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Abstract. Zamolodchikov periodicity is a property of certain discrete dynamical sys-
tems and was one of the primary motivations for the creation of cluster algebras. It
was proved by Keller to hold for tensor products of two Dynkin diagrams, and fur-
ther shown by Galashin and Pylyavskyy to hold for pairs of commuting simply-laced
Cartan matrices of finite type, which Stembridge classified in his study of admissible
W-cells. We prove that the Zamolodchikov periodic cluster algebras are in natural
bijection with pairs of commuting (not necessarily reduced or simply-laced) Cartan
matrices of finite type. We fully classify all such pairs into 29 infinite families and 14
exceptional types in addition to the 6 infinite families and 11 exceptional types in Stem-
bridge’s classification, and show that all of these families can be derived from simply-
laced types through two operations preserving Zamolodchikov periodicity, folding and
taking transpose.

Our work holds connections to Kazhdan-Lusztig theory, and our main theorem also
helps classify all nonnegative W-cells for products of two dihedral groups W = L (p) x

L(q).

Keywords: Cluster algebras, Zamolodchikov periodicity, commuting Cartan matrices,
T-systems, Coxeter groups, W-graphs.

1 Introduction

Cluster algebras were first introduced in [?] by Fomin and Zelevinsky with applications
to dual canonical bases, total positivity in semisimple Lie groups, and Zamolodchikov
periodicity for Y-systems of finite root systems. For a generic cluster algebra, repeat-
edly applying the same nontrivial mutation sequence i - - -y will yield infinitely
many cluster variables. However, if A is a cluster algebra of finite type, any mutation
sequence will result in finitely many cluster variables. In 2003, Fomin and Zelevinsky
proved that the finite type cluster algebras are in bijection with finite type Cartan ma-
trices [3]. In particular, the finite type quiver cluster algebras are in bijection with the
simply-laced (type A, D, or E) Cartan matrices, while the finite type cluster algebras with
skew-symmetrizable exchange matrices correspond to the (not necessarily ADE) Cartan
matrices.
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For our problem, we focus on a specific bipartite mutation sequence and analyze
which cluster algebras yield finitely many cluster variables under this sequence.

Let [n] := {1,2,...,n}. An n x n matrix B is bipartite if there exists a coloring € :
[n] — {o, e} of [n] such that for all i, j of the same color, b;; = bj; = 0. It is well known
that mutation is a local move, so mutations y; and p; commute if b;; = bj; = 0. Thus
in a bipartite matrix, we may define the bipartite mutations y. and pe as the combined
mutation at all white vertices and all black vertices, respectively. We say a bipartite
matrix B is recurrent if jio(B) = pe(B) = —B. In particular, poue(B) = B. A bipartite
recurrent matrix B is Zamolodchikov periodic if the sequence of mutations piopepio}te - - .
acting on the seed is periodic.

Zamolodchikov periodicity was first observed by Zamolodchikov in his study [16]
of the thermodynamic Bethe ansatz, initially focusing on the simply-laced Dynkin dia-
grams Ay, Dy, and E,. His conjecture was generalized by Ravanini—Valeriani-Tateo [13],
Kuniba-Nakanishi [11], and Kuniba—Nakanishi—-Suzuki [1”] in directions different from
the framework considered in this abstract. The conjecture was proved for finite type
cluster algebras (Dynkin diagrams) by Fomin—Zelevinsky [4]. It was also proved for
tensor products I' ® A of two Dynkin diagrams by Keller [10] and in a different way by
Inoue-lTyama-Keller-Kuniba—-Nakanishi [/, ©]. More recently, Zamolodchikov periodic
quivers were fully classified by Galashin-Pylyavskyy in 2019 [5].

The following theorem is the main result.

Theorem 1. The Zamolodchikov periodic B-matrices are in natural bijection with pairs of com-
muting Cartan matrices.

Remark 2. It is worth noting that the different Zamolodchikov periodic B-matrices do not nec-
essarily generate distinct cluster algebras. For example, there are two distinct Zamolodchikov
periodic quivers, Dy and Ay ® Ay, that produce the same cluster algebra. Dy has a period of
length 8, while Ay ® Ay has a period of length 6.

