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Abstract. The discovery that k-Schur functions satisfy a striking shift invariance prop-
erty and arise as a subfamily of Catalan functions resolved long-standing myster-
ies in the theory. These Catalan functions are symmetric functions realized as GL-
equivariant Euler characteristics on the flag variety. This suggests that the phenom-
ena surrounding k-Schur functions might reflect a more general mechanism inside the
Catalan-function framework. Indeed, we identify a broad class of steep Catalan func-
tions and show that all these elements satisfy shift invariance. Moreover, the family of
steep Catalan functions beautifully partitions into subclasses indexed by distinguished
skew diagrams called skew-linked diagrams. We further isolate a notable subclass
of steep Catalan functions that includes all k- and (k — 1)-Schur functions and prove
that they satisfy a powerful factorization property, enabling their construction from
a Genocchi-number-sized subfamily. We investigate the combinatorics of Genocchi
numbers and root ideals, establishing a new bijection between a natural family of root
ideals and the Genocchi numbers.
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1 Introduction

The family of symmetric functions known as k-Schur functions first emerged in the study
of Macdonald polynomials [11], where they appeared alongside striking combinatorial
and positivity conjectures. A specialization was later shown to play a central role in
quantum and affine Schubert calculus [, 13, 14], revealing unexpected geometric depth.
Yet progress on the general theory was slow, largely because the original characteriza-
tion offered no mechanism for proof. A major advance came with the discovery that
k-Schur functions arise naturally within a more flexible family of symmetric functions
called Catalan functions, introduced by Chen and Haiman [5] and further developed by
Panyushev [16]. This perspective revealed that k-Schur functions satisfy a highly struc-
ture shift invariance property, enabling proofs of long-standing conjectures and opening
the door to new ideas.
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k-Schur functions form only a small part of a broader family of Catalan functions
indexed by special skew shapes called skew-linked diagrams. These functions are conjec-
tured to have a natural module-theoretic interpretation: each skew-linked Catalan func-
tion should arise as the Frobenius series of an explicit graded module over a polynomial
ring, paralleling the classical Garsia-Procesi construction.

Our main contribution is to show that skew-linked Catalan functions admit a more
conceptual description as equivalence classes within a broad family of steep Catalan
functions. We prove that every member of this larger family satisfies shift invariance,
extending a key property beyond its previously known scope. In addition, we isolate a
particularly rich subclass of steep Catalan functions that contains both k- and (k — 1)-
Schur functions, and we establish stronger results for this class.

Catalan functions are defined using a Demazure operator formula and can be in-
terpreted as GL/-equivariant Euler characteristics of vector bundles on the flag variety.
They live in the ring

A = Z[t] [81,62,. . ] = Z[t][hl,hz,. . ]

of symmetric functions in infinitely many variables x = (x1,x2,...), where ¢; and h,
denote the usual elementary and complete homogeneous symmetric functions.

For our purposes, we define Catalan functions as follows. Fix a positive integer ¢. A
root ideal is an upper order ideal ¥ of the poset

A ={(,))|1<i<j<Uey, (a,b) < (c,d) if and only ifa > cand b < d,
and an indexed root ideal is a pair (¥, &) with « € Z*. For any weight «, set
sa(x) = det(haiﬂ,i(x))lg,-,jg, ho =1, hd =0ford <0.
The Catalan function associated to (¥, «) is

H(Ya)(xt) = [T (1—tRy) "su(x),
(ij)eY

where Rjjsy = Satei—¢;- In the extreme case, when ¥ consists of all positive roots and « is
a partition, Catalan functions recover the Hall-Littlewood polynomials. More generally,
they form a vast family of symmetric functions now known to be Schur positive for any
root ideal and partition weight. Establishing this positivity spanned decades and led to
many developments, e.g. [4, &, 17, 15, 19, 20].

