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The Ehrhart Series of Alcoved Polytopes
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Abstract. Alcoved polytopes are convex polytopes which are the closure of a union of
alcoves in an affine Coxeter arrangement. They are rational polytopes, and therefore
have Ehrhart quasipolynomials. We describe a method for computing the generating
function of the Ehrhart quasipolynomial, or Ehrhart series, of any alcoved polytope via
a particular shelling order of its alcoves. We also show a connection between Early’s
decorated ordered set partitions and this shelling order for the hypersimplex ∆2,n.
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1 Introduction

Let Φ ⊂ Rn be an irreducible crystallographic root system and W be the corresponding
Weyl group. Associated to Φ is an infinite hyperplane arrangement known as the affine
Coxeter arrangement. The connected components of this hyperplane arrangement are
simplices called alcoves. Lam and Postnikov defined a proper alcoved polytope to be the
closure of a union of alcoves [12].

For any root system, Fomin and Zelevinsky’s generalized associahedra are examples
of polytopes which can be realized as alcoved polytopes [6, 3]. In the special situation
of the root system Φ = An, examples of alcoved polytopes include hypersimplices and
positroid polytopes.

The vertices of alcoved polytopes have rational coordinates, meaning that alcoved
polytopes are rational polytopes. Let P ⊂ Rn be a rational convex polytope, with un-
derlying lattice Zn. Ehrhart theory is about counting lattice points in rational polytopes.
In particular, Ehrhart showed that the number of lattice points in the t-dilate of a ra-
tional polytope P is a quasipolynomial in t [5]. A quasipolynomial with period d is a
function p : Z→ Z such that there exist periodic functions pi : Z→ Z with period d so
p(z) = ∑n

i=0 pi(z)zi. We call L(P, t) = #(t · P) ∩Zn the Ehrhart quasipolynomial of P. The
generating series ∑∞

t=0 L(P, t)zt, called the Ehrhart series, is a rational function in z. While
the Ehrhart theory of lattice polytopes has been widely studied, the Ehrhart theory of
rational polytopes is less explored [2, 1, 13].

Our first main result stated imprecisely is the following:
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Theorem (Precise statement in Theorem 3.3). Fix an irreducible crystallographic root
system Φ ⊂ Rn. Let P be an alcoved polytope and let ΓP = (V, E) be the dual graph
to the alcove triangulation of P. Pick some v0 ∈ V and orient the edges of ΓP so that
for all {u, w} ∈ E, u → w if and only if u appears before v in the breadth-first search
algorithm (see Definition 3.1) starting at v0. There exists a weighting of the edges E and
parameters `1, · · · , `n depending only on Φ such that the Ehrhart series of P is equal to

Ehr(P, z) = ∑w∈V zwt(w)

∏n
i=0(1− z`i)

, (1.1)

where wt(w) = ∑u→w wt((u, w)) is the sum of the weights of the ingoing edges to w.

We prove this main result using the additivity of Ehrhart series. Specifically, we can
decompose each alcoved polytope into disjoint union of half-open alcoves, and then add
up all their Ehrhart series.

Remark 1.1. The authors realized significantly after proving formula Equation (1.1) that
it is very similar to one given by [16] for so-called “sliced polytopes” which generalize
alcoved polytopes of Type A. However our formula considers rational polytopes, and as
we limit to the case of general alcoved polytopes, we directly incorporate the data of the
root system.

After proving Equation (1.1), we show a relationship in Theorem 4.8 between this
formula and another formula for the h∗-polynomial of the second hypersimplex

∆2,n = {(x1, . . . , xn) ∈ [0, 1]n |
n

∑
i=1

xi = 2}

which is given in terms of combinatorial objects called decorated ordered set partitions.
The only known proofs of the latter formula simply enumerate decorated ordered set
partitions and show that the number of these objects gives the h∗ coefficients; our
proof gives a bijective reason for why decorated ordered set partitions appear in the
h∗-polynomial of the second hypersimplex.

