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Abstract. Grothendieck polynomials were introduced by Lascoux and Schiitzenberger
to represent K-classes of structure sheaves of Schubert varieties. Their supports and
top-degree components have recently become active areas of research. Using pipe
dreams, combinatorial objects that compute Grothendieck polynomials, we prove sev-
eral results for the Grothendieck polynomials of two families of permutations. For
fireworks permutations, we show that the support of the Grothendieck polynomial is
“as large as possible” and is M-convex after homogenization. For inverse fireworks
permutations, we show that every monomial of non-maximal degree appearing in the
Grothendieck polynomial divides another monomial of degree exactly one higher. Our
work also yields the first direct combinatorial formula for the top-degree components
of Grothendieck polynomials.

Keywords: Pipe dreams, Grothendieck polynomial, Castelnuovo-Mumford polyno-
mial, Newton polytope

1 Introduction

Lascoux and Schiitzenberger [14, 15] introduced explicit representatives of the coho-
mology classes and K-classes of structure sheaves of Schubert varieties in flag varieties,
called the Schubert polynomials &y (x) and Grothendieck polynomials & (x), respectively.
In general, B (x) is not homogeneous, and its lowest-degree component equals Sy (x).
Recently, the top-degree homogeneous component &.F of the Grothendieck polyno-
mial &, has attracted increasing attention [7, 9, 10, 21, 22]. We emphasize two reasons
for its importance. First, the degree of &P determines the Castelnuovo-Mumford regu-
larity of matrix Schubert varieties [?4]. Second, the support of &, which is the set of
monomials appearing in &, is conjectured to be governed by the support of &P The
main goal of this extended abstract is to make partial progress toward this conjecture.
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Conjecture 1.1 ([13]). For a permutation w,

supp(6y) = J  [w Bl (1.1)

aesupp(Sy)
Besupp(&y,")

where [, B| denotes the component-wise interval {y € Z" : a; < «; < B; for all i}.

Conjecture 1.1 was previously known only for vexillary permutations [7]. Motivated
by this conjecture, we study the polynomial &P and its support. We focus on two
families of permutations:

Definition 1.2. A permutation w is called fireworks if the initial terms of the decreasing
runs of w are increasing. A permutation w is inverse fireworks if w=! is fireworks.

Example 1.3. The permutation w = 3167542 is fireworks and the permutation u =
3175642 is not fireworks. The initial terms of each decreasing run are underlined.

When w lies in one of these two families, (’5§f,)p exhibits remarkable structure via the
following two theorems.

Theorem 1.4 ([15]). When w is fireworks, 6;?10 consists of a single monomial. Specifically, it is
8 P Y

D(w))

a positive integer multiple of xW(
of w (see Definition 2.1).

, where D(w) denotes the up-closure of the Rothe diagram

Theorem 1.5 ([22]). Forall w € S, there is a unique inverse fireworks permutation 7t(w) with
Gf = ¢y - 6:;)(}) for some ¢, € Z. In fact, ¢,y = ]6:&71)(1,. L))

w)

The map 7t(-) can be computed explicitly (see Section 4.2 of [2”]). Consequently, to
understand all &;¥, it suffices to study the case of inverse fireworks permutations.

Based on these two theorems, we prove several results regarding &F and supp (&)
when w is fireworks or inverse fireworks. The following summarized results are based
on joint work of the first and second authors on fireworks [4], and of the first and third
authors on inverse fireworks [].

Theorem 1.6 ([*]). Conjecture 1.1 holds when w is fireworks:

supp(6,) = |J  [x,wt(D(w))].
aesupp(Sy)

A surprising corollary of Theorem 1.6 is that homogenized Grothendieck polynomials &,
of fireworks permutations have M-convex support. In general, M-convexity of supp(&y,)
is far from a formal consequence of Conjecture 1.1; it is even an open problem to show
that supp( 65)})) is M-convex. Conversely, in the case that &, has zero-one coefficients,
supp (&) is known to be M-convex ([1]) while Conjecture 1.1 remains open.
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Theorem 1.7 ([4]). For fireworks w € S,,, the homogenized Grothendieck polynomial &, has M-

convex support. In particular, &, has SNP, each degree component ®§5 ) has M-convex support,

and the sizes |supp((’57(5 ) )| of their supports form a log-concave sequence.