One direction led Chen and Haiman to a subfamily indexed by skew-linked diagrams.
From each such diagram D, they constructed a root ideal CH(D) and weight A =
row(D) [5]. They conjectured that when D is a k-skew diagram of [17], the functions
H(CH(D); A) coincide with the k-Schur functions and arise as graded characters of sim-
ple modules. Progress came with the discovery in [?] that this subclass can be described
by canonical root ideals A¥(A) indexed by k-bounded partitions, which are simple to
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construct. This description revealed a shift invariance property, key to proving that these
Catalan functions recover the k-Schur functions, and enabled proofs of conjectures such
as the k-branching conjecture.

Motivated by these developments, we study the full collection of skew-linked Cata-
lan functions. We show that a broad family of steep Catalan functions decomposes into
subclasses indexed by skew-linked diagrams and recovers all skew-linked Catalan func-
tions. By selecting a canonical root ideal in each subclass, we prove that every steep
Catalan function satisfies shift invariance.

A particularly rich structure arises upon restricting to the subclass containing all k-
and (k — 1)-Schur functions. These are indexed by k-shapes [10]. For each k-shape 7,
we construct a canonical k-shape root ideal ¥*(-y), establish shift invariance, and prove a
factorization property at t = 1 analogous to the k-rectangle factorization. Thus the family
of k-shape Catalan functions is generated by finitely many primitive functions. We prove
that the number of such functions is the Genocchi number [15] Gy = (1,1,3,17,155,...)
by constructing a bijection between a canonical subfamily of root ideals and surjective
pistols, building on work of Hivert and Mallet [/] and Bigeni [!].

2 Skew-linked and k-Schur Catalan functions
The row shape of a skew diagram D = « /7 is the vector of its row-lengths

(K1 =41, -+, Ko —1g).

Similarly, the column shape of D is the vector of its column-lengths, i.e., the row-lengths
of the transpose diagram («/7)’. Since D is uniquely determined by its row shape A and
column shape p, we also write D = (A, ). A diagram D = (A, u) is said to be skew-linked
if both A and u are partitions. Note that the outer-shape x of a skew-linked diagram is
uniquely determined by its row shape and column shape.

Example 2.0.1. The skew-linked diagram with row shape A = (7,6,5,5,2,2,2,2,2) and
column shape u = (4,4,2,2,2,2,2,2,11) is given by

D= Eﬁaﬂ K = (20,13,9,7,4,2,2,2,2).

Chen and Haiman [5] identify a class of Catalan functions associated to a distin-
guished subset of skew diagrams.

Definition 2.0.2. For any skew-linked diagram D = x/# = (A, i), define the root ideal
CH(D) :={(i,j) € AZ(A) | i< {l(n)andj >y +i}.

The associated skew-linked Catalan function is sp(x;t) := H(CH(D); A)(x;t).
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In [3], k-Schur functions were identified with the following class of Catalan functions.

Definition 2.0.3. Let Par’lf = {(yl,. RS 7l k> 1> > g > O} denote the set
of partitions contained in the ¢ x k-rectangle. For A € Parltf, define the k-shape root ideal

A A) == {(i,j) €Af k= Ai+i<j},
and the associated k-Schur Catalan function
4

4
sgk)(x;t) =H(AA); D)) =[] JI @Ry *sa(x).
i=1 j=k+1—A;+i
A major feature of this definition is that the root ideal characterization immediately
exposes the shift invariance property [2, 3].
For f € A, let f be the linear operator adjoint to multiplication by f under the Hall
inner product: (f*(g),h) = (g, fh) forall g,h € A.

Proposition 2.0.4 (Shift Invariance for k-Schur Catalan functions). For A € Par’[f, we have

L (k+1) (k)
€y S, 10 =Sy -

3 Steep Catalan functions

We study a broad family of Catalan functions defined by steep root ideals. A root ideal ¥
is steep if every row containing a root has strictly more roots than the row below it. Let
R denote the set of all steep root ideals. In particular, for any skew-linked shape D, the
associated root ideal CH(D) lies in fR. For ¥ € R and a partition A, the Catalan function
H(Y; A) is called a steep Catalan function. We show that the set of steep Catalan functions
coincides precisely with skew-linked Catalan functions.