1.1 Organization

In Section 2, we cover relevant background materials, including root systems and alcoved
polytopes. In Section 2.3, we review some general Ehrhart theory of rational polytopes
that is relevant to alcoved polytopes and provide some lemmas that are used to show
our first main result. We precisely state this main result (Theorem 3.3) in Section 3. In
Section 4, we recall a formula for the h∗-polynomial of the hypersimplex ∆k,n in terms
of hypersimplicial decorated ordered set partitions [10] and show a connection with the
formula yielded by Theorem 3.3 in the case k = 2.
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2 Preliminaries

In this section, we recall the relevant background for root systems which will be used to
define alcoved polytopes. We follow the conventions in [12].

2.1 Root systems

Let Rn be equipped with a nondegenerate symmetric inner product (·, ·). Let Φ ⊂ Rn be
an irreducible crystallographic root system with a choice of basis of simple roots α1, . . . , αn.
Let Φ+ ⊂ Φ be the corresponding set of positive roots. The coweight lattice Λ∨ is the
integer lattice defined by Λ∨ = Λ∨(Φ) = {λ ∈ Rn | (λ, α) ∈ Z, for all α ∈ Φ}. Let
ω1, . . . , ωn ⊂ V be the basis dual to the basis of simple roots, i.e., (ωi, αj) = δij. The ωi
are called the fundamental coweights. They generate the coweight lattice Λ∨.

Let ρ = ω1 + · · ·+ ωn. The height of a root α is the number (ρ, α) of simple roots that
add up to α. Since we assumed that Φ is irreducible, there exists a unique highest root
θ ∈ Φ+ of maximal possible height. For convenience we set α0 = −θ. Let a0 = 1 and
a1, . . . , an be the positive integers given by ai = (ωi, θ).

2.2 Alcoved polytopes

Let Φ ⊂ Rn be a crystallographic root system. The set of affine hyperplanes of the form
Hα,k = {λ ∈ Rn | (λ, α) = k}, where α ∈ Φ+, k ∈ Z, divides Rn into open alcoves:

Definition 2.1. An (open) alcove is the set

A = {λ ∈ Rn | mα < (λ, α) < mα + 1, for α ∈ Φ+}

where mα is a collection of integers associated with the alcove A. A closed alcove is the
closure of an alcove.

Definition 2.2. The fundamental alcove is the simplex given by

A∗ = {λ ∈ Rn | 0 < (λ, α) < 1, for α ∈ Φ+}
= Interior of convex Hull of the points 0, ω1/a1, . . . , ωn/an.

The affine Weyl group Waff associated with the root system Φ is generated by the
reflections sα,k : Rn → Rn, α ∈ Φ, k ∈ Z, with respect to the affine hyperplanes Hα,k, and
acts simply transitively on the collection of all alcoves [8]. In particular, the closure of
each alcove has the same Ehrhart series, and we can use alcoves as the building blocks
for a family of polytopes with natural triangulations (see Definition 2.4) in which all
top-dimensional simplices have equal volume:
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Definition 2.3. An alcoved polytope is a polytope which is the union of some collection of
faces of closed alcoves. A proper alcoved polytope is a polytope which is a union of closed
alcoves, equivalently a top-dimensional alcoved polytope.

In other words, every alcoved polytope is of the form

P = {λ ∈ Rn | kα ≤ (λ, α) ≤ Kα, for α ∈ Φ+},

where kα, Kα are two collections of integers indexed by the positive roots α ∈ Φ+.

Definition 2.4. A subdivision of a polytope P is a finite set of polytopes C such that

•
⋃ C = P,

• for each P ∈ C, all the faces of P are in C,

• for any P, Q ∈ C, P ∩Q is a face of both P and Q.

A triangulation of a polytope is a subdivision such that each polytope in the subdivision
is a simplex.

An alcoved polytope is equipped with a triangulation such that the maximal faces
are closed alcoves. This is called the alcove triangulation.

Definition 2.5. Let P be an alcoved polytope. We associate a graph ΓP = (V, E) with
labeled edges to the alcove triangulation of P. We will abuse notation and also use ΓP to
denote the simplicial complex of the alcove triangulation of P. The vertex set V consists
of closed alcoves in P, and the edge set E consists of (A, A′) if A and A′ share a common
facet.

Note that the action of Waff on the alcoves allows us to label the alcoves by elements
of Waff so that two neighboring alcoves differ by a simple reflection.