Because taking convex hull commutes with homogenization, Theorem 1.7 implies
that ordinary Grothendieck polynomials &, of fireworks permutations have SNP.

As far as the authors are aware, M-convexity of supp(&,,) was previously known for
only exponentially many permutations in n (cf. [6]). Theorem 1.7 supplies superexpo-
nentially many permutations for which supp(&,,) is M-convex.

A special subclass of fireworks permutations called layered permutations has previ-
ously appeared in various maximization problems in Schubert calculus [16, 20, 19, &,

]. The support formula in Theorem 1.6 implies that layered permutations maximize
Newton polytopes of fireworks Grothendieck polynomials with respect to inclusion.

Corollary 1.8 ([4]). Let w be a fireworks permutation. Then 1t(w) is the layered permutation
whose block sizes are the lengths of descending runs of w, and supp(® ;(y)) 2 supp(&uw).

When w is inverse fireworks, we can prove a weaker version of Conjecture 1.1, which
is [18, Conj. 1.2]:

Theorem 1.9 ([°]). Let w be an inverse fireworks permutation. If x* appears in &, with
deg(x*) < deg(®y), then there exists i such that x; - x* also appears in &y,

Finally, we define a novel combinatorial object which we call bumpless vertical-less pipe
dreams (BVPDs), labeled by inverse fireworks permutations. By Theorem 1.5, BVPDs

yield a combinatorial formula for all &P

Theorem 1.10 ([3]). For any w € Sy,

&’ = [BVPD(w(w 1)) Y xWHP),
PeBVPD(7t(w))

As far as the authors are aware, no direct combinatorial formula for 6;313 was previ-
ously known. Theorem 1.10 provides the first such formula.

2 Background

Our main combinatorial tool is pipe dreams. A pipe dream is a filling of a staircase grid
{(i,j) € [n] x [n]: i+ j < n} using cross tiles H and bump tiles Fd. By placing half-bump
tiles 'l on the antidiagonal {(i,) € [n] x [n]: i +j = n + 1}, a pipe dream can be viewed
as a network of n pipes with an associated permutation (see Figure 2). Given a pipe
dream P, there are two different ways to trace pipes in P. The top-to-left trace is obtained
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by tracing the pipes from top border to the left, ignoring any repeat crossings between
pairs of pipes that has already crossed. The pipe dream’s associated permutation is then
obtained by reading the pipe indices on the left from top to bottom. The left-to-top trace
is obtained by tracing the pipes from the left border to the top, again ignoring any repeat
crossings between pairs of pipes that have already crossed. The pipe dream’s associated
permutation is obtained by taking the inverse of the pipe indices on the top read from
left to right. It is a well-known fact that, although the paths traced by the two traces may
differ, they yield the same permutation.

Let PD(w) be the set of pipe dreams associated with w and let wty(P) be the set of
its cross tiles HH. Following [7, 11], we define the Grothendieck polynomial & (x) to be

Gu(x) = Y. ((1)WW<PM<W> IT xl-). (2.1)
(P)

PePD(w) (i,j) ewty

We define the homogenized Grothendieck polynomial &, (x,z) to be

Bo(xz)i= Y (Zdegww)wty(P).(_l)wty(me(w) T x,-), 22)
(P)

PePD(w) (ij)ewty

so that &, is homogeneous of degree deg(&y,).

A diagram is a subset of [n] x [n], which can be represented by placing a cell in row
i column j of an n x n grid. We adopt the convention where row 1 is the highest and
column 1 is the leftmost. For w € S, its Rothe diagram D(w) is the following diagram

D(w) == {(,w(j)) : 1< < j < maw(i) > w(j)}.

Definition 2.1. The upward closure of a diagram D, denoted as D, is {(i,) € [n] x [n] :
(i',7) € D for some i’ > i}.