3.1 Steep root ideals and skew-linked diagrams

We describe a surjective map from steep root ideals to skew-linked diagrams. This
construction builds on the notion of a downpath in a root ideal, as introduced in [],
along with a new notion of column shape for indexed root ideals.

Definition 3.1.1. Fix a root ideal ¥ € A and r € [¢]. If ¥ has a non-zero number of
roots in row r, define downy(r) to be the minimum element of the set {j | (r,j) € ¥}.
Otherwise, downy (r) is undefined. For any r € [¢], define the path of ¥ starting at r

pathy (r) = (r, downy(r), down% (r),...),

and let boty (r) (resp. topy(r)) be the maximum (resp. minimum) element of all paths
of ¥ containing . We also set downpathy () = path(r, boty(r)) and uppathy () to be
the reverse of path(topy(r),r) for any r € [{].
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Example 3.1.2. Examples of top, down, and downpath for the root ideal ¥ below:

= Y =

topy(7) =3 downy (5) =7 downpathy (1) = (1,2,4,6)

Definition 3.1.3. The column shape of an indexed root ideal (¥, A) is defined by ¢s(¥,A) =
', where p is determined by

Hi = Y. Aj, (3.1)

jedownpathy (v;)
and v is the increasing arrangement of {top (i) : i € [{]}.

Example 3.1.4.

Conjugate of column shapes:
u=(20,922) n=1(20,922) wu=(20742)
Downpaths:
(1,2,4,6), (3,5,7), (8), (9) (1,2,4,6), (3,5,8), (7), (9) (1,2,4,7), (3,6), (5,8), (9)

Definition 3.1.5. For partitions A and p, the indexed root ideal class of y associated to A is
hr={(A):¥Y€eRand u=cs(¥;N)}.

For each fixed partition A, these sets are either empty or mutually disjoint, and form a
partition of the set of indexed steep root ideals SR with weight A.

Theorem 3.1.6. Fix a partition A. There is a one-to-one correspondence between nonempty in-
dexed root ideal classes associated to A and skew-linked diagrams with row shape A.

To prove this, we first associate each steep root ideal with a skew-linked diagram.
Lemma 3.1.7. Given a partition A, there is a surjective map
fa: {(¥,A) : ¥ € R} —> {skew-linked shapes with row shape A}, (3.2)
defined by sending (¥, A) to D = (A, ¢s('¥, A)). The outer shape of D is the partition x where

K; = Z )L] . (33)

jedownpathy (i)
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Now, fix a partition A. All indexed root ideals in each nonempty class [y], have the
same column shape y; hence they have the same image under the map f, as in Lemma
3.1.7. In particular, for every skew-linked diagram D = (A, i), the preimage f, ' (D) is
precisely the indexed root ideal class [y],. Therefore, f) induces a bijection

{nonempty root ideal classes associated to A} <> {skew-linked diagrams of row shape A}.
[ulr < (A p)

3.2 Steep Catalan functions on indexed root ideal classes

Theorem 3.2.1. The steep Catalan functions are invariant on [u],. That is, for a skew-linked
diagram D = (A, u), we have H(Y;A) = H(CH(D); A) for any ¥ € [u],. Hence, the set of
steep Catalan functions and the set of skew-linked Catalan functions are the same.

First, we give an alternate characterization of [u]). Recall from Definition 2.0.2 that
the root ideal CH(D) can be interpreted as the indexed root ideal of weight A with
removable roots (i, y, + 1) for i < £(17). We then introduce the similar root ideal

CH*(D) = {(i,]) € Ajjyy i < £(n) and j > iy 11 +1},

with removable roots (i, i, 11 + i) for all i < £(17). Note that CH(D) ¢ CH™* (D).

Lemma 3.2.2. For any skew-linked shape D = (A, u),
Uy ={(¥;1): ¥ € R, CH(D) CY CCH"(D)}.