The proof of Theorem 1 is broken into two parts. First, we classify all pairs of com-
muting Cartan matrices as objects called admissible Dynkin biagrams.

Theorem 3. Pairs of commuting Cartan matrices are in natural bijection with admissible Dynkin
biagrams, which are made up of 35 infinite families and 25 exceptional types.

Remark 4. Notably, the pairs of commuting ADE Cartan matrices were classified in [15] into 6
infinite families and 11 exceptional types.

Then, we prove that these objects are in bijection with Zamolodchikov periodic B-
matrices using two operations: folding and taking transpose (B — BT); see Figure 1. It
is a standard fact that folding the B-matrix commutes with cluster mutations and thus
preserves Zamolodchikov periodicity. On the other hand, taking transpose does not
commute with cluster mutations, and thus it is surprising that it preserves the class of
Zamolodchikov periodic B-matrices.
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Figure 1: A sequence of folds and global flips from Dy x Dy to Bz > G, to C3 <o G
with its corresponding B-matrix. The vertices vy, v, and u4, 12, u3 indicate the nontrivial
orbits in the bicolored automorphism.
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2 Background

2.1 Cluster Algebras

An n x n matrix B is skew-symmetrizable if there exists some nonzero scaling of the rows
c € RY, that makes the matrix skew-symmetric. In the context of cluster algebras, we
call such matrices B-matrices. A quiver is a directed graph without loops and cycles of
length 2. Each quiver has an associated adjacency matrix which gives a natural bijection
between quivers and skew-symmetric B-matrices. Given a seed (x, B) made up of a
cluster x = (x1,...,x,) and a B-matrix B, one can mutate at k € [n] to generate a new
seed (x/, B') whose cluster variables x}, ..., x,, are elements of C(x,...,Xy).

The cluster algebra A of geometric type over C generated by the seed (x,B) is the
C-subalgebra of C(x1, ..., x,) generated by all cluster variables across all mutations.

2.2 Dynkin biagrams

Given a Dynkin diagram A with Cartan matrix C5, we let Ay := 2] — C, denote the
Coxeter adjacency matrix of A. A Dynkin biagram is a tuple (', A) of two (not necessarily
irreducible) n x n Coxeter adjacency matrices such that their sum B = I' + A is bipartite
and I', A share no nonzero entries. The dual of a Dynkin biagram (T, A), denoted (T, A)¥,
is defined to be (A,T'). Finally, a Dynkin biagram (I',A) is admissible if the associated
Cartan matrices Cr = 2] — I, Cp = 2I — A commute, or equivalently if I' and A commute.

Each Dynkin biagram has a corresponding B-matrix (see Figure 1). We depict Dynkin
biagrams as a union of red Dynkin diagram components associated to I' connected by
blue Dynkin diagram components associated to A.

Remark 5. If (T', A) is an admissible Dynkin biagram, then all the components of T (resp., A)
have the same Coxeter number hr (resp., hp).

In the case of simply-laced I', A, these objects are known as ADE bigraphs, and have
corresponding skew-symmetric B-matrices. In [15], Stembridge classifies all connected
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Figure 2: The tensor product Dy ® Ay.

admissible ADE bigraphs into 6 infinite families and 11 exceptional types. Below, we list
two of these families whose definition extends to Dynkin biagrams.

Tensor products. Let A and A’ be two Dynkin diagrams of rank n and m, respectively.
The tensor product, or box product, of A and A’ is denoted A ® A’. It consists of m red
copies of A connected to each other with blue edges. The red and blue Coxeter adjacency
matrices are Kronecker products of the form A ® I, and I, ® A,/ respectively. From
this, it is straightforward to see that tensor products are admissible. An example of the
tensor product Dy ® Ay is given in Figure 2.

Twists. Twists are denoted A x A, and consist of two red copies of A connected
to each other with blue edges. The red and blue Coxeter adjacency matrices are of the

form
_|[Ap O 10 Ap
r=[t 2] s[4, o

where Ap is the Coxeter adjacency matrix of A. An example of the twist Dy x Dy is
given in Figure 1.