3 Fireworks Grothendieck polynomials

Conjecture 1.1 for fireworks permutations

For any permutation w, Mészaros, Setiabrata and St. Dizier [1 7] showed that every mono-
mial x* appearing in &; divides xP®). We start by interpreting this result via pipe
dreams. Consider the top-to-left trace of a pipe dream P and write PT(]L) for the pipe P
entering in the j-th column. The pipe-weight of a pipe dream P € PD(w) of w € S,, is the
set

pwt(P) := {(i,): pipe P%JL) exits from the bottom edge of a Hin row i} C [n]%.  (3.1)
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The pipe weight pwt(P) of any pipe dream P € PD(w) is always a subset of D(w).
It follows that xVt(P) divides xW'P(®)), In the fireworks case, when xW'P(®)) appears
in 67, top-degree pipe dreams have inclusion-maximal pipe-weights (rather than just
componentwise-maximal weights).

The key ingredient in our proof of Theorem 1.6 is an explicit pipe dream construction
guided by pipe-weights. Specifically, Theorem 1.6 follows from repeated application of
the following claim.

Theorem 3.1 ([4]). Let w € S, be fireworks and suppose P € PD(w) satisfies wt(P) <
wt(D(w)). For any a with wt(P), < wt(D(w)),, there exists a pipe dream Q € PD(w) so
that wt(Q), = wt(P)y for b < a, wt(Q), = wt(P), + 1, and wt(Q), < wt(P), for b > a.

Our proof is local in nature and involves finding configurations like the one in Fig-
ure 1, which are guaranteed to exist by pipe-weight considerations (cf. (3.1)).

Figure 1: Left: One type of local configuration in P € PD(w) of non-maximal degree.
Right: One step of our algorithm constructing desired Q € PD(w) for Theorem 3.1.

Remark 3.2. Our construction in the proof of Theorem 3.1 yields pipe dreams Q which
are equal to P in rows < a.

Theorem 1.6. Let w be a fireworks permutation. If x* appears in &, and x; - x* divides
wt(D(w))

X , then x; - x* appears in &;,. In particular,
supp(®o) = |J o, wt(D(w))].
aesupp(Sy)

Proof of Theorem 1.6. Suppose that x* appears in &, and that x; - x* divides x"t(P(®)),
Pick P € PD(w) with wt(P) = a. By repeated application of Theorem 3.1, there exists a
pipe dream Q € PD(w) with x"(Q) = x; - x*. The claim follows from Equation (2.1). [J

Schubitopes and M-convexity of supp(®,)

We prove Theorem 1.7 by decomposing the support of & into a Minkowski sum of
smaller M-convex sets (Proposition 3.9). We are motivated by the following analogous
story for Schubert polynomials.
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Definition 3.3. A set S C Z" is M-convex if for any «, f € S and any i € [n] for which
a; > B, there is an index j € [n] for whicha; < Bjanda —e;+e; € Sand f+e; —e; €S.

There is an interpretation of M-convexity in terms of certain polytopes called gener-
alized permutahedra: A set is M-convex if and only if it is the set of integer points of an
integral generalized permutahedron. In particular, a polynomial f has M-convex sup-
port if and only if f has SNP and its Newton polytope is a generalized permutahedron.
We refer to [23] for background on generalized permutahedra.

Lemma 3.4. The Minkowski sum of M-convex sets is M-convex.

Lemma 3.5. Let S C Z" be an M-convex set, and let I C [n]. Then the sequence

g

of point counts on the hyperplanes {) ;c; x; = c} is log-concave.

IZC =

Definition 3.6. Given a subset S C [n] with elements s; < --- < s,, write B for the
collection of sets B C [s,] with elements by < --- < b, satisfying b; < s; for all i.
The indicator vectors {{z: B € B} C Z" form an M-convex set, and their convex hull
P(SM(S)) := conv{{p: B € B} the Schubert matroid polytope.

Schubert matroid polytopes compute the support of Schubert polynomials.