With Lemma 3.2.2 in hand, we verify our claim by building a chain of intermediate
root ideals ¥p := CH(D) C ¥; C ¥ C--- C Y, and show that at each step adding
or removing a root in a specific row does not change the associated Catalan function.
The argument uses properties of steep root ideals together with repeated applications of
the key equality criteria developed in [7, 3].

3.3 Shift invariance for skew-linked Catalan functions
We establish an analogous shift invariance property for skew-linked Catalan functions.

Definition 3.3.1. Let D be a skew-linked shape with £ rows. Define a map 7 that removes
the first column of each part D' in the decomposition of D as follows.

Let * denote the bottom cell of the leftmost column of D, and let m be
the number of cells in its row. Set D! to be the first m columns of D, then
iteratively apply the same process to D \ (D! U+ - - LI D) to define Di*!
until the remaining diagram is empty.
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Remark 3.3.2. If D is a skew-linked diagram of ¢ rows, then |7 (D)| = |D| — /.
Example 3.3.3. Consider the skew-linked diagram D = (7,5,3,2,2,1)/(2,2,1).

.

D decomposes into D! LI D,

T

The first column of each part D! shown in red The diagram 7'C(D)

Theorem 3.3.4. For any skew-linked shape D with £ rows, we have ejsp(x;t) = $,(p)(x; ).
Idea of the Proof. Fix D = (A, 1) and let 7r(D) = (A, ji). By Lemma 4.11 of [2], we have
e sp = ef H(CH(D);A) = H(CH(D); A—1") and s,(p) = H(CH(7(D));A).

Since A = A — 1Y, it suffices to show that H(CH(D);A) = H(CH(7t(D));A). We obtain
CH(n(D)) € CH(D) Cc CH"(7(D)) by tracing how the deletion map 7t affects the
non-roots in each row. Then the result follows from Theorem 3.2.1 and Lemma 3.2.2. [

4 k-shape Catalan functions

Next, we study a family of skew-linked Catalan functions called k-shape Catalan functions.
This family of symmetric functions include all k-Schur and (k — 1)-Schur functions.

4.1 k-shapes

Let Parf = {(py,..., 1) € Z' -k > py > --- > py > 0} denote the set of partitions con-
tained in the £ x k-rectangle, and let Par® denote the set of partitions y with p; < k. The
trailing zeros are a useful bookkeeping device for elements of Par'g, whereas for Par® we
adopt the more common convention: each y € Par is identified with (y1, ..., W(y),oi)
for any i > 0, where the length ¢(y) is the number of nonzero parts of .

Definition 4.1.1 (k-shape partitions). The k-interior of a partition v, denoted by Int*(y),
is the subpartition of cells with hook length greater than k. The k-boundary of -y, denoted
by 0x(7y), is the skew shape of cells with hook length at least k.

We define the k-row shape rs(y) € ZZ, (resp. k-column shape cs*(v) € ZZ,) of v
to be the sequence giving the numbers of cells in the rows (resp. columns) of 9 ()
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A partition v is a k-shape if rs*(v) and cs*(vy) are partitions. Thus for every k-shape 7,
Jk(7) is a skew-linked diagram. As every k-shape is uniquely determined by its k-row
and k-column shapes, we will often denote 7 by its boundary 9;(7) = (rs*(7), csk(7)).

Example 4.1.2. Here is an example of a 2-shape +:

yz%jj 9(7) :BDDD:‘ Int?(7) =11

4.2 k-shape root ideals and Catalan functions

In §3, we proved that the set of steep root ideals A is partitioned by the indexed root
ideal classes [u]) over skew-linked shapes (A, ). We now refine this partition in the
context of k-shapes. For an indexed root ideal (¥;A) of length ¢, the bandwidth of row
i€[{l]is

band(¥;A); := |{ (i,j) € Ay \¥:j € [} + A
Fix a k-bounded partition A, and define the set of indexed k-root ideals

RE = {(¥;1): ¥ € R, band(¥;A); € {k,k—1} for all i},
and for a k-bounded partition p, define the k-root ideal class
(1] = [u]y NRE = {(F; 1) € [u]r: band(¥; A); € {k,k — 1} for all i}.