Remark 6. One can also visualize admissibility of an ADE bigraph. The number of length two
red-blue paths from i to j is the same as the number of length two blue-red paths from i to j for
every pair of vertices i, if and only if this ADE bigraph is admissible.

2.3 Bindings and Folding

Definition 7. Let (I', A) be a Dynkin biagram. If T = I'y U T, and every edge of A connects Ty
to I'p, then (T, A) is a binding of Ty and T5.

For instance, the tensor product of I' with Aj, By, or Gy is a binding of two copies of
I'. We use the notation

(FEF)IZF®A2, (FEZF)::F®B2, (FE3F)::F®G2,

and refer to these as parallel bindings.
In the special case that (I', A) and (A, T) are both bindings, we refer to this as a double
binding. For example, the twist I' x I' is a double binding of two copies of T'.
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Definition 8. A bicolored automorphism f : [n] — [n] is an automorphism that satisfies the
following.

(i) €s(;) = €i (preserves bipartite coloring of vertices).

(ii) For all iy, iy in the same f-orbit I, and for all j € [n], b;,ib;,; > O (preserves edge colors).
(iii) For alli,j € [n], by ¢(;) = bij-
(iv) For all'i,j in the same orbit I, bjj = bj; = 0.

Definition 9. Let B be a bipartite skew-symmetrizable matrix, and let f be a bicolored automor-

phism on B. Then, one may fold B to get f(B), another bipartite skew-symmetrizable matrix with
rows and columns indexed by f-orbits, defined as

f(B)iy:=)_by, foranyj € J.
i€l
In particular, the result does not depend on j € J.
With a bicolored automorphism, one can fold bindings to obtain other bindings.

For instance, there exists a bicolored automorphism that folds the exceptional binding
D5 X Ay into an exceptional binding of B4 and C4, denoted B4 X Cy4 (see Figure 3).

/ !

(41 U1 (%1
/
(%) (%)
/
U3 U3
/
Uy Uy

Figure 3: The folding of exceptional type D5 X A7 to B4 X C4. The vertices v; and v/
form the f-orbit v} for each i € {1,2,3,4}. This folds D5 to By and Ay to Cy.

In addition, with a valid bicolored automorphism that folds Dynkin diagram I' to
Dynkin diagram A, one can fold the twist I' x I' into another binding. We use the
notation A X I'and I' ¥ A to denote a binding of A and I" obtained by folding one side of
a twist, and Aj > Aj to indicate a binding of A; and A; obtained by folding both sides
of the twist I' x I'. Two examples of folded twists are depicted in Figures 1 and 4.

Remark 10. In general, C, is only defined for n > 3. However, we sometimes use Cy to

denote the opposite orientation of By. This notation is useful in distinguishing between bindings
By, x Dy 41 and C,, X Dy, 41 when n = 2 (see Figure 4).
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Figure 4: The double bindings Bz X D4 and C3 X Djy.
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Figure 5: The bindings Bs * C5 and Fy * Fy.

Proposition 11 ([15]). A Dynkin biagram is admissible if and only if all of its bindings are
admissible.

By definition, all parallel bindings are tensor products, which are admissible. It is
also clear from the form of twists (2.2) that I' and A commute. Using Proposition 11, we
can string together various sequences of parallel bindings, twists, and folded twists to
form admissible Dynkin biagrams. For example,

Bn*Cn = (BzEBzE---EBz><B2)*,
FyxFy:= (By = By X B = By)¥,
E6 *q F4 = (BZ = By X D3 = Dg)*, and
Eg *p Fy := (C2 =(Cy X D3 = Dg)>X<
are all admissible bindings (see Figures 5 and 6).

Lemma 12 (Folding biagrams). Let (', A) be an admissible Dynkin biagram and let f be a
bicolored automorphism. Then folding along f produces another admissible Dynkin biagram
(', A,

The following operation plays an important role in the proof of the bijection between
admissible Dynkin biagrams and Zamolodchikov periodic cluster algebras in Section 4.

