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Abstract. We consider inhomogeneous bases of symmetric functions which evaluate
to characters of the symmetric group and are closely related to long-standing open
problems in combinatorial representation theory such as the Kronecker problem and
the restriction problem. We describe combinatorial interpretations for the transition
matrices between the basis that evaluates to induced trivial characters (or permutation
characters) and other classical bases of symmetric functions. The transition coefficients
are closely related to the Mobius function of the multiset partition poset and are ex-
pressed in terms of multisets of Lyndon words.
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1 Introduction

Let A denote the ring of symmetric functions in infinitely many commuting variables.
Given two bases {a,} and {b,} of A, we let M(a,b) be the transition matrix that allows
us to express elements of the a basis in terms of the b basis. In particular, M(a,b),
is equal to the coefficient of b, in a). Combinatorial interpretations for the entries of
the transition matrices between all pairs of classical bases of A are known [12, Chap. I,
Sec. 6]; most of these can be expressed in terms of the Kostka matrix. Combinatorial
interpretations for many of these bases were given by Remmel and his coauthors [5, 6,
], including a combinatorial description of the inverse Kostka matrix.

It is well-known that there are powerful connections between A and the represen-
tation theory of both GL, and S,. For example, irreducible GL, characters are equal
to evaluations of Schur polynomials at the eigenvalues of elements of GL,. In [16], the
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second and third authors defined two new inhomogeneous bases for A, the irreducible
character basis {3,} and the permutation character basis {h,}. Evaluations of elements of
the 3 basis at roots of unity (eigenvalues of permutation matrices) yield irreducible char-
acters of S,. Similarly, evaluations of elements of the / basis at roots of unity yield
the characters of trivial representations induced from a Young subgroup to S,. Further
properties and product formulae for these bases are developed in [1, 10, 15, 17, 18],

The § basis and / basis have a relationship analogous to that of the s basis and / basis,
in that they are also related by Kostka numbers. By definition in [16], for n > 2|u|,

I =Y Ko Al ), ([l )50
A<l

and conversely, 5, can be expressed in terms of fzy’s with inverse Kostka coefficients.

The 3§ basis is closely related to two key open problems in combinatorial represen-
tation theory: the Kronecker problem and the restriction problem. The structure coeffi-
cients of the § basis are the reduced Kronecker coefficients, studied in [3, 4, &, 15, 10]

S5 =Y, a4 v -
v

Moreover, M(s,3),, is equal to the restriction coefficient r) ,, where ResgnL”W/\ =
GBV(S")@W* and W is the irreducible polynomial representation of GL, indexed by A
and S* is the irreducible representation of S;, see [/, 11, 14, 16].

To better understand the § basis and / basis in hopes of tackling these big open
problems, a key first step is finding combinatorial interpretations for expansions of these
bases into the classical bases of A, and vice versa. It is shown in [16] that M(h, h) PR E
counted by multiset partitions and M(h, §), , is counted by certain multiset tableaux. An
interpretation for M(e, §), , using set-valued tableaux is given in [17]. In this paper, we
add to these results by proving combinatorial interpretations for the coefficients in the
expansions of the h basis into the homogeneous, monomial, and Schur bases.

Because the entries of M(h, /1) enumerate multiset partitions, a special case of these
transition coefficients are closely related to the problem of computing the Mébius func-
tion for the integer partition lattice ordered by refinement [2(] (see [19] p. 386) and more
generally the poset of multiset partitions [?]. We found the connection between these
lattices and the combinatorics of sets of Lyndon words appearing in these coefficients to
be surprising.

This extended abstract is organized as follows. In Section 2 we present and outline the
proof of our main theorem: a combinatorial interpretation for M (fz,h) A In Section 3,
we give several consequences of this theorem, including combinatorial interpretations for
M(h,m), ,, (Section 3.1) and M(h,s), , (Section 3.2). In Section 3.3 we state combinatorial
interpretations for the expansion of the multiplicative basis {fz Alfz PURER Iy o) } into these
same classical bases.
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2 A change of basis from / to the homogeneous functions

2.1 Definitions and theorem statement

Let a word, w = ajay...ay,, be a sequence of positive integers. The length of the word,
|w| = n, is the number of symbols in the sequence. We define m,(w) to be the number
of times that a occurs in w. The content vector of w is the vector (mq(w), my(w),...).