We claim that the k-root ideal classes are in bijection with k-shapes.

Theorem 4.2.1. Fix A € Par*. There is a one-to-one correspondence between nonempty k-root
ideal classes associated to A and k-shapes with row shape A.

{nonempty k-root ideal classes associated to A} <> {k-shapes with row shape A}
i < (An)

Idea of the Proof. A key ingredient in proving this theorem is the surjective map f, intro-
duced in Lemma 3.1.7. Restricting f, to the subset of steep root ideals whose bandwidth
of each row is either k or k — 1, every image under f, is a k-shape. Hence f, induces a
surjection ]?A : ®K — {k-shapes with row shape A}, and the preimage of v = (A, u) is

~ 1 B
o) =F71 () nRE = [l n e = [ulh O
Next, we can identify the associated k-root ideal class with a k-shape v = (A, u) as

[u]5

= [u]) NRF
{(¥;A): ¥ € R, CH(y) C¥ C CH(v), AK(A) ¢ ¥ c AF1(A)}
{(F;A): ¥ €N, Fin(7) C¥ C ¥Yo(1)},

where ¥X . () := AR(A) UCH(7) and ¥E . (7) := CH' (v) N AF-1(A).

min
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Definition 4.2.2. For a k-shape <y, define the (canonical) k-shape root ideal
FH(7) 1= Frax (7) = CH () N A1 (2),
and the associated k-shape Catalan function 531() (x;1) == H(Y*(y); 15 (7)) (x; 1).
Example 4.2.3. Consider k = 5 and v = 743111.
b

1 ]
3 3
2 2

I T T T
11 1 T 1
1 1 1

[+]

k-skew diagram of v AFl(rsk(y))  CHT(q) ¥ ()

4.3 Shift invariance property for k-shape Catalan functions

Miraculously, the deletion map from §3.3 induces a shift invariance property k-shape
Catalan functions, extending the result known for k-Schur functions.

Theorem 4.3.1. Let « be a k-shape and A = rs(+y) be its k-row shape with £ = £(A). The
diagram 7t(vy) is a (k — 1)-shape and ejsf‘y = 5’7‘;&).

Example 4.3.2. This example illustrates the action of the deletion map on a 5-shape.

L, M a2 H

5-shape v decomposes into Yruy?uy?

T i

The first column of each part ' shown in red 4-shape 7t()

5 Irreducible k-Shape Catalan functions

A powerful property of k-Schur functions is that the infinite family can be constructed
from a subset of size k!. This property follows from a simple factorization property.

(k) _ (k)

A T SAURy
where Ry is a partition of the form (k —d + 1) for d € [k] and A U Ry denotes the partition
rearrangement of the parts of A and Ry.

Proposition 5.0.1. [17] Let A be a k-bounded partition. For d € [k|, we have sg s

All k-Schur functions can be constructed from the irreducible ones, those indexed by
partitions from which no R; can be removed, and there are k! irreducibles. Since the set
of k-shape Catalan functions contains all k-Schur functions and (k — 1)-Schur functions,
it was conjectured in [10] that they satisfy a similar factorization property. Hivert and
Mallet [/] conjectured that the number of “irreducibles” involves the Genocchi numbers.
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5.1 The rectangle property

Using the composition law for Catalan operators [3, Proposition 3.2] and applying the
equality criteria of [, 3], we analyze the structure of our newly introduced root ideals
and establish a factorization property for k-shape Catalan functions at ¢ = 1.

Theorem 5.1.1. Let y be a k-shape, and let R = (u”) denote a k- or (k — 1)-rectangle, i.e.,
u+ve {k+1,k}. Then

SR 5£yk) (x;1) = 5(7klR(x; 1),

where 7y 4+ R denotes the k-shape obtained by inserting a rectangle into <y as described in [/].