Theorem 3.7 ([5, Thm 4, Thm 7]). Let w € S, and let Dy, ..., D, denote the columns of
D(w). Then &y, has M-convex support and

n
supp(Gy) = (Z P(SM(DZ-))> nz".
i=1

Definition 3.8. Given a subset S C [n] with elements s; < --- < s;, write By for the
spanning sets of the Schubert matroid; it is the collection of sets B’ C [s,] with elements
by < --- < by, with?' > r,satisfying b; < s; for all i € [r]. The convex hull Ps, (SM(S)) :=
conv({lp: B' € Bsp}) of the indicator vectors is called the Schubert spanning set polytope.
The homogenized indicator vectors {Cp: B € Bsp} form an M-convex set, and their
convex hull Py, (SM(S)) := conv({{p: B € Bsp}) is the homogenized Schubert spanning
set polytope.

Proposition 3.9 (cf. [1 8, Thm 3.6]). Fix subsets D1, ..., Dy, C [n] and set P := P(SM(Dy)) +
.4 P(SM(Dy,)). Then

(fpsp(SM(Dj))>mZ”= U [Bwt(D)].

j=1 Besupp(P)
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Theorem 1.7. For fireworks w € S;, the homogenized Grothendieck polynomial &, has

M-convex support, i.e., &, has SNP and its Newton polytope is a generalized permuta-
()

|supp (& & ))| of their supports form a log-concave sequence.

hedron. In particular, each degree component &;,” has M-convex support, and the sizes

Proof of Theorem 1.7. Let D; denote the j-th column of D(w) and write

n

=) Pp(SM(Dy)), QND(w) = iﬁsp(SM D

j=1 =1

By Theorem 1.6, Theorem 3.7, and Proposition 3.9, we have supp(&w) = Gp,) N Z".

Homogenizing yields supp(®;,) = QVD(w) N2Z"*1, and Lemma 3.4 implies that &, has
M-convex support. The final claim follows from Lemma 3.5. O

Inclusion-maximal support

We prove Corollary 1.8 using the support formula of Theorem 1.6 to reduce the problem
to the following simple claim about inclusions among Schubert spanning set polytopes.

Lemma 3.10. Let A C B C [n] be two sets satisfying max(A) = max(B). Then Psp(SM(B)) C
Psp(SM(A)).

Definition 3.11. For integers by, . . ., by, the layered permutation with block sizes (by, ..., bm)
is the longest element of the Young subgroup S, x Sp, X - -+ X 5 ; i.e., it is the permu-
tation with one-line notation

ci(cr—=1)...1ca(ca—=1) ... (c14+1) .cocm(em—1) ... (1 + 1),
where ¢; ;= by +-- -+ b;.

Lemma 3.12. Let w be a fireworks permutation and write 7t(w) for the layered permutation
whose block sizes are the lengths of descending runs of w. Then D(w), ;) 2 D(7T(W)) (r(w))(i)-

Corollary 1.8. Let w be a fireworks permutation and write 7r(w) for the layered permu-
tation whose block sizes are the lengths of descending runs of w. Then supp(&(,)) 2

supp(&y).

Proof of Corollary 1.8. Write D; := D( ) (i) and D : D(n(w))(n(w))(i). Lemma 3.12
implies that D; O D} and max(D;) = max(D}), so Lemma 3.10 gives

supp(®y) = (ZPSP ) ( Y Py (SM )) NZ" = supp(G(y)). O
1=

i=1
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4 Inverse Fireworks Grothendieck polynomials

The main result of this section is Theorem 1.9 and a bumpless vertical-less pipe dream
formula (Theorem 1.10). More precisely, we introduce a new set of combinatorial objects
MVPD(w) for each w € S, and define weight-preserving bijections

®: PD(w) — MVPD(w) (Proposition 4.5),
¥: BVPD(rt(w)) — MVPD(rt(w))  (Theorem 4.10),

where l\m(w) denotes the subset of MVPD(w) of highest degree and m(w) is the
inverse fireworks permutation guaranteed by Theorem 1.5.

Marked vertical-less pipe dreams

Definition 4.1. A marked vertical-less pipe dream (MVPD) is a filling of an n x n grid using
the tiles
0O B8 B # O B 7

such that any pipe in a marked tile [ (call it T) has a H in a lower row than T (see
Figure 2). The adjective vertical-less reflects the absence of vertical tiles [l in a MVPD.

