensional al-
gebra of finite global dimension an echelonmotion using the fact that the Cartan matrix
is invertible in that case. Echelonmotion on a poset with respect to a linear extension
σ is then obtained as a special case by considering the Cartan matrix of the incidence
algebra of the poset with respect to σ. It turns out that this definition is also interesting
for other finite-dimensional algebras associated to combinatorial objects such as Dyck
paths, which correspond bijectively to linear Nakayama algebras; see [19].

3.2 Canonical Bruhat Factorizations

Let σ be a linear extension of a lattice L, and let W = WL,σ be the corresponding
Cartan matrix. Recall that the Coxeter matrix of L with respect to σ is defined to be
C = −W−1W>. Klász, Marczinzik, and Thomas [18] proved that L is distributive if and
only if there exists an upper-triangular matrix U and a permutation matrix P such that
C = PU. In other words, L is distributive if and only if C has a Bruhat decomposition
in which the first upper-triangular matrix is the identity matrix. Furthermore, the ma-
trix U in this case is an involution [20]. One can view this factorization as a “canonical
Bruhat factorization” of the Coxeter matrix of a distributive lattice. This leads us to the
following (somewhat vague) question.

Question 3.3. Let σ be a linear extension of a semidistributive lattice L. Is there a canonical
Bruhat factorization of the Coxeter matrix of L with respect to σ?
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3.3 Independence Posets

Thomas and Williams [31] introduced independence posets as a generalization of trim
lattices, and they explained how to define a bijective rowmotion operator on an inde-
pendence poset. This leads us naturally to the following question.

Question 3.4. Let R be an independence poset. Does there exist a linear extension σ of R such
that Echσ is the same as rowmotion on R?

3.4 Modular Lattices

A lattice L is modular if for all a, b, x ∈ L such that a ≤ b, we have a∨ (x∧ b) = (a∨ x)∧ b.
Every distributive lattice is modular. There are numerous other notable examples of
modular lattices, including the lattice of normal subgroups of a finite group and the
lattice of submodules of a module over a ring.

In a seminal article, Dilworth [13] proved that for every modular lattice L and every
nonnegative integer k, the number of elements of L that are covered by k elements equals
the number of elements of L that cover k elements. That is,∣∣∣{x ∈ L : |Cov↑L(x)| = k}

∣∣∣ = ∣∣∣{x ∈ L : |Cov↓L(x)| = k}
∣∣∣ .

The following conjecture states that for any linear extension σ of L, echelonmotion with
respect to σ explicitly realizes Dilworth’s theorem.

Conjecture 3.5. Let σ be a linear extension of a modular lattice L. For every x ∈ L, we have∣∣∣Cov↑L(Echσ(x))
∣∣∣ = ∣∣∣Cov↓L(x)

∣∣∣ .

We have tested Conjecture 3.5 for all modular lattices with at most 9 elements. For
each prime power q ≤ 4 and each positive integer d ≤ 3, we have tested the conjecture
for 200 random linear extensions of the lattice of subspaces of Fd

q .

3.5 Beyond Linear Extensions

Let R be an n-element poset. The article [16] considers bijections σ : R → [n] that need
not be linear extensions. Given any such bijection, one can define the Cartan matrix WR,σ

and the echelonmotion map Echσ : R→ R just as in Definition 1.1. It could be fruitful to
explore this more general setting.
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