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Abstract. In 1996, Knop and Sahi introduced a remarkable family of inhomogeneous
symmetric polynomials, defined via vanishing conditions, whose top homogeneous
parts are exactly the Macdonald polynomials. Like the Macdonald polynomials, these in-
terpolation Macdonald polynomials are closely connected to the Hecke algebra, and admit
nonsymmetric versions, which generalize the nonsymmetric Macdonald polynomials.
In this paper we give a combinatorial formula for interpolation Macdonald polyno-
mials in terms of signed multiline queues; this formula generalizes the combinatorial
formula for Macdonald polynomials in terms of multiline queues given by Corteel-
Mandelshtam-Williams.
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1 Interpolation polynomials

Macdonald polynomials, introduced by Ian Macdonald in 1989 [15], are one of the most
interesting families of polynomials in mathematics: they have connections to the geom-
etry of the Hilbert scheme [15], and admit various beautiful combinatorial formulas in
terms of tableaux [!4], multiline queues [12], and vertex models [1]. There is a fascinating
inhomogeneous generalization of Macdonald polynomials called interpolation Macdonald
polynomials, introduced by Knop [17] and Sahi [?4] around 1996, and further studied in
[72, 23, 9]. These polynomials are related to gauge theories and vertex operators [*], the
HOMFLY polynomial [16], and the theory of link invariants of g[, [?]. In the Jack limit,
interpolation polynomials were recently proved to be monomial-positive [?1] and shown
to be closely related to the theory of non-orientable combinatorial maps [“].

The main result of this paper is a combinatorial formula for interpolation Macdonald
polynomials. These polynomials can be defined via vanishing conditions as in Theo-
rem 1.1.

*This is an extended abstract of [5].
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We denote by IN the set of nonnegative integers. Given a composition pt = (p1, ..., 4n) €
IN", we define

ki(u) :=#{j:j<iand p; > p;} +#{j: j>iand p; > p;}, and (1.1)
= (qmt—h(w,”,,quntfkn(m), (1.2)

For example, when 1 = (4,2,0,1,4) we have ji = (q4t*1, qztfz, 4, qt*3, q4).

Theorem 1.1. [1/, 24] For each partition A = (Aq,...,Ay), there is a unique inhomogeneous
symmetric polynomial Py = PY(x;q,t) = PY(x1,...,Xn; q,t) with degree at most |A|, called the
interpolation Macdonald polynomial, such that

* the coefficient [m,|Py of the monomial symmetric polynomial in Py is 1,
o P}(7) = 0 for each partition v # A with [v| < [A].
Moreover, the top homogeneous component of Py is the usual Macdonald polynomial P.

There are also nonsymmetric Macdonald polynomials E,, introduced by Cherednik [11],
associated to any composition € IN"; these also have interpolation analogues E;; due
to Knop and Sahi.

More recently the so-called ASEP polynomials f, were introduced in connection to
the asymmetric simple exclusion process (ASEP), see [/, 10]. The ASEP polynomials are in
fact special cases of the permuted-basement Macdonald polynomials introduced in [13], as
shown in [12].

In this article we define interpolation ASEP polynomials as in Definition 1.3 below;
they have the property that their top homogeneous component recovers the usual ASEP
polynomials. Our main result is a combinatorial formula for both the interpolation ASEP
polynomials and the interpolation symmetric Macdonald polynomials, see Theorem 4.5.

Definition 1.2 (Hecke operators). For 1 < i < n—1, we lets; = (i,i + 1) denote the
transposition exchanging x; and x;.1. The Hecke operator T; is the operator defined by
tx; — X
Tpi=t— ——l1 ). 13
=t ) (1.9

These operators satisfy the relations of the Hecke algebra of type A,,_;.