2.3 Ehrhart series of half-open rational simplices

A key ingredient of the proof of Theorem 3.3 is to write an alcoved polytope P as a
disjoint union of half-open simplices, or simplices with some facets removed. Since the
number of lattice points in P1 t P2 is the sum of the numbers of lattice points in P1 and
P2, it suffices to look at the Ehrhart series of these half-open simplices. We may use the
following lemma to write its Ehrhart series:

Lemma 2.6. Suppose A is a k-simplex in Rm with rational vertices β0, . . . , βk. Let `i be the least
positive integer t for which tβi ∈ Zm. Let Fi be the facet of A that does not contain the vertex
βi. Let F ⊆ {0, . . . , k} label a subset of the facets of A. Then the Ehrhart series of A with facets
{Fi | i ∈ F} removed is

Ehr(A \
⋃

i∈F
Fi, z) = ∏i∈F z`i

∏k
i=0(1− z`i)

.
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We may use the following tool to build a decomposition of a polytope into half-open
simplices:

Definition 2.7. Let ∆ be a triangulation of some polytope P. A shelling of ∆ is a linear
order A1, A2, A3, . . . on the set of maximal dimensional simplices of ∆ such that Ak ∩
(A1 ∪ · · · ∪ Ak−1) is a union of facets of the maximal dimensional simplices for each
k ≥ 2.

If we have a shelling order on a triangulation of P, it turns out that

P =
⊔
k≥1

(Ak \ (A1 ∪ · · · ∪ Ak−1)) ,

and we may apply Lemma 2.6.

3 Main result

We can now describe a shelling order of the alcoves of any alcoved polytope P, and use
this shelling order to compute the Ehrhart series of P.

Definition 3.1. Let Γ = (V, E) be an undirected graph, and let v0 ∈ V be an arbitrary
vertex of Γ. Define the breadth-first search order of Γ with root v0 as the partial order ≺v0

on V such that for two distinct vertices u, v ∈ V, u ≺v0 v if and only if there is a shortest
path from v0 to v passing through u.

Lemma 3.2. Let P be an alcoved polytope and let ΓP = (V, E) be the graph of the alcove
triangulation of P. For any v0 ∈ V, any linear extension of the partial order ≺v0 is a shelling
order of the alcove triangulation of P.

Let (A, A′) be an edge of ΓP, and let F = A∩ A′ be the facet it represents. Then F can
be transformed to a facet F◦ of the fundamental alcove A∗ under the action of the affine
Weyl group. Let ωi/ai be the vertex of A∗ that does not belong to F◦. Then (A, A′) has
weight `i, denoted wt((A, A′)) = `i, in which `i is the smallest positive integer such that
`iωi/ai ∈ Zn for i = 1, . . . , n and `0 = 1. We now have all the ingredients we need to
compute the Ehrhart series of an arbitrary alcoved polytope:

Theorem 3.3. Let P be an alcoved polytope and let ΓP = (V, E) be the edge-weighted graph
of its alcove triangulation (see Definition 2.5 for details). Given any v0 ∈ V, let ≺v0 be the
breadth-first search order of ΓP with root v0 (see Definition 3.1). The Ehrhart series of P is equal
to

Ehr(P, z) = ∑v∈V zwt(v)

∏n
i=0(1− z`i)

where wt(v) = ∑u≺·v0 v wt((u, v)) is the sum of the weights of the edges between v and the
elements it covers.
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Proof sketch. The breadth-first search order gives a decomposition into half-open al-
coves, whose Ehrhart series can be computed via Lemma 2.6. Since the Ehrhart series is
additive, we simply get a sum of these terms over the half open alcoves.

Example 3.4. Consider the n-dimensional hypercube �n = [0, 1]n. The graph of the
alcove triangulation of a hypercube is the weak Bruhat graph of the symmetric group Sn.
Therefore, h∗(�n, z) = ∑w∈Sn zdes(w), where des(w) = #{i ∈ [n− 1] : w(i) > w(i + 1)},
which is the Eulerian polynomial. This is a well-known result from [15].

4 The hypersimplex ∆2,n

We now relate our shelling order formula and a combinatorial formula for a well-studied
polytope.