Remark 5.1.2. The general case involving t requires the use of the more general Catalan
operators, namely the Garsia-Jing operators Br [0]. In analogy with the k-Schur case,

we conjecture that Bg 5£Yk) (x;t) =" 521212

This motivates the study of the minimal set of k-shapes needed to construct all k-
shape Catalan functions. Hivert and Mallet [/] defined an intricate operation that inserts
a k- or (k — 1)-rectangle into a k-shape, producing another k-shape. We say that a k-shape
is irreducible if it cannot be obtained from another k-shape via such a rectangle insertion.
They conjectured that the number of irreducible k-shapes is equal to the Genocchi num-
ber Gy. This was proven by Bigeni [1] via a bijection between irreducible k-shapes and
surjective pistols of height k — 1, where the latter is known to give a set of cardinality
Gy as is defined as follows. For each positive integer n, a surjective pistol of height n is a
surjective map f: {1,2,...,2n} — {2,4,...,2n} satisfying f(j) > j for all j.

(x;t) for some positive integer .

5.2 Irreducible k-root ideals and Genocchi numbers

We conclude with an enumerative study from the point of view of root ideals, avoiding
the irreducible k-shape construction; we identify a distinguished family of irreducible
k-root ideals and construct a bijection between this family and surjective pistols.

Definition 5.2.1. A k-root ideal Y is irreducible if, for eachi = 1,2,...,k — 1, the number
of rows of length i in ¥ with bandwidth k — 1 (resp. k) is at most k —i — 1 (resp. k — ).

Definition 5.2.2. Fix an irreducible k-root ideal ¥. The sequences (4;);c(t—1) and (;);c[k—1
of non-negative integers are defined as follows:

Fix i € [k —1]. Let z be the bottom row in ¥ of length i and bandwidth k — 1. Let
y = topy(z). If y =1, or upy(y + 1) is undefined, or the row upy (y + 1) has bandwidth
k —1, then set a; = 0. Otherwise, set a; = A (1 1)-

Similarly, let z’ be the bottom row in ¥ of length i and bandwidth k. Let y’ = topy(2’).
If ¥ =1, or upy (i + 1) is undefined, or the row upy (¥’ + 1) has bandwidth k — 1, then
set b; = 0. Otherwise, set b; = Ay, (y/41)-
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Example 5.2.3.

Consider the following irreducible 8-root ideal Y. To find a3,
we have z = 7,y = topy(7) = 4, upy(y + 1) = upy(5) = 2.
The second row of ¥ has bandwidth equal to 8. Therefore,
we get a3 = Ay = 6.

From irreducible root ideals to surjective pistols

Fix an irreducible k-root ideal ¥ and consider the corresponding sequences (ai)ie[k—l]
and (b;)je[c—1)- We constructa map f: {1,2,...,2k — 2} — N as follows:

2(a;—1) ifa; >0anda; ¢ {f(1),f(2),...,f(2i —2)},

2i +2x; otherwise;

2(b;—1)  ifb; >0and b; ¢ {f(1),f(2),..., f(2i —3)},
2i+2y; —2 otherwise,

ﬂ%—Uz{

f(2i—2) :{

where x; (resp. y;) is the number of rows of length i in ¥ with bandwidth k — 1 (resp. k).
From surjective pistols to irreducible root ideals

Fix a surjective pistol f of height k — 1. It suffices to construct sequences of nonnega-
tive integers (x;)ick—1) and (Vi)ick—1) satisfying x; <k —i—1landy; <k —i.

Set x;_1 = 0 and y;_1 = w
determined for all i > n. Consider an indexed root ideal ¥ where x; (resp. v;) is the
number of rows of length i with bandwidth k — 1 (resp. k). We then define x, by

) :{ﬂ%%tﬁ, if f(2n—1) € {f(1), f(2),..., f2n=2)},
! T—Yi-.(x;+vy;), otherwise,

. Next, suppose x; and y; have already been

where j is the index of the top row of length J@ +1 of ¥ with bandwidth k, z =
botg (downg (j) — 1), and (z, T) is the removable root of ¥. Define y, analogously.
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