. _—9 , —9

Figure 6: The bindings E¢ *1 F4 and Eg *; Fy.
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Definition 13 (Global flip). Given a Dynkin biagram (T, A), we can produce another Dynkin
biagram by taking the transpose (I'",A"). We call this operation a global flip of a Dynkin
biagram.

Notice that if (T, A) is a pair of commuting Cartan matrices, then (T'",AT) is also a
pair of commuting Cartan matrices. In other words, admissibility is preserved under
global flips. Figures 4 and 6 are examples of global flips.

Remark 14. This operation is equivalent to taking the Langlands dual of a group. In particular,
if G is a reductive algebraic group with Dynkin diagram D, its Langlands dual G has Dynkin
diagram D', where D’ is the global flip of D.

3 Classification of commuting Cartan matrices as admissi-
ble Dynkin biagrams

Much of the work of classification was in classifying the non-ADE double bindings by
analyzing potential pairings of Dynkin diagrams and dominant eigenvectors of their
corresponding Cartan matrices.

Theorem 15. The admissible non-ADE double bindings are
(a) parallel bindingsT =T, T =, T, and T =3 T forT € {Ay, By, G2},
(b) twists I' x T for non-ADE T,
(c) By X Dyt1, Cy X Dyyq, By >4 Cy, Go X12 Dy, B3 <15 Gy, C3 <11 Gy, and
(d) the exceptional binding B4 X Cy.

The idea of the proof of Theorem 3 uses Proposition 11 and is based on a basic
argument adapted from [15]. Let I' have k components, I'y, ..., I'x. We define C to be the
component graph on the vertex set [k] that has an edge {i, j} if there exists an edge of A
that connects vertices of T'; and T';. Such an edge then denotes the binding of T; and T';.

Since every admissible Dynkin biagram can be formed through a series of taking
duals and gluing together bindings, the class of connected admissible Dynkin biagrams
is the smallest class G that contains

(i) A1 ® A1, A1 ® Ay, A1 ® By, A1 ® G and all admissible Dynkin double bindings,

(ii) all admissible Dynkin biagrams obtained by gluing together bindings in G along
some connected component graph C, and

(iii) the dual of every biagram (I', A) in G such that A has at most 2 components.
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Thus, we need only show that the list of families of non-ADE Dynkin biagrams
satisfies these three conditions. This leads us to the following classification.

Theorem 16. The connected admissible non-ADE Dynkin biagrams are made up of 29 infinite
families and 14 exceptional types, including all double bindings (see [1] for the full list). Moreover,
any admissible Dynkin biagram can be obtained from an ADE bigraph through a sequence of
global flips and folds along bicolored automorphisms.

4 Admissible Dynkin biagrams satisfy Z-periodicity

Let B be a bipartite recurrent B-matrix with |B| = I' + A, and let A € R" be a labeling
of the n indices. The tropical T-system t* associated with B is a family #;'(¢) € R of real
numbers with tropical mutation defined as follows:

u((t —1)) ==t} (t +1) = max (Zrikt?(t),ZA]-kt]A(tO —t}(t—1), (4.1)
i j

where the system is defined only for k € [n] and t € Z such that
ex=o0 and =0 (mod 2) or € =e and t=1 (mod 2). (4.2)
The tropical T-system is set to the following initial conditions:
t1(0) = Ay and t(1) = A, for all k satisfying (4.2).

We say the associated tropical T-system t* is periodic if there exists a positive integer
N such that #}(t +2N) = t}(t) for all k € [n],t € Z.

Proposition 17. Let B be a bipartite recurrent B-matrix. Then, B is Zamolodchikov periodic if
and only if its associated tropical T-system t" is periodic for all A € R™.

In this section, we outline one direction of the proof of Theorem 1. Galashin and
Pylyavskyy proved in [5] that admissible ADE bigraphs have periodic tropical T-systems.
Recall from Theorem 16 that every admissible Dynkin biagram can be obtained from an
admissible ADE bigraph through a sequence of global flips and folds along bicolored
automorphisms.