The hypersimplex ∆k,n is the subset of [0, 1]n ⊂ Rn consisting of points {(x1, . . . , xn) |
x1 + · · ·+ xn = k}. Under the linear transformation

yi = x1 + · · ·+ xi,

the hypersimplex ∆k,n can be realized as an alcoved polytope defined by 0 ≤ yi − yi−1 ≤
1 and yn = k for all i = 1, . . . , n with the convention y0 = 0. Let Γ2,n be the graph of the
alcove triangulation of the hypersimplex ∆2,n (see Definition 2.5). In this section we will
appeal to the following characterization of the alcove triangulation of ∆k,n:

Theorem 4.1 ([11]). The alcoves of ∆k,n are in bijection with permutations w ∈ Sn modulo
cycle shifts (ie. [w1, . . . , wn] ∼ [wn, w1, . . . , wn−1]) such that if we take the representative of w
with wn = n, des(w−1) = k− 1. We write (w) = (w1, . . . , wn) to denote the corresponding
long cycle in Sn, and ∆(w) to denote the corresponding alcove in ∆k,n. Then ∆(u) and ∆(w) are
adjacent in Γk,n if and only if there exists i ∈ [n] such that ui− ui+1 6= ±1(mod n) and the cycle
(w) is obtained from (u) by switching the positions of ui and ui+1.

Katzman computed the Hilbert series of Veronese type algebras in [9], and as part of
a special case one can obtain the following formula for the h∗-polynomial of ∆k,n:

h∗(∆k,n, z) = ∑
i≥0

(−1)i
(

n
i

)(
∑
j≥0

(
i
j

)
(z− 1)j

(
∑
`≥0

(
n− j

`(k− i)

)
k−i

z`
))

, (4.1)

where (a
b)c is defined to be the coefficient of tb in (1 + t + . . . + tc−1)a. However, this

formula doesn’t give an obviously nonnegative formula for the coefficients of the h∗-
polynomial.

A nonnegative interpretation of coefficients of the h∗-polynomial of the hypersimplex
∆k,n was given in [10], where the coefficients were proved to enumerate hypersimplicial
decorated ordered set partitions.
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Figure 1: The winding vector of ((1, 5, 6)2, (3, 7, 8, 11)3, (4, 10, 12)1, (2, 9)1) is
(6,3,3,2,0,2,0,4,6,4,3,2) and the winding number is 35/7=5. The i-th entry of the wind-
ing vector is the circular distance between i and i + 1 in clockwise direction. One can
walk from 1 to 2 to . . . n back to 1 in clockwise direction, and the winding number is
the number of times that one walks around the circle.

Definition 4.2 ([4]). A decorated ordered set partition (DOSP) ((S1)s1 , . . . , (Sp)sp) of type
(k, n) consists of an ordered set partition (S1, . . . , Sp) of [n] and a p-tuple of integers
(s1, . . . , sp) ∈ Zp such that ∑

p
i=1 si = k and si ≥ 1. We regard them up to cyclic rotation,

so
((S1)s1 , (S2)s2 , . . . , (Sp)sp)

is the same as
((S2)s2 , . . . , (Sp)sp , (S1)s1).

A decorated ordered set partition is hypersimplicial if 1 ≤ si ≤ |Si| − 1 for all i. We denote
the set of hypersimplicial decorated ordered set partitions of type (k, n) by OSP(∆k,n).

We call each Si a block and place them on a circle in the clockwise fashion then think
of si as the clockwise distance between adjacent block Si and Si+1. The winding vector of
a decorated ordered set partition is an n-tuple of integers (l1, . . . , ln) such that li is the
distance of the path starting from the block containing i to the block containing (i + 1)
moving clockwise. If i and (i + 1) are in the same block then li = 0. If l1 + · · ·+ ln = kd,
then we define the winding number to be d.

Theorem 4.3 ([10]). Let h∗(∆k,n, z) = h∗0(∆k,n) + h∗1(∆k,n)z + · · · + h∗n−1(∆k,n)zn−1 be the
h∗-polynomial of the hypersimplex ∆k,n. The number of hypersimplicial decorated ordered set
partitions of type (k, n) and winding number d is h∗d(∆k,n).
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winding number OSP(∆2,4)
0 ((1234)2)
1 ((12)1(34)1)
1 ((14)1(23)1)
2 ((13)1(24)1)

Table 1: The h∗-polynomial of the octahedron ∆2,4 is 1 + 2z + z2.