Similar to left-to-top traces of ordinary pipe dreams, we trace pipes of a MVPD from
left to top, ignoring double crossings. The pipe entering in row i is denoted P().

Definition 4.2. The column-to-row code a(M) of an MVPD M is the sequence of n numbers
defined as follows. If there is no pipe exiting at column c¢ of M, then a(M). = 0.
Otherwise, if the pipe P") exits in column c, then a(M). = 7.

Definition 4.3. Let w € S,,. Let a(w) denote the sequence obtained by writing the one-
line notation (w~!(1),...,w !(n)) of w~! and then replacing the left-to-right maxima
with 0’s. Then define MVPD(w) to be the set of MVPDs with column-to-row code a(w).

Also define m(w) C MVPD(w) to be the set of MVPDs with the maximal number
of weighty tiles among all M € MVPD(w).

When drawing an MVPD, we omit blank rows and columns on the bottom and right.

Example 4.4. Let w = 12643857, so that w~! = 12547386 and «(w) = (0,0,0,4,0,3,0,6).
Figure 2 consists of a pipe dream P € PD(w) and an MVPD M € MVPD(w).

For an MVPD M, let wty(M) be the set of tiles of M that are 5, H or [H. We now

present a wty(-)-preserving bijection ®: PD(w) — MVPD(w). Let P]Sf;") denote the pipe
that enters from the left in row i.
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B S Y T
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_)r__,r__) J

Jr

J

Figure 2: A pipe dream P € PD(w) and a marked vertical-less pipe dream M &
MVPD(w), for w = 12643857. The MVPD M is equal to ®(P).

Proposition 4.5. Let w € S, and let p; denote the left-to-right maxima of w=1. The assignment
®: PD(w) — MVPD(w) given by removing the pipes PL(fF’i) and replacing any resulting [d tiles

with ¥ is a wty(-)-preserving bijection (see Figure 2).

Therefore, MVPD is a formula for &, just like pipe dream. However, a key feature of

MVPDs is the presence of local droop moves, inherited from bumpless pipe dreams [12,

. Thus, MVPDs serve as an interpolating model that allows certain phenomena from
bumpless pipe dreams to be transported into the classical pipe dream setting.

Bumpless vertical-less pipe dreams

Definition 4.6. A bumpless vertical-less pipe dream (BVPD) is a tiling of an n x (n — 1) grid
using the tiles

O B B8 &#d O

As with MVPDs, we trace pipes from left to top, and write P() for the pipe entering
in the i-th row.

Definition 4.7. The BVPD column-to-row code &' (M) of a BVPD B is the sequence of n — 1
numbers defined (similarly to the MVPD setting) as follows. If there is no pipe exiting
at column c of B, then a’(B), = 0. Otherwise, if the pipe P") exits in column c, then
a'(B). = .

Definition 4.8. Let w be an inverse fireworks permutation. Let a’(w) denote the sequence
obtained by removing the first entry from a(w). Let BVPD(w) denote the set of BVPDs
with BVPD column-to-row code a’(w).

When drawing a BVPD, we omit blank rows and columns on the bottom and right.
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Example 4.9. See Figure 3 for a BVPD for w = 165234, so that w™! = 145632 and
a'(w) = (0,0,0,3,2).

X J . J
J ( ) J = )
.
JJJ
)
J

Figure 3: A BPVD B € BVPD(w) and a pipe dream P € PD(w), for w = 165234. The
pipe dream P turns out to be of highest degree in PD(w).

For a BVPD B, let wty(B) be the set of tiles of B that are B, Fl or H We now

present a wty (- )-preserving bijection ¥ : BVPD(w) — NTVﬁD(w) for all inverse fireworks
permutations w.

Theorem 4.10. Let w € S, be inverse fireworks. The assignment ¥ : BVPD(w) — m(w)
given by adding a column on the left of B consisting of H and [ and then replacing all L4 tiles

with ¥ tiles is a wty(-)-preserving bijection.