A word w is Lyndon if |w| = 1 or w is strictly lexicographically smaller than all of its
cyclic shifts. A word w is quasi-Lyndon if it is Lyndon or if w = uu where u is Lyndon and
lu| is odd. To express the coefficient M(1, h) A we need to define triples wh = (w,i,]),
where w is a quasi-Lyndon word and i,j € Z~(. Here we interpret j as the number of

copies of the subscripted word w;, which is the quasi-Lyndon word w with subscript i.
' j

For any w{ we define its weighted content, a(w;), as j times the content vector of w:

a(w)) == (j-my(w),j- ma(w),...) .

For any finite set S containing elements w{, we define the weighted content of S as:

wéeS

Lete(S) := #{w{ € S: |wl| is even}. Then we define the sign of S as sgn(S) := (—1)¢().
Let A, u be two partitions of any sizes. Define M, , to be the set containing all sets S

of elements w{ such that A = «(S) and p = sort(j : w{ € S), such that each w appearing
in a triple in S satisfies the following:

1. If |w| is odd, then i = 1 and w appears in at most one triple in S.

2. If |w| is even, then {i : w{ € S} ={1,2,...,k}, where k is the number of times that
w appears in a triple in S (i.e., every subscript from 1 to k occurs exactly once).

We can now state our main result:

Theorem 2.1. For partitions A, y such that |u| < |A|,

M(h, )y, =Y, sgn(S).
SEM,\/V

Example 2.2. To compute M(ﬁ,h)(5l3),(2,2,1) = +2, we sum the signs of the elements in
M 5,3),(2,2,1), Which are as follows:

S; = {12,123,121}, sgn(Sy) = (=1)> S, = {1%,121,123}, sgn(S,) = (—1)?
S3 = {113,12},22}, sgn(S;3) = (—1)> Sy = {13,1112},22}, sgn(S,) = (—1)}
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Notice that each S; has superscripts 2,2,1, the parts of u. Moreover, the total numbers of 1’s and
2’s in the subscripted quasi-Lyndon words (with multiplicity) in each S; are 5 and 3, respectively.

A multiset partition 7 of content M = {{11,2%,...,¢(a)*® } is a multiset of mul-
tisets whose disjoint union (with multiplicity) is equal to M. The type of the multiset
partition 7t is an integer partition v = (71,...,7¢(,)) such that there are distinct mul-

tisets Ay, A, ..., Ay, with m = {{A“,Agz,. ) .,AZ(Z(J; B. The second and third authors

show in [16] that M(h,h) iy is equal to the number of multiset partitions of content
fam, 212, . l(p)"® } and type y. We denote this set of multiset partitions by IT, .
For example, M(h, h)47),2,1) = 4 because the four elements of I145) (»1) are:

,1|1,2]1,2 1,1,2,2(1]1 1,1,1,1|2|2 22|1,1|1,1

2.2 Proof approach

To prove Theorem 2.1, we show that our proposed combinatorial formula for M(, h) A
does in fact yield the inverse matrix of M(h, /). In other words, we show

Yoo ) sgn(S) | M(h 1)y = 6ry. (2.1)
H SEM)\,V

Since M(h, 1),y = |I1,,|, we can rewrite Equation 2.1 as a sum over pairs (S, ) €
M % 1,4 for any p, summing the sign of the set S in each pair:

Y. Y. sgn(S) = dp. (2.2)
#o(S,m)eEM)xTy,,
We now interpret each pair in M, ,, x I, , as a single object. Notice that for (S, 77) €
M < 1,4, the superscripts on the w;’s in S (which we can interpret as their multiplici-
ties) are given by u, which also gives the content of the multiset partition 7. Then within
7, we can replace each occurrence of k with a word w; such that w!* € S. If multiple
w;’s in S have the same superscript yy, i.e., y has multiple parts py = g1 = = Hrrm,
then we assign the w;’s to the values k, ...,k + m in increasing order, according to the
following total order: w;, < u;, if w <jex u, or if w = u, then i; < ip. This translation
allows us to view each pair (S, ) € M, ,, x 1}, 4 as a multiset partition P whose content
is now a multiset of subscripted quasi-Lyndon words from S.