In [10] this result is obtained by directly counting the number of hypersimplicial
decorated ordered set partitions via inclusion-exclusion and comparing the result to
the coefficients in Equation (4.1). In this section of our paper, we use our formula in
Theorem 3.3 to give a bijective proof of this result for the hypersimplex ∆2,n.

We associate a hypersimplicial decorated ordered set partition of type (2, n) with
winding number one to each edge in Γ2,n.

Definition 4.4. Let A, A′ ⊆ ∆2,n be two alcoves such that A and A′ share a common facet.
Then A ∩ A′ is of the form yj − yi = 1 for some i 6≡ j± 1 (mod n). We associate the hy-
persimplicial decorated ordered set partition ([i− 1, j]1, [j− 1, i]1) to the edge (A, A′) in
the graph Γ2,n. In terms of the permutation characterization of Γ2,n given in Theorem 4.1,
this edge corresponds to the transposition ij→ ji.

Definition 4.5. Let SC = [n] \ S. A hypersimlicial decorated ordered set partition of type
(2, n) has the form ((S)1, (SC)1); we will drop the decorations when they are clear from
context. For two hypersimplicial decorated ordered set partitions (S, SC), (T, TC) of type
(2, n) with nonzero winding numbers, we define

ψ((S, SC), (T, TC)) = (S4T, (S4T)C),

where S4T = (S \ T) ∪ (T \ S) is the symmetric difference of the two sets.
For a collection of d adjacent hypersimplicial decorated ordered set partitions {(Si, SC

i )}d
i=1

of type (2, n) and winding number one, we define

ψ((Si, SC
i )

d
i=1) = (S14 · · ·4Sd, [n] \ (S14 · · ·4Sd)).

Remark 4.6. If we view the Si’s as binary vectors in {0, 1}n, then4 is the XOR (exclusive
or) operator.

Example 4.7. Consider ((123)1(456)1), ((234)1(156)1), and ((345)1(126)1) of type (2, 6)
and winding number one, we have

ψ(((123)1(456)1), ((234)1(156)1), ((345)1(126)1))

= ψ(((14)1(2356)1), ((345)1(126)1))

= ((135)1(246)1),

which has winding number 3.
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Figure 2: ∆2,5 with A0 at the center. The arrows indicate cover relations in ≺A0 , point-
ing in increasing directions. The orange arrows are facets representing the cover rela-
tions of the alcove labeled by ((13)1(245)1).

We can finally state the main result of this section:

Theorem 4.8. For any n and for any alcove A0 in ∆2,n, let ≺A0 be the breadth-first search order
of Γ2,n with root A0 (see Definition 3.1). For an alcove A in ∆2,n, let cover(A) be the number of
alcoves A covers in the poset ≺A0 . In other words, cover(A) is the number of incoming edges of
A in the directed graph we obtain from the Hasse diagram of ≺A0 . Applying the map ψ to the set
of incoming edges of an alcove gives a bijection from the set of alcoves A with cover(A) = d and
the set of hypersimplicial decorated ordered set partitions of type (2, n) with winding number d.

Example 4.9. In Figure 2, we choose A0 to be the simplex in the center of the graph
Γ2,5 and we label it by the unique hypersimplicial decorated ordered set partition of
type (2, 5) with winding number 0, which is ((12345)2). The arrows are cover relations,
and they point in increasing directions in ≺A0 . The alcove labeled by ((13)1(245)1)
covers two alcoves in the poset ≺A0 , via the orange edges labeled by ((12)1(345)1) and
((23)1(145)1), and one can check that the winding number of ((13)1(245)1) is precisely
2. Following this example, it is easily seen that h∗(∆2,5, z) = 1 + 5z + 5z2, as there are 1,
5, and 5 alcoves with 0, 1, and 2 incoming arrows respectively.

We begin by giving a necessary condition for two edges {i1, j1} and {i2, j2} to appear
together as incoming edges of an alcove A in ≺A0 .
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Figure 3: These chords give a DOSP {S, SC} of winding number 3, where vertices in
orange regions belong to S and vertices in blue regions belong to SC.