Definition 1.3 (Interpolation ASEP polynomials). Fix a partition A. For u € S,(A), the
ASEP polynomial f, is the homogeneous polynomial defined by

f]/l = To-‘u : E/\/
where 0, is the shortest permutation in S, such that ¢;,(A) = p, with

0 (M1, 2o in) 2= (Hg=101ys Ho=1(2)r - - s Ho—1(m))- (1.4)

In particular, f, = E,. Similarly, we define the interpolation ASEP polynomial f* by
f’j‘ =Ty, - E}. In particular, f} = E3.
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Since the top homogeneous part of E} is E,, we get that the top homogeneous part
of f; is then the ASEP polynomial f,. In particular, the degree of f} is [u|. We provide
a characterization for interpolation ASEP polynomials with vanishing conditions, which
justifies their name.

Theorem 1.4. Fix p € S,(A) of size d. Then f;(x1,...,xn) is the unique polynomial g with
degree at most d such that:

e for any composition v such that |v| < |u| and v ¢ S,,(A), we have g(V) = 0.

* for T e S5,(A), we have [xT]|g = 6.

2 Multiline queues and signed multiline queues

Let A = (Ay,...,Ay) with Ay > --- > A; > 0 be a partition. We can describe such a
partition by its content vector m = (mg, my, ..., my), where m; = #{j : Aj= i}, and L is the
largest part that occurs. Sometimes we denote our partition by A = (L"t,..., 1" 0"0),
We have Y%, m; = n.

Definition 2.1. [17] Fix a partition A = (L™, ..., 1™, 0" ) with ZiL:O m; = n. A ball system
B of content A is an L x n array, with rows labeled from bottom to top as 1,2,...,L, and
columns labeled from left to right from 1 to n, in which each of the Ln positions is either
empty or occupied by a ball, and such that there are m +my_1 + - - - + m, balls in row r.
We label each ball with an element of {1,..., L} (viewing empty spots as 0), such that in
row r our configuration of balls gives a permutation of

/\(r) = <L111L, (L _ 1)71’1L71, L Om771+"'+m0>.
Definition 2.2 is a slight variant of a definition from [20].

Definition 2.2. [12] A multiline queue (or MLQ) of type u € S,(A) is a ball system of
content A such that each ball in row r > 1 is paired with a ball of the same label in the
row below it, and the configuration of balls on the bottom row is y. We require that the
set of pairings between row r and r — 1 form a classic layer, i.e. satisfy the following rules:

* We pair two balls using a shortest strand that travels either straight down or from
left to right, allowing the strand to wrap around the cylinder if necessary;

¢ In row 7, each ball with label a has either an empty spot below it, or a ball with
label a’, where a’ > a, and if a = 4/, they must be trivially paired, i.e. paired to each
other with a straight segment.

See Figure 1 for an example. Let MLQ() denote the set of multiline queues of type p.
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Row 3 .
Row 2 .

Rowl% . . . @@@

Figure 1: A multiline queue of type (2,2,0,0,0,3,2,1).

Definition 2.3. An enhanced ball system B of content A is a 2L x n array, with rows labeled
from bottom to top as 1,1/,2,2,...,L, L', and columns labeled from left to right from 1
to n, in which each of the 2Ln positions is either empty or occupied by a ball, and such
that there are m; +mj_q1 + --- + m, balls in each of rows r and r’. Moreover:

(a) in row r our balls are labeled by {1,2,...,L} (we call them regular balls) and the
configuration of balls gives a permutation of A(").

(b) in row ' our balls are labeled by {+1,...,+L} (we call them signed balls) and the
configuration of balls gives a signed permutation of A(").

A signed ball with a positive (respectively negative) label will be called a positive ball
(respectively a negative ball).

Definition 2.4. A signed multiline queue QF (or SMLQ) of type y € S,(A) is an enhanced
ball system of content A such that each ball in a row above row 1 is paired with a ball of
the same absolute value in the row below it, and the configuration of balls on the bottom
row is p. We require that, if we consider only the absolute values of the ball labels, then
the pairings between row r and row (r — 1)’ form a classic layer, as in Definition 2.2, and
we call them classic pairings. And we require that the pairings between row 1’ and row r
form a signed layer, i.e. satisfy the following rules (and we call them signed pairings):

(@’) Each pairing connects two balls with a shortest strand that travels either straight
down or from left to right, and does not wrap around;

(b’) In row r/, each positive ball with label 2 € Z* must always have a ball labeled 4’
underneath it, where @’ > a, and if 4’ = 4, the two balls must be trivially paired;

(c) In row 1/, each negative ball with label —a (for a € Z™") has either an empty spot

below it or a ball with label a’, where a > 4.