Example 2.3. Let S = {12,122,121}. This was Sy from Example 2.2, where A = (5,3) and
p=1(2,2,1). Let v = (2,1). We consider all of the pairs (S, 7t) for T € I1(321),2,1)-

The set 1155 1),(2,1) consists of three elements: 1y =1[112,2,3, my =2[2]1,1,3, and
73 =1,2|1,2|3. So three of the pairs contained in M53) 221y X IL(221),(21) are

({13,123,123},1 |1 2,2,3), ({13,12%,123},2 12 1,1,3), ({1%3,12%,12}},1,2]1,23).
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We represent each (S, ;) as a single multiset partition as follows. Since 11 and 121 have the
same superscript but 11 < 121, in each 7t; we replace each 1 with 11, each 2 with 121, and each 3
with 125. These pairs now correspond to multiset partitions of subscripted quasi-Lyndon words:

({13,123,128},1 1 2,2,3) — 11 | 11 | 121,121, 12;

({13,123,128},2 12| 1,1,3) — 12; | 121 | 11,13, 12;
({12,123,123},1,2 | 1,2 | 3) =+ 11,121 | 14,12 | 125.

Let MP, ., denote the set of multiset partitions of type v and content given by some
S € My, for any pu. Then there is a bijection MP,, «— U, (M, x I1;,). For
P € MP,, corresponding to the pair (S, ), define sgn(P) := sgn(S). Then we can
rewrite Equation (2.2) as

Z sgn(P) = 6, ,. (2.3)
PEMP/\/Y

If [A] < |y|, then MP, , is nonempty if and only if A = 7. In this case, its only

element is the multiset partition of content {1]',272,...,¢ (’y);”w) B where every block
contains a single length 1 word. This multiset partition does not contain any even length
words, so its sign is +1. This proves Equation (2.3) when |A| = |7v].

To prove Equation (2.3) for [A| > ||, we show that the signs of the elements of MP, ,,
sum to 0 by categorizing these elements into four cases. In some cases, cancellations
are shown via sign-reversing involutions, while in others, the signs of entire subsets
of MP, , are shown to sum to 0. In every case, multiset partitions that are grouped
together always have the same underlying content (number of 1s, 2s, etc.) per block.

2.3 Outline of cases

Throughout this section, when we say that w with |w| even is repeated in P € MP, , or
a block of P, we mean that w occurs multiple times with any possible subscripts in P or
a block of P. Note also that for w with |w| odd, every instance of w in P € MP, , has a
subscript of 1, so we drop the subscripts on odd length words for simplicity.

We organize the elements of MP, , into the following four cases. The descriptions
of these cases do not partition MP, ,, into four disjoint subsets; rather, they are meant
to be considered in an “if, else” structure, in the order in which they are presented (i.e.
ifP e MP;W satisfies the conditions for Case 1, proceed there; else, consider whether P
satisfies the conditions for Case 2, and so on).

Case 1 addresses elements that contain any non-Lyndon words or contain an odd
length word that is repeated within a block. Case 2 handles elements that have an even
length Lyndon word repeated (with any combination of subscripts) within a block. Case
3 tackles a subset of elements that have an even length Lyndon word that appears in
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more than one non-identical block (with any combination of subscripts). Finally, Case 4
addresses all remaining elements that did not fall into a previous case.

Case 1: Non-Lyndon words and odd length words repeated within blocks. This case
is handled by a straightforward sign-reversing involution ¢. If P € MP, , contains a
non-Lyndon word or has an odd length word repeated in a block, we choose u to be the
lexicographically smallest odd length Lyndon word such that either uu appears in P or
u is repeated in a block of P.

If u is repeated in at least one block of P, for every two copies of u in a block, across
all blocks, concatenate them into uu. If the largest subscript on uu in P was k, give all of
these new copies of uu the subscript k + 1 (i.e. give them a subscript of 1 if uu did not
appear in P). This new multiset partition is ¢(P).

Conversely, if u is not repeated in any block of P but uu appears, assume k is the
largest subscript on uu in P. Then split every instance of uuy into two copies of u. We
define this to be ¢(P). This map ¢ is an involution, and since it alters the number of
subscripted even length words by one, it is sign-reversing, i.e. sgn(P) + sgn(¢(P)) = 0.

Example 2.4. For the following P, P" € MP y51g) (2,1,1), we have u = 112, ¢(P) = P', and
@(P") = P. Notice that sgn(P) = (—1)3 = —1and sgn(P') = (_1)4 — +1, as desired.