Definition 4.10. We say {i1, j1} and {i2, j2} are crossing if i1 < i2 < j1 < j2 in the standard
cyclic order of [n], and noncrossing otherwise.

In other words, if we place 1, . . . , n in clockwise order on a circle, then the chord i1 j1
crosses with the chord i2 j2 in the interior of the circle, as shown in Figure 3.

Lemma 4.11. Let A be an alcove whose incoming edges include distinct edges {i1, j1} and
{i2, j2}. Then {i1, j1} and {i2, j2} are crossing.

Lemma 4.11 allows us to show that ψ is in fact an injective map from collections of
incoming edges for some alcove to DOSPs of the appropriate winding number.

Lemma 4.12. The map sending an alcove A of ∆2,n to its set of incoming labels with respect to
≺A0 is injective.

We prove this lemma by explicitly building up a permutation (up to rotation) from
the incoming edge data and checking the number of choices as we progress. The fol-
lowing tools are important to checking locally whether each edge incident to an alcove
is oriented towards or away from an alcove:

Definition 4.13. For w ∈ Sn, define w(c) to be the rotation of w ending in c.

Definition 4.14. Let w ∈ Sn. We say that i ∈ [n] is a left cyclic descent if i < n and
w−1(i) > w−1(i + 1) or if i = n and w−1(1) < w−1(n). We write cDesL(w) for the set of
left cyclic descents of w.

Let i ∈ [n]. The i-order <i on the set [n] is the total order

i <i i + 1 <i · · · <i n <i 1 <i · · · <i i− 2 <i i− 1.
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The Gale order on ([n]k ) (with respect to <i) is the partial order ≤i defined as follows: for
any two k-subsets S = {s1 <i · · · <i sk} ⊆ [n] and T = {t1 <i · · · <i tk} ⊆ [n], we have
S ≤i T if and only if sj ≤i tj for all j ∈ [k] [7].

Lemma 4.15. Let A be an alcove in ∆2,n. For any {i, j} in the incoming edge set of A,
such that w−1

A (i) + 1 ≡ w−1
A (j) (mod n), then we have cDesL(w

(j)
A0
) <j cDesL(w

(j)
A ) and

cDesL(w
(i)
A0
) >i cDesL(w

(i)
A ) in the Gale order on ([n]2 ) with respect to <j and <i.

Example 4.16. Consider ∆2,15. Let (wA0) = (1, 2, 3, 4, 5, 10, 6, 7, 11, 8, 12, 9, 13, 14, 15) and

E = {{3, 11}}. We have cDesL(w
(11)
A0

) = {7, 11}. Let (w) corresponds to the alcove
with incoming edge set E. If (w) = (. . . , 3, 11, . . .), then cDesL(w(11)) = {3, 11}. If
(w) = (. . . , 11, 3, . . .), then cDesL(w(11)) = {2, 11}. Since 2 <11 3 <11 7, we have (w) =
(. . . , 11, 3, . . .) so that it is “further” away from (wA0).

Finally note that to prove our main result on the second hypersimplex (Theorem 4.8)
injectivity is sufficient because previous work by [14] shows that the sets we are mapping
between are equal in cardinality (given by the Eulerian numbers).

Remark 4.17. An obvious future direction would be to try to extend our bijective result
for the second hypersimplex to the general hypersimplex ∆k,n. In our attempts to do this
we ran into a couple of difficulties. The first is simply assigning facets of alcoves in ∆k,n

to DOSPs of type (k, n) with winding number 1 (or equivalently, a subset J ∈ ([n]k ) that
is not a cyclic interval). In particular, one idea that was tried is the following: Given an
edge in the graph of the alcove triangulation A → A′, there is a unique vertex v′′ of A′

not shared by A. There is also a natural ordering (up to cyclic rotations) on the vertices of
an alcove according to the circuit definition of the alcoved triangulation [11]. By taking
the vertex preceding v′′ in this order for A′, we obtain some other vertex v′ which should
be the indicator of some J ∈ ([n]k ), and we associate the corresponding DOSP with v′ to
A′. This turns out to generalize our edge labelings for the second hypersimplex, but
it does not even yield a bijection between alcoves with one incoming edge in ≺A0 and
DOSPs of type (k, n) with winding number 1. We remain hopeful that a clever edge
labeling exists.
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