Let MLQ™ (1) denote the set of signed multiline queues of type y.

In Figure 2a and Figure 2b we illustrate the forbidden configurations in the classic
and signed layers, respectively.
See Figure 3 for an example of a signed multiline queue.



A combinatorial formula for Interpolation Macdonald polynomials 5

<
oo

with0<b<a with0<b<a with0<a<bd with 0 < a
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Figure 2: Figure 2a illustrates the forbidden configurations for the classic layers, while
the three other figures (Figure 2b) show the forbidden configurations for the signed
layers. The three figures on the left show two balls on top of each other, which are
not trivially paired, whereas the rightmost figure features a regular ball with an empty
position beneath it.

Row 3
Signed layer

Row 3
Classic layer

Row 2/
Signed layer

Row 2
Classic layer

Row 1’
Signed layer

Row 1

Figure 3: A signed multiline queue of type (2,2,0,0,0,2,3,1).

Remark 2.5. In [20], multiline queues were given an interpretation in terms of “priority
queues,” with balls at each level representing customers who are each seeking a service
on the level below. We can also interpret our signed multiline queues as follows. The
signed balls all represent customers, with the positive balls having “polite” and “attrac-
tive” characteristics and the negative balls having “needy” characteristics. The regular
balls all represent services; they are always “polite”. We will work our way from top
to bottom of the multiline queue: in Row 7’ the customers seek a service from Row r
below, and in Row r the services seek a customer from Row (r — 1)’ below. When we
construct pairings between two adjacent rows, we will start by examining the balls of
largest absolute value in the higher row; if we need to break ties, we will work from right
to left. The polite customers and services can choose any unused service/customer be-
low, except that if there is an unused service immediately underneath them, politeness
dictates that they must accept it; this explains the leftmost two diagrams in Figure 2.
When we construct the pairings on a signed layer, because the negative balls/customers
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are so needy, no ball (positive or negative) dares to pair with an unused service that is
immediately below a negative customer who has not yet accepted a service; this explains
the third diagram in Figure 2. Since the positive balls/customers are attractive, there is
always a service to be found just underneath them (though it may be taken already); this
explains the fourth diagram in Figure 2. Finally, pairings initiated by services from Row
r can wrap around, because servers “know the building”; however, pairings initiated by
customers cannot.

3 Combinatorics of homogeneous ASEP polynomials

In this section we define weights for multiline and signed multiline queues. We then re-
view the combinatorial formula for ASEP polynomials and give a combinatorial formula
for interpolation ASEP polynomials.

Definition 3.1. Let Q be a multiline queue. If the balls in row r form the composition
w=(p1,...,un), we define the ball-weight of row r and of Q to be

L
wtoan(r) = [ ] ¢  and  wtean(Q) = | [ Wan(r)- (3.1)
;>0 r=1

We also define the pairing-weight wtp,ir(Q) of Q by associating a weight to each non-
trivial pairing p of balls. Consider the pairings in a connecting balls in row r and row
(r —1). Their weights are computed via the following pairing order. We read the balls
in row r in decreasing order of their label; within a fixed label, we read the balls from
right to left. As we read the balls in this order, we imagine placing the strands pairing
the balls one by one. The balls in row (r — 1) that have not yet been matched right be-
fore we place p are considered free for p. If pairing p matches a ball labeled a in row
r and column j to a ball in row (r — 1) and column j/, then the free balls in row (r — 1)
and columns j+1,j+2,...,j — 1 (indices considered modulo n) are considered skipped.
(When pairing balls of label a between rows r and (r — 1), trivially paired balls of label a
in row (r — 1) are not considered free.) We then associate to pairing p the weight