P=1,112,112,2,2 | 1,112,112,2,2 | 112,1121124, 224 | 112,112,112,112, 124

P’ =1,112112,,2,2 | 1,112112,,2,2 | 112,1121124,22; | 112112;, 1121125, 124

Case 2: Even length Lyndon words repeated within blocks. In this case, we assume that
P € MP,,,, does not fall in Case 1 and contains at least one block with a repeated even
length Lyndon word (with any subscripts). Recall that P € MP, ., contains 7; identical
blocks for each i < /(7). We refer to each multiset of identical blocks as a multiblock and
call the number of blocks within it its multiplicity, ;. Let B = { B }} denote a multiblock
containing the block B with multiplicity ;.

Choose w to be the lexicographically smallest even length Lyndon word in P that is
repeated within a block. We define the function f,, which forgets the subscripts on all
instances of the word w. Consider the subset L(P,w) € MP, . defined as L(P,w) =
{P": fuw(P") = fw(P)}. We show that

Y. sgn(P')=0. (2.4)
PleL(Pw)

A collection of multiblocks By, ..., By are w-distinguishable if the subscripts on w are
what distinguish the blocks of these multiblocks. In other words, for all i,j < k, for
each B; € B; and B; € B, fw(Bi) = fw(B]-). For example, two multiblocks contain-
ing the blocks {1,2,124,13;} and {1,2,124,13,} are 13-distinguishable but are not 12-
distinguishable. If no two multiblocks containing w are w-distinguishable, we show
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Equation 2.4 via a bijection to tableaux and an application of Lemma 2.5. This bijection
requires ordering the multiblocks in which w appears lexicographically. Example 2.6 is
an example of this. Else, if some of the multiblocks containing w are w-distinguishable,
the proof of Equation 2.4 is more subtle, and Lemma 2.7 is needed.

Lemma 2.5. Fix € Comp(n), the set of all compositions of n. Let RE . denote the number

of tableaux of shape B and content « € Comp(n) with rows weakly increasing (but with no
restrictions on columns). Then

Y ()R _{<—1>" ifp=(1")

weComp(n) 0 else.

Example 2.6. Let P = 1,121 | 1,12,123,131. Then w = 12 and L(P,w) C MP431),1,1)
contains the following eight elements, which are in bijection with composition fillings of the shape
(1,2), and whose signs sum to O:

P =1,12; | 1,12,,125,13; > [1] Ps=1,12, | 1,12,12;,13; — [2]
2(3] (1]
P =1,12, | 1,12;,125,13; > [2] Pe=1,12; | 1,12,,12,,13; + [1]
1[3] 2]2]
Py =1,125 | 1,121,12,,13; — [3] Py =1,12, | 1,12,12,,13; — [2]
1]2] 1]2]
Py=1,121 [ 1,12,12,,13; — T g B LI201L12012018) ?”

Lemma 2.7. Fix B # (1") € Comp(n). Let C = {Cy,...,Ci} be a set partition of [{(B)]
such that if i,j € Cy, then B; = Bj. Let D¢ denote the set of tableaux T of shape B and any
composition content such that rows are weakly increasing and for each C,, € C, the rows of T
indexed by the elements of C,, are all different. Let «(T) denote the content composition of T,
such that w; is the number of i’s in T. Then

Y (1)) = .

TeDe

Case 3: Even length Lyndon words repeated across non-identical blocks. Here, we
assume that P does not fall in Cases 1 or 2 and has at least one even length Lyndon word
that appears (with any subscripts) in more than one multiblock.

Two multiblocks are word equivalent if their blocks are identical when we remove the
subscripts from all even length Lyndon words within them. For example, two multi-
blocks containing the blocks {1,2,125,13;} and {1,2,12;,13;} are word equivalent. We
can partially order the set of multiblocks of P € MP, ,, using lexicographic order (ignor-
ing subscripts) on their blocks. For a choice of total order compatible with this partial
order (i.e. where an order is chosen for the multiblocks within each word equivalent
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collection), we say that an even length word w has the standard labeling with respect to
this total order if its subscript in the ith smallest multiblock in which it appears is i. We
address the following subcases:

1. P contains at least one even length Lyndon word w that is not contained in
any word equivalent multiblocks and does not have the standard labeling. Then
similarly to Case 2, we choose the lexicographically smallest such w, and a bijection
to tableaux and application of Lemma 2.5 shows that the signs of all elements of
L(P, w) with nonstandard labelings sum to 0.