Figure 3 gives an example of the bijection @~ o ¥: BVPD(w) — PD(w).
Our proof of Theorem 4.10 relies on the following structural lemma.

Lemma 4.11. Let w be an inverse fireworks permutation. Then m(w) consists of elements
in MVPD(w) without [d and F4.

Remark 4.12. The bijections ® and ¥ preserve wty(-), so the formula in Theorem 1.10
works for double Grothendieck polynomials of inverse fireworks permutations as well.

Droop moves and going-up

In [3, Defn 5.4], we define droop moves droop; (M) and droop’(i,].) (M) on MVPDs, which
we use to construct the pipe dreams required to establish Theorem 1.9. We give two
examples of the effect of droop; ;) and droop’(i’j) in Figure 4.

Theorem 1.9. Let w be an inverse fireworks permutation. If x* appears in &; and
deg(x*) < deg(®y), then there exists i so that x; - x* appears in &,.

Proof sketch. Pick M € MVPD(w) of weight «; necessarily, M ¢ l\m(w) If we can

turn a P into a E or a [d into a [¥ and still remain in MVPD(w), then we are done.
Otherwise, we show that there exists EZ3 or [c5; in this situation we find and perform
a droop move and repeat the whole process. O
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i
L{
S
|
|
*

droop(i/ h droopzi/ i)
% \

7

i/ L/ I Z‘/ J Z‘/ L Z'/ J

Figure 4: Examples of droop moves droop; ;y and droop’(i’j).

Acknowledgements

We thank David Anderson, Ian Cavey, Zachary Hamaker, Tomoo Matsumura, Karola
Mészéros, Alejandro Morales, Greta Panova, Brendon Rhoades, Avery St. Dizier, and
Alexander Yong for many helpful and inspiring conversations, for careful readings of
earlier versions of our work, and for pointing out useful references.

References

E Castillo, Y. Cid-Ruiz, F. Mohammadi, and ]. Montafio. “K-polynomials of multiplicity-
free varieties” (2022).

C.-A. Chou and T. Yu. “Constructing maximal pipedreams of double Grothendieck poly-
nomials”. Electron. ]. Combin. 31.3 (2024), Paper No. 3.15, 21.

C.-A.J. Chou and T. Yu. “Grothendieck polynomials of inverse fireworks permutations”.
European |. Combin. 127 (2025), Paper No. 104158, 14.

J. C.-A. Chou and L. Setiabrata. “Newton polytopes of fireworks Grothendieck polynomi-
als” (2025).

A. Fink, K. Mészaros, and A. St. Dizier. “Schubert polynomials as integer point transforms
of generalized permutahedra”. Adv. Math. 332 (2018), pp. 465—-475.

A. Fink, K. Mészéros, and A. St. Dizier. “Zero-one Schubert polynomials”. Math. Z. 297.3-4
(2021), pp. 1023-1042.

S. Fomin and A. N. Kirillov. “Grothendieck polynomials and the Yang-Baxter equation”.
Formal power series and algebraic combinatorics/Séries formelles et combinatoire algébrique. DI-
MACS, Piscataway, NJ, 1994, pp. 183-189.

P. Guo and Z. Lin. “Schubert polynomials and patterns in permutations” (2024).

E. S. Hafner. “Vexillary Grothendieck polynomials via bumpless pipe dreams”. Discrete
Math. 349.10 (2026), Paper No. 115223.


https://arxiv.org/abs/arXiv:2212.13091
https://dx.doi.org/10.37236/12665
https://dx.doi.org/10.1016/j.ejc.2025.104158
https://arxiv.org/abs/arXiv:2508.09107
https://dx.doi.org/10.1016/j.aim.2018.05.028
https://dx.doi.org/10.1007/s00209-020-02544-2
https://arxiv.org/abs/arXiv:2412.02932
https://arxiv.org/abs/arXiv:2412.02932
https://dx.doi.org/10.1016/j.disc.2026.115223

12

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

Jack Chen-An Chou, Linus Setiabrata, and Tianyi Yu

E. S. Hafner, K. Mészéros, L. Setiabrata, and A. St. Dizier. “M-convexity of vexillary
Grothendieck polynomials via bubbling”. SIAM |. Discrete Math. 38.3 (2024), pp. 2194-
2225.