(1—t)skip(p) Crdl e s

17qa7r+1tfree(p) ’ qﬂ ' lf] < ]

thair<p) = (17f)t5kip(p) e . (32)
W if 7 =7

Note that the factor 4" *1 appears precisely when the pairing wraps around the cylin-

der. Having associated a weight to each nontrivial pairing, we define

thair(Q) - Hthair(p>r
p
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where the product is over all nontrivial pairings of balls in Q. Finally the weight of Q is
defined to be wt(Q) = Wtpan(Q) Wipair(Q)-

Definition 3.2. Let u = (p1,...,un) € {0,1,..., L}" be a composition. We set

Fy, = Fy(x1,...,x0;9,t) = Fu(x;q,t) = Z wt(Q).
QeMLQ(n)

Let A = (Aq,...,Ay) be a partition with n parts. We set

Zy=Z)x(x1,..., X059, 1) = Z)(x;9,t) = Z Fy(x1,...,xn;9,t).
pneSn(A)

We call Z, the combinatorial partition function for multiline queues.

Theorem 3.3. [17] Let u € IN" be a composition, and let A be a partition. Then the ASEP
polynomial f, equals the weight-generating function F, for MLQ of type u. And the Macdonald
polynomial P, (x;q,t) is equal to the combinatorial partition function Z)(x;q,t) for MLQ.

4 Combinatorics of interpolation ASEP polynomials

Our goal is now to give an analogue of Theorem 3.3 for interpolation polynomials.

Definition 4.1. Let Q* be a signed multiline queues. If the balls in row ' form the
signed composition a = (ay,...,a,), we define the shifted ball-weight of row ' to be

=1
Wiy (1) = ( ] xi) ( 11 tZ—l ) (4.1)
i:;>0 ;<0

and we define the shifted ball-weight of Q7 to be

L
Whoan (Q*) = | | Wioan (7). (4.2)
r=1

In other terms, we assign to a ball in column i and row r’ the weight x; if it is a positive

ball and the weight ;Z—Zl if it is a negative ball.

We define the pairing-weight wtpair(QF) of QF by associating a weight to each non-
trivial pairing p of balls. For the pairings in a classic layer connecting balls in row r and
row (r — 1), we use the weighting scheme from (3.2), where we ignore the signs on ball
labels and only work with the absolute value.

For the pairings in a signed layer connecting balls in row #’ and row r, we read the
balls in row ' in decreasing order of the absolute value of their label; within a fixed
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absolute value, we read the balls from right to left. Reading the balls in this order, we
place the strands pairing the balls one by one. The balls in row r that have not yet been
matched are free. If pairing p matches a ball labeled +a in row " and column j to a ball
labeled a in row r and column k > j, then the free balls (respectively, empty positions) in
row r and columns j +1,j +2,...,k — 1 are skipped (respectively, empty). We then set

s (1) (1 — t)tskip(p)+empty(p) if p connects a positive and regular ball,
Wipair(p) = .
pairl/ —(1 — t)tskip(P)+empty(p) i p connects a negative and regular ball.

(4.3)

Having associated a weight to each nontrivial pairing, we define

thair<Qi) = Hthair(P)f
p

where the product is over all nontrivial pairings of balls in QF. Finally the weight of QF
is defined to be

WHQT) = Whyan (QF) Wpair (QF).

Remark 4.2. If our multiline queue does not have negative balls, i.e all labels are in IN,
then it follows from items (a’) and (b’) of Definition 2.4 that all the signed pairings are
trivial. As a consequence, the contribution of the signed layers to the pairing weight of
the system is 1. We can then remove these layers and keep only the classic ones; the
definition of signed multiline queue then reduces to Definition 2.2.