2. P does not satisfy subcase 1, and P contains a collection of word equivalent
multiblocks that have an even number of even length Lyndon words per block.
We let E denote the set of all even length Lyndon words (without subscripts)
that appear in at least one collection of word equivalent multiblocks in P. Let
fE be the function that forgets subscripts on all words in E, and define £L(P,E) =
{P" € MPy, : fe(P) = fe(P')}. Then a technical proof involving Lemma 2.8
and a variant of Lemma 2.5 for tableaux with strictly increasing rows shows that

Ypec(pE)sgn(P') = 0.

Lemma 2.8. Let X = {Xy,..., X} be a set such that each X; is a set consisting of the same
k even length Lyndon words, but different X;’s may have different subscripts on these words.
For each word w appearing in X, for each 2 < j < m, w; can only appear if w;_1 also appears

somewhere in X. Define sgn(X) to be (—1)°(Y) where e(X') is the number of distinct subscripted
words appearing in X. Then the sum of the signs of the X’s is

Y sgn(¥) = 0 if k is even
X a set & B (_1)km kaZSOdd

3. P does not satisfy subcases 1 or 2, and P contains a collection of word equivalent
multiblocks that have an odd number of even length words per block, some of
which do not have a standard labeling. Then applying the same lemmas as in
subcase 2, the signs of the elements of L(P, E) that do not have a standard labeling
on all even length words sum to 0.

Example 2.9. The following elements of MP (7 33) 11,1) fall in each of the subcases of Case 3.
Py =1,129,13; | 1,13,2 | 125,134 satisfies subcase 1, as Py has no word equivalent multiblocks
and 13 does not have the standard labeling. Next P, = 1,121,131 | 1,12,,13; | 1,2, 3 satisfies
subcase 2, as two multiblocks are word equivalent and have two even length words per block.
Finally P3 = 1,123 | 1,12, | 12;,134, 133 satisfies subcase 3, since the first two multiblocks are
word equivalent and contain one even length word, 12, which does not have a standard labeling,
since to be standard, 12 would need subscripts 1,2 in the first two multiblocks and 3 in the last.
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Thus the elements from Case 3 that we have not yet eliminated are those P in which
all even length words appearing in multiple multiblocks have a standard labeling and
all collections of word equivalent multiblocks have an odd number of even length words
per block.

Case 4: All remaining elements of MP, .. The remaining elements in MP, , have
only Lyndon word entries, no repeated words within a block, and a standard labeling
on all even length words. In addition, two multiblocks can only be word equivalent if
they contain an odd number of even length words per block.

Example 2.10. Two elements that fall in Case 4 are the following Py € MPs544) 322y and
Py € MPig132),221,11)°

Pp=1|1|1]13,,23;|131,23;]2]|2
Py=1,121 | 1,121 | 1,125 | 1,125 | 1,125 | 11123,124,2,23; | 11125,125,2,23,

Showing that the signs of these remaining elements sum to 0 relies heavily on the
next lemma. Its proof uses Kulikauskas and Remmel’s combinatorial interpretation for
the M(m, e) transition matrix given in [%, Theorem 2], applied to m1yx).

Lemma 2.11. Let a be a weak composition of size > 1 and length (. Define
Wy := {W : W is a set of Lyndon words of content {1%1,2%2,... (*}},

meaning, the number of i’s used in each W is «;. Let e(W) denote the number of even length
words in W. Then

) (=1)M™) =0, and |{W € W, : e(W) is even}| = [{W € W, : e(W) is odd}|.
WeW,

The content of a block B is the weak composition « such that the number of i’s in B
is «; (i.e. the sum of the content vectors of the words in B). We say that two multiblocks
are content equivalent if they have the same content per block. If P € MP, , has at least
one multiblock that is not content equivalent to any other and has content of size > 1

per block, then we show that the sign of P cancels out by a direct application of Lemma
2.11. See Example 2.12.

Example 2.12. The signs of the following four elements of MP 4 4) (2) sum to 0 by Lemma 2.11:

Py =1122; | 1122; Py =112,2|112,2
P, =1,122 1,122 Py =1,124,2|1,124,2

If every multiblock in P is content equivalent to another multiblock in P, then to per-
form our final cancellations, we construct a sign-reversing involution using the bijection
shown in Lemma 2.11 and taking into account that multiblocks with an odd number of
even length words can repeat (if given a standard labeling on all even length words).
This final subcase addresses the remaining elements of M'P, ., and completes the proof.
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3 Applications of the main theorem

3.1 A change of basis from / to the monomial basis

An expansion of the 1 basis into the monomial basis is obtained by combining Theorem
2.1 and the combinatorial interpretation for the M(h, m), , coefficient as the number of
tableaux of content u and shape y with rows weakly increasing, where the content of
a tableau is the sum of the content vectors of the words in all the cells. The proof of
Theorem 3.1 involves a simple application of Lemma 2.5 to make some cancellations.