The following two lemmas show that both of these operations work well with tropical
mutations.

Lemma 18. Let |B| = I' + A, where B is a bipartite recurrent B-matrix. Let C be a diagonal
matrix with positive diagonal entries ¢ € RY, such that CB is a skew-symmetric matrix. Let
p € R" be a labeling of B. Define A € R" as A; := Lp;, for all i € [n]. Let

p;{ =+ pk = max <Z rikpi/ ZA]kp]> and )\]/( + )\k = max <Z rki)ti, ZAI‘])\]>
i j 1 j

1
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for k € [n]. Then, A} = Cl—kp;{

Lemma 19. Let (B, f,p) be a B-matrix, a bicolored automorphism, and a labeling such that
¢y = pis for all i € [n]. We may apply f to any such labeling to create a new labeling where

f(p)1 = p;i for any element i in the orbit 1. Then, uyo f(p) = f o[ Ties pi(p)-

From these lemmas, it is clear that if we start with a periodic tropical T-system,
applying folding or global flips yields another system that is still periodic. With the help
of Theorem 16 and Proposition 17, we have the following proposition.

Proposition 20. The tropical T-system associated to an admissible Dynkin biagram (T, A) is
periodic, with period dividing hr + hy.

5 Colored Mutations

Theorem 1 has further implications that hint at a strong connection between root systems
and bipartite cluster algebras. Let B be a Zamolodchikov periodic B-matrix, and let t;\
be its corresponding tropical T-system. Recall the form (4.1) for tropical mutation. For a
generic initial labeling A € R”, we can color this mutation either red or blue, depending
on the evaluation of the max function. If the maximum is Y_; [;#(¢), then we call this a
I'-mutation, and color it red. Otherwise it is a A-mutation, and color it blue.

Recall that the number of roots in a root system is /1 - r, where & is the Coxeter number
and r is the rank. If we color mutations for one period hr + h, we observe an interesting
pattern:

Conjecture 21. Let (I', A) be an admissible Dynkin biagram with r vertices. The number of T-
mutations in one period is the number of roots in the root systems associated to each I'-component,
totaling to hr - r. Similarly, the number of A-mutations in one period is the number of roots in
the root systems associated to each A-component, hy - r.

This conjecture has been verified by SageMath on all non-ADE families in Theorem
16, as well as all infinite ADE families for n < 10.

Example 22. Let us consider the Dynkin biagram given by Ay ® As, with I consisting of two
A3 components, and A consisting of three Ay components. The Coxeter numbers of each are
hr = 4 and hp = 3, so the length of one period is hr + hp = 7. In the tropical T-system, this
corresponds to iterating t by 14 time steps, as each time step only mutates half of the vertices.

Suppose our initial labeling is A = [2,0,—0.9,1,—1,4] € R®. In Table 1, we can see the
evolution of the T-system t(t) over half a period of mutations. In this case, the second half of
the period behaves identically. Indeed, we see that the total number of I'-mutations in one period
is 6hr = 24, and the total number of A-mutations in one period is 6hp = 18.
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Table 1: The evolution of the tropical T-system of type A, ® A3 for one half period.
The red boldface numbers are the I'-mutations, while the blue boldface numbers are
the A-mutations.

In fact, one can visualize the space of all initial labelings A € R" as partitioned
into chambers based on the sequence of colored mutations A produces in one period.
Going from one chamber to another involves crossing a linear wall which swaps some
number of red and blue mutations in the period. For the small case of single Dynkin
diagrams, we observed the following, implying a potential bijection between chambers
and clusters.

Conjecture 23. Let A € {Ay,, Bon, Con, En, F1, Go} be a Dynkin diagram of rank r. Consider
the Dynkin biagram A ® Aq. The corresponding fan in the space of initial labelings R" has c 5
distinct chambers, where c 5 is the number of seeds in the cluster algebra of type A.

The following conjecture generalizes Conjecture 21, and applies to affine X finite
ADE bigraphs as defined in [6].