2 3
Example 4.3. In Figure 3, the ball-weight of Q7 is <_t—’772> - X2 X5 <;—7q> - X2 X7 (;—}) . Mean-
while, from left to right, the weights of the nontrivial pairings are as follows:

e From Row 3’ to Row 3: —(1 — )

¢ From Row 3 to Row 2’:

From Row 2’ to Row 2: —t(1—1t), —(1—#), and (1 —¢)

From Row 2 to Row 1’:

e From Row 1’ to Row 1: —t(1—t), —=t(1—t), and (1 —#).
Thus, multiplying all of these weights, we obtain

P (1—t)°

.2
WIQ) = T g1 gy

We now define the weight-generating function for signed multiline queues of a given
type, as well as the combinatorial partition function for signed multiline queues.
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Definition 4.4. Let u = (p1,...,un) € {0,1,..., L}" be a composition. We set
Fr =Fi(xy,...,xuqt) =Fi(xq,t) = > wt(Q¥).
Q*eMLQ* ()
Let A = (A1 = Ay = --- = Ay = 0) be a partition with n parts. We set
Zy =Z3(x1,...,xn;9,t) = ZY(x;q,t) 2 F (X1, .-, Xn; g, 1).
ueSn(A)
We call Z3 the combinatorial partition function for signed multiline queues.

Theorem 4.5 (Main theorem). Let u be a composition, and let A be a partition. Then the
interpolation ASEP polynomial f equals the weight-generating function Fy for signed multi-
line queues of type y. And the interpolation Macdonald polynomial P} (x;q,t) is equal to the
combinatorial partition function Z3(x; q,t) for signed multiline queues.

Example 4.6. To use Theorem 4.5 to compute the interpolation ASEP polynomial f(*o 2y
we enumerate all signed multiline queues of type (0,2), see Figure 4, and then sum up
their weights, obtaining

f{ko,z) :11_;t<x1 —q/t)(xp —1/t) + ;(xl —q/t) + (x2 —q/t)(x2 — 1/t)+

qt
PFA-t)7 gty
A i P Tah i

(1-1)

- |

xp —q/t).

The usual ASEP polynomial is the top homogeneous part of the expression above,

fop2) = 1_ th1x2 + x%.

This can be computed from the signed multiline queues which have no negative balls,
and whose pairings from row 7’ to row r are all trivial.

When g = 1, the ASEP polynomials and the Macdonald polynomials have a prob-
abilistic interpretation in terms of the t-Push TASEP [?]. We will give an interpolation
analogue of this result in [0].

5 Strategy of the proof

While our combinatorial formulas for interpolation ASEP and Macdonald polynomials
can be seen as generalizations of the combinatorial formulas in [17], our proof strategy
is quite different. The proof in [1”] utilized the circular symmetry

3" fu (0, t) = fuppsin1 (@Xn, X1, ..., Xn—1;4, 1)
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1
1 Row 2/ . q/t
(11—t
Row 2 l(t )
1—qt4
Row 1’ . 1/t
—(1-1)
Row 1 o

1
1
1
1
1
1
1
1
1
1
1
1
1
Lncccccnmcc s cccncccces-
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

. 3
f_;&(fl)l —q/t)(xz2 — 1/t) wt(Q) = qz/tz%
Row 2/ o @ Ty — q/t Row 2/ 4 X9 — q/t
1 1
Row 2 e X Row 2 o 1,
1—qt
Row 1" o @ X0 — 1/t Row 1 . 1/t
1 —(1—1¢)
Row 1 o e Row 1l o

wt(Q) = (wa — q/t)(x2 — 1/t) wt(Q) = (q/t) (i:f,): (x2 —q/t)

Figure 4: The signed multiline queues of type (0,2), with their weights superimposed.
Note that a ball labeled +2 represents the fact that the corresponding ball can either be
a positive or a negative ball. Thus, the six diagrams above actually represent 15 SMLQ.

for ASEP polynomials; however, interpolation ASEP polynomials lack this property.

The starting point of the proof is the fact that signed multiline queues can be recur-
sively built by gluing the layers successively, alternating classic and signed. This is a
generalization of the recursion given in [12, Section 2] for classic multiline queues. The
proof consists then of three main steps.

(Step 1) We start by studying the packed case. This is the case when the composition u
has all non-zero parts in adjacent positions at the left. In this case, the vanishing
conditions of the interpolation ASEP polynomials f; allow us to write a recursion
for this polynomial, obtained by “shifting” the recursive equation obtained in [1”]
for the homogeneous polynomial f,.