Theorem 3.1. For partitions A, v with |y| < |A|, M(h, m), ., is equal to (—1)M+1 times the
number of tableaux of content A and shape <y whose entries are quasi-Lyndon words such that
rows are lexicographically weakly increasing but only odd length words can repeat within a row.

Example 3.2. Suppose A = (3,2) and y = (2,1). Then M(h,m),, = (—1)°"3-12 = +12
and is counted by the following tableaux:

1 1‘ 111‘ 1112‘ 112‘ 1122‘ 1 2‘ 1 22‘ 1 12‘ 1 2‘ 1 22‘ 1122‘ 12 2‘

122 22 2 12 1 112 11 2 12 1 1 11

3.2 A change of basis from /i to Schur functions

An expansion of the /1 basis into the Schur basis is obtained by combining Theorem 2.1
and the combinatorial interpretation for the M(h,s), , coefficient, which is the Kostka
number K, ,, the number of semistandard tableaux of content u and shape 7. The
following lemma concerning skew shape tableaux of composition content is used to
perform cancellations in the proof of Theorem 3.4.

Lemma 3.3. Let v C A such that A/v is a skew shape with |A/v| = |A| — |v| = n. Denote by
SSYT(A/v, ) the set of semistandard tableaux of shape A /v and content « € Comp(n). Then

Y Y~ = {(—1)” if /v is a vertical strip,
)

aeComp (1) TESSYT(A /v, 0 else.

Theorem 3.4. For partitions A,y with |y| < |A|, M(h,s),., is equal to (—1)M+1] times
the number of tableaux of content A and shape 7y whose entries are quasi-Lyndon words, such
that rows are weakly lexicographically increasing but only odd length words can repeat within a
row, and columns are weakly lexicographically increasing but only even length words can repeat
within a column.

Example 3.5. Suppose A = (4,2) and v = (2,1). Then M(h,s),, = (-1)¢*3.11 = —11
and is counted by the following tableaux:

1 1‘ 1 11‘ 1 122‘ 1 12‘ 1 112‘ 11 22‘ 11 12‘ 11 112‘ 11 2‘ 1 2‘ 1 1112‘

1122 122 11 112 12 11 12 2 112 1112 2
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3.3 Transition matrices for the / At h A, basis

As shown in [15], the family {f, /5, - -} « » 1A forms a multiplicative inhomogeneous
basis for the ring of symmetric functions. The basis elements are the characters of tensor
products of trivial symmetric group representations with a diagonal action of the group.
The family will be represented by [T/ as short notation representing the collection of
symmetric functions. As the [T/ basis is multiplicative, it can be shown that Theorem 2.1
implies the following interpretation for the expansion of the []/ basis into the  basis.
A positive rule for the coefficient of fzv in i Aﬁy is explained in [17] and the following
combinatorial interpretations are developed by formulating an interpretation for the
transition matrix M([Th, h) and multiplying by M(h,m) and M(h,s), respectively for
the two corollaries.

Theorem 3.6. For partitions A, u with |u| < |A|, M(T] fl,h)/w = Y gsgn(S) where the sum
is taken over S € M, , (as defined for Theorem 2.1) such that the only quasi-Lyndon words
allowed in S are of the form a or aa for some positive integer a.

Then interpretations for the expansions of the [T/ basis into the m and s bases follow
from Theorem 3.6 by proofs analogous to those of Theorems 3.1 and 3.4.

Corollary 3.7. For partitions A,~y with |7y| < |A|, M(ITh,m), ., is equal to (=) times
the number of tableaux of content A and shape «y whose entries are words of the form a or aa for
some positive integer a, such that rows are lexicographically weakly increasing but only words of
length one can repeat within a row.

Corollary 3.8. For partitions A, with |y| < |A|, M(ITh,s)a is equal to (—1)M+1 times
the number of tableaux of content A and shape -y whose entries are words of the form a or aa for
some positive integer a, such that rows are lexicographically weakly increasing but only words of
length one can repeat within a row, and columns are lexicographically weakly increasing but only
words of length two can repeat within a column.
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