Conjecture 24. Let (T, A) be an admissible biagram with r vertices where the components of
I' are affine Dynkin diagrams and the components of A are Dynkin diagrams. The number of
A-mutations is bounded above by the number of A-roots, hy - .

This conjecture has also been verified by SageMath on all 19 families in the classifica-
tion from [0] of affine X finite ADE bigraphs for n < 10.

6 Connections to W-graphs

In 2010, Stembridge studied admissible ADE bigraphs, as they helped classify the ad-
missible I (p) x Ix(g)-cells, which encode the action of the standard generators inherited
from I(p) x I(g) on the Kazhdan-Lusztig basis of its associated Iwahori-Hecke alge-
bra H(W). In this section, we explore which W-graphs are associated with admissible
Dynkin biagrams. We adopt most of our notation from [14] and [15].

Let I be a finite index set. An I-labeled graph is a triple A = (V,m, T) such that

(i) V is a vertex set of size n € IN,
(ii) m € Mat,x,(Z[g*1/?]) is a weighted adjacency matrix, and

(iii) 7:V — {subsets of I} is a labeling of the vertices, called the t-invariant.
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Now, let W be a Coxeter group relative to a generating set S = {s; | i € I}. Let
{T; | i € I} be the corresponding set of generators of the associated Iwahori-Hecke
algebra H over the ground ring Z[q%'/?]. Recall that the defining relations for 7 are the
quadratic relations (T; — q)(T; +1) = 0 for all i € I, and the braid relations inherited
from (W, S).

Definition 25 (W-graph). An I-labeled graph A is a W-graph if the Z[q+1/?]-module Mn
freely generated by vertex set V may be given the H-module structure such that for allu € V,

T ifi ¢ T(u),
Ti(u) = {_u+q1/zzv:i¢m)) Mo ifi € T(u).

In particular, these operators always satisfy the quadratic relations (T; — g)(T; + 1) =
0, so the only nontrivial condition to satisfy is maintaining the braid relations.

In addition, if my, = 0 whenever t(u) C 7(v), then we say the I-labeled graph
is reduced. Notice that when 7(u) C 7(v), the value of m,, never plays a role in the
operators defined above. So without loss of generality, we assume our W-graphs are
always reduced. A W-graph is a W-cell if its matrix of edge weights m is strongly
connected. Since the vertex set of any directed graph can be uniquely partitioned into
strongly connected components, it can be shown that a W-graph A can be broken into
W-cells. If A is a reduced W-graph, then a vertex v with 7(v) = @ or t(v) = [n]
necessarily has outdegree 0 or indegree 0. So in this case, {v} forms its own cell of A.
Such cells are called trivial.

Given a Coxeter group W, one can construct a W-graph (V, m, T) by taking the matri-
ces representing the action of the standard generators T; on the Kazhdan-Lusztig basis
of H. In particular, the matrix m of edge weights is exactly a function of the coefficients
in the Kazhdan-Lusztig polynomial P,,(g). For more details on the construction, we
refer the reader to [7].

Remark 26. In this section, we focus on classifying W-cells that are bipartite with nonnegative
edge weights. This is a generalization of admissible W-cells as defined in [14], which captures
several combinatorial features of Kazhdan—Lusztic W-graphs. Indeed, since P,,(q) only has
integral powers of q, it follows that m is bipartite. Additionally, for a finite Coxeter group W,
its associated Kazhdan—Lusztig polynomial P, ,(q) has nonnegative integer coefficients, so these
W-graphs have nonnegative edge weights.

Lemma 27. A bipartite strongly connected multigraph with vertex color labels {1},{2} is a
nontrivial Ip(p)-cell with nonnegative edge weights m if and only if it is a Dynkin diagram of
finite type whose Coxeter number divides p.

Theorem 28. The I;(p) x I2(q)-cells with nonnegative edge weights are in correspondence with
certain {1,2,3,4}-labeled connected admissible Dynkin biagrams (T', A) such that hr divides p
and hy divides q. In particular, each such Dynkin biagram has four distinct labelings that produce

an I (p) x Ir(g)-cell.
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