(Step 2) We start from the recursive equation obtained in Item (Step 1) for packed compo-
sitions p. By applying Hecke operators to this recursion, we generalize it to any
composition yu. The recursive equations obtained involve a family of coefficients
(b%,), and are encoded by the action of the Hecke operators on a variant f, of the
ASEP polynomials, indexed by signed compositions.

(Step 3) We show that the generating function of one single signed layer satisfies the same
recursion as the coefficients (by,). Thus, we show that the algebraic recursion for the
polynomials f; corresponds to a combinatorial recursion for SMLQs.
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6 Integrality and Comparison with Okounkov’s Formula

Knop and Sahi proved that the integral form of the interpolation Macdonald polynomials
P} satisfy an integrality property (see e.g [17/, Corollary 5.5]). This can be proved using
our combinatorial formula for Py, and extended to interpolation ASEP polynomials f;f

In [22], Okounkov gave a formula for the interpolation symmetric Macdonald poly-
nomials, which, to our knowledge, was the only formula prior to our work. This formula
is a generalization of Macdonald’s formula for the homogeneous symmetric Macdonald
polynomials [19, Section VL7]. It expresses the polynomial P} as a sum over tableaux
of shape A, counted with coefficients given by products of Pieri coefficients. These coef-
ficients are quite complicated to compute, and in particular, the integrality property is
not apparent from this tableau formula.

Acknowledgements

We would like to thank Olya Mandelshtam for several very useful discussions. HBD ac-
knowledges support from the Center of Mathematical Sciences and Applications at Har-
vard University. LW was supported by the National Science Foundation under Award
No. DMS-2152991; she would also like to thank the Radcliffe Institute for Advanced
Study, where some of this work was carried out. Any opinions, findings, and conclu-
sions or recommendations expressed in this material are those of the author(s) and do
not necessarily reflect the views of the National Science Foundation.

References

[1] A. Aggarwal, A. Borodin, and M. Wheeler. “Colored fermionic vertex models and sym-
metric functions”. Commun. Amer. Math. Soc. 3 (2023), pp. 400-630. por.

[2] A. Ayyer, J. Martin, and L. Williams. “The inhomogeneous t-PushTASEP and Macdonald
Yy 8
polynomials”. 2024. arXiv:2403.10485.

[3] A. Beliakova and E. Gorsky. “Cyclotomic expansions for gly link invariants via interpola-
tion Macdonald polynomials”. Selecta Math. (N.S.) 30.5 (2024), Paper No. 101, 60. por.

[4] H. Ben Dali and M. Dotega. “Positive formula for Jack polynomials, Jack characters and
proof of Lassalle’s conjecture”. 2023. arXiv:2305.07966.

[5] H. Ben Dali and L. Williams. “A combinatorial formula for Interpolation Macdonald poly-
nomials ”. 2025. arXiv:2510.02587.

[6] H. Ben Dali and L. Williams. “A probabilistic interpretation for interpolation Macdonald
polynomials”. 2026. arXiv:2602.13492.

[7] L. Cantini, J. de Gier, and M. Wheeler. “Matrix product formula for Macdonald polynomi-
als”. J. Phys. A 48.38 (2015), p. 384001. por.


https://dx.doi.org/10.1090/cams/24
https://arxiv.org/abs/2403.10485
https://dx.doi.org/10.1007/s00029-024-00990-y
https://arxiv.org/abs/2305.07966
https://arxiv.org/abs/2510.02587
https://arxiv.org/abs/2602.13492
https://dx.doi.org/10.1088/1751-8113/48/38/384001

12

8]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

Houcine Ben Dali and Lauren Kiyomi Williams

E. Carlsson, N. Nekrasov, and A. Okounkov. “Five dimensional gauge theories and vertex
operators”. Mosc. Math. ]. 14.1 (2014), pp. 39-61, 170. por.

H. Chen and S. Sahi. “Interpolation polynomials, binomial coefficients, and symmetric
function inequalities” (2024). arXiv:2403.02490.