A. Knutson and E. Miller. “Subword complexes in Coxeter groups”. Adv. Math. 184.1
(2004), pp. 161-176.

T. Lam, S. J. Lee, and M. Shimozono. “Back stable Schubert calculus”. Compos. Math. 157.5
(2021), pp. 883-962.

T. Lam, S. J. Lee, and M. Shimozono. “Back stable K-theory Schubert calculus”. Int. Math.
Res. Not. IMRN 24 (2023), pp. 21381-21466.

A. Lascoux and M.-P. Schiitzenberger. “Polyndmes de Schubert”. C. R. Acad. Sci. Paris Sér.
I Math. 294.13 (1982), pp. 447-450.

A. Lascoux and M.-P. Schiitzenberger. “Structure de Hopf de I'anneau de cohomologie et
de 'anneau de Grothendieck d'une variété de drapeaux”. C. R. Acad. Sci. Paris Sér. I Math.
295.11 (1982), pp. 629-633.

G. Merzon and E. Smirnov. “Determinantal identities for flagged Schur and Schubert
polynomials”. Eur. J. Math. 2.1 (2016), pp. 227-245.

K. Mészaros, L. Setiabrata, and A. St. Dizier. “An orthodontia formula for Grothendieck
polynomials”. Trans. Amer. Math. Soc. 375.2 (2022), pp. 1281-1303.

K. Mészaros, L. Setiabrata, and A. St. Dizier. “On the support of Grothendieck polynomi-
als”. Ann. Comb. 29.2 (2025), pp. 541-562.

A. H. Morales, G. Panova, L. Petrov, and D. Yeliussizov. “Grothendieck shenanigans:
permutons from pipe dreams via integrable probability”. Adv. Math. 480 (2025), Paper No.
110510, 63.

A. H. Morales, I. Pak, and G. Panova. “Asymptotics of principal evaluations of Schubert
polynomials for layered permutations”. Proc. Amer. Math. Soc. 147.4 (2019), pp. 1377-1389.

J. Pan and T. Yu. “Top-degree components of Grothendieck and Lascoux polynomials”.
Algebr. Comb. 7.1 (2024), pp. 109-135.

O. Pechenik, D. E. Speyer, and A. Weigandt. “Castelnuovo-Mumford regularity of matrix
Schubert varieties”. Selecta Math. (N.S.) 30.4 (2024), Paper No. 66, 44.

A. Postnikov. “Permutohedra, associahedra, and beyond”. Int. Math. Res. Not. IMRN 6
(2009), pp. 1026-1106.

J. Rajchgot, Y. Ren, C. Robichaux, A. St. Dizier, and A. Weigandt. “Degrees of symmetric
Grothendieck polynomials and Castelnuovo-Mumford regularity”. Proc. Amer. Math. Soc.
149.4 (2021), pp. 1405-1416.

N. Zhang. “Principal specializations of Schubert polynomials, multi-layered permutations
and asymptotics”. Adv. in Appl. Math. 163 (2025), Paper No. 102806, 19.


https://dx.doi.org/10.1137/23M1599082
https://dx.doi.org/10.1016/S0001-8708(03)00142-7
https://dx.doi.org/10.1112/S0010437X21007028
https://dx.doi.org/10.1093/imrn/rnac315
https://dx.doi.org/10.1007/s40879-015-0078-9
https://dx.doi.org/10.1090/tran/8529
https://dx.doi.org/10.1007/s00026-024-00712-3
https://dx.doi.org/10.1016/j.aim.2025.110510
https://dx.doi.org/10.1090/proc/14369
https://dx.doi.org/10.5802/alco.326
https://dx.doi.org/10.1007/s00029-024-00959-x
https://dx.doi.org/10.1093/imrn/rnn153
https://dx.doi.org/10.1090/proc/15294
https://dx.doi.org/10.1016/j.aam.2024.102806

	Introduction
	Background
	Fireworks Grothendieck polynomials
	Inverse Fireworks Grothendieck polynomials