Z. Chen, J. de Gier, and M. Wheeler. “Integrable Stochastic Dualities and the Deformed
Knizhnik-Zamolodchikov Equation”. Internat. Math. Res. Notices 2020.19 (2020), pp. 5872-
5925. por.

I. Cherednik. “Nonsymmetric Macdonald polynomials”. Internat. Math. Res. Notices 1995.10
(1995), pp. 483-515. por.

S. Corteel, O. Mandelshtam, and L. Williams. “From multiline queues to Macdonald poly-
nomials via the exclusion process”. Amer. |. Math. 144.2 (2022), pp. 395-436. po1.

J. P. Ferreira. Row-strict Quasisymmetric Schur Functions, Characterizations of Demazure Atoms,
and Permuted Basement Nonsymmetric Macdonald Polynomials. PhD thesis, University of Cal-
ifornia, Davis. ProQuest LLC, Ann Arbor, MI, 2011, p. 90. Link.

J. Haglund, M. Haiman, and N. Loehr. “A combinatorial formula for Macdonald polyno-
mials”. |. Amer. Math. Soc. 18.3 (2005), pp. 735-761. por1.

M. Haiman. “Hilbert schemes, polygraphs and the Macdonald positivity conjecture”. J.
Amer. Math. Soc. 14.4 (2001), pp. 941-1006. por.

M. Kameyama, S. Nawata, R. Tao, and H. D. Zhang. “Cyclotomic expansions of HOMFLY-
PT colored by rectangular Young diagrams”. Lett. Math. Phys. 110.10 (2020), pp. 2573-2583.
DOL

F. Knop. “Symmetric and non-symmetric quantum Capelli polynomials”. Comment. Math.
Helv. 72.1 (1997), pp. 84-100. por.

I. G. Macdonald. “A new class of symmetric functions”. Publ. IRMA Strasbourg 372 (1988),
pp- 131-171.

I. G. Macdonald. Symmetric functions and Hall polynomials. Second. Oxford Mathematical
Monographs. With contributions by A. Zelevinsky, Oxford Science Publications. New York:
The Clarendon Press Oxford University Press, 1995, pp. x+475.

J. B. Martin. “Stationary distributions of the multi-type ASEP”. Electron. ]. Probab. 25 (2020),
Paper No. 43, 41. por.

Y. Naqvi, S. Sahi, and E. Sergel. “Interpolation polynomials, bar monomials, and their
positivity”. Int. Math. Res. Not. IMRN 8 (2023), pp. 6809-6844. po1.

A. Okounkov. “(Shifted) Macdonald polynomials: g-integral representation and combina-
torial formula”. Compositio Math. 112.2 (1998), pp. 147-182. por.

G. Olshanski. “Interpolation Macdonald polynomials and Cauchy-type identities”. J. Com-
bin. Theory Ser. A 162 (2019), pp. 65-117. poIL.

S. Sahi. “Interpolation, integrality, and a generalization of Macdonald’s polynomials”.
Internat. Math. Res. Notices 1996.10 (1996), pp. 457—471.


https://dx.doi.org/10.17323/1609-4514-2014-14-1-39-61
https://arxiv.org/abs/2403.02490
https://dx.doi.org/10.1093/imrn/rny159
https://dx.doi.org/10.1155/S1073792895000341
https://dx.doi.org/10.1353/ajm.2022.0007
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqm&rft_dat=xri:pqdiss:3499434
https://dx.doi.org/10.1090/S0894-0347-05-00485-6
https://dx.doi.org/10.1090/S0894-0347-01-00373-3
https://dx.doi.org/10.1007/s11005-020-01318-5
https://dx.doi.org/10.4171/CMH/72.1.7
https://dx.doi.org/10.1214/20-ejp421
https://dx.doi.org/10.1093/imrn/rnac049
https://dx.doi.org/10.1023/A:1000436921311
https://dx.doi.org/10.1016/j.jcta.2018.09.007

	Interpolation polynomials
	Multiline queues and signed multiline queues
	Combinatorics of homogeneous ASEP polynomials
	Combinatorics of interpolation ASEP polynomials
	Strategy of the proof
	Integrality and Comparison with Okounkov's Formula

