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Classical and Noncommutative Invariant Theory

Classical Invariant Theory:
Group G acting linearly on the algebra k[z4, ..., z,| and
study k[zy, ..., 2,]°.

Noncommutative Invariant Theory:
Replace:

k[zy, ..., x,] with appropriate noncommutative algebra A
G with a group (or Hopf algebra) that acts on A

to extend classical results.



Classical Invariant Theory

k a field of characteristic 0
G a finite group, represented as n x n matrices,
acting on a polynomial ring A = k[z, ..., z,]:

a b
g (C d) on k|x, ]

asgr=ar+cy g.y=br-+dy

Invariants = A = {a € A:ga=aforallg c G}
B(AY) = min{k : A“ generated by elements
of degree < k}



Noether’s bound

Theorem (Noether (1916))

Let A =klz),...,z,]. Then 5(A%) < |G|
if k has characteristic zero or

|G| < characteristic k.



Constructing Invariants

“Orbit sum” of a monomial m € A is an invariant

where
=D gm
9€0(g)

Invariants are linear combinations of orbit sums.



Noether’s bound — Non-modular Case

Fleischmann (2000) and Fogarty (2001)
extended to non-modular case (|G|™! € k).

Derksen and Sidman (2002):

Subspace arrangement approach using
Castelnuovo-Mumford regularity of the
vanishing ideal of the subspace arrangement.



Noether’s bounds improvements

Noether bound can be sharp 3(A%) = |G]:
e =e?™" A =k[z], G = (¢), AY = Kk[2"].

Theorem (Domokos and Hegedus (2000))
If G non-cyclic then A“ can be generated by
polynomials of total degree:
< 3|G|/4if |G| is even, and
< 5|G|/8 if |G| is odd.
Sezer (2002): Extended to non-modular case.



Bounds on degrees of relations:
Derksen (2004): A :=k[zy,...,x,)

fi,.... [, = aminimal set of generators of A%_;;
L= (f1,..., fr)A
16(A) :=min{d : I, = A;} < |G|
S :=Kklyi, ...,y with degree y; = degree /;
S/ J = AG.
Then J is generated in degree < 274(A) < 2|G].



Bounds on Degrees of Tor? (k, k):
For connected graded algebra S
B(8) = deg Tor{ (k, k)

Bi(S) = deg Tor? (k, k) fori > 2



For R = k[zy,...,2,]“ Derksen (2004) proved:
Be'(R) < (i+n—1)|G| —n
and conjectured:
Bc'(R) < (i)|G|

Chardin and Symonds (2016):
counterexample to Derksen conjecture, and

B (R) < (0)|G| + (i — 2) for i > 2.



Goébel’s bound - involves the dimension of the representation

Theorem (Gdbel (1995)) In any characteristic,
G a group of permutations of z;:

B(k[z1, 7, . . ., 2,]%) < max{n, (Z) 1.

Example: Bound is sharp. k[z, 2o, ..., 2,]%"
is generated by o4, ...,0,,V, where

V=] 2.

i<j

(largest degree relation = n(n — 1)) = 274(A))



Modular case: 3(A“) depends upon dimension of representation

The Noether bound can fail: e.g. in char 2
|G| = 2 acting on polynomials in 6 variables with
B(AY) =3 > |G| = 2.

Theorem (Symonds (2011))

If G is a finite group of order |G| > 1 acting
linearly on A :=k[zy,...,z,] withn > 2 then
B(AY) < n(|G] - 1).

Relations among generators in degrees
<2n(|G| = 1).



Artin-Schelter regular algebras. (k = C)
A connected graded noetherian with

o gldim A =d

o GKdim A =d

o Ext!(k, A) = 0 fori # d

o Ext?(k, A) = k(¢)
Examples:

o k[zy,..., x4
o Rlx : 0,0] for R AS regular

o Various rings defined by generators and
relations (e.g. Down-up, Sklyanin algebras).



The action of a Hopf algebra H on A:

(a) H is a semisimple, hence finite-dimensional,
Hopf algebra,

(b) Ais a left H-module algebra and for each i,
A, is a left H-submodule of A.

AR ={a € Al ha=e(h)aforall he H}.



Noncommutative Case is Different

If any finite group G acts nontrivially on
A= k[flv T ,l’n], then B(k[xh e 7$H]G) > L.

When A is noncommutative, 3(A%) can be 1
even if A is a Koszul AS regular algebra:



Noncommutative Case is Different

Example: Take A generated by z, y, and =
with relations

Ty —yxr = 22,  zis central.
Let o be the automorphism of A determined by
o(x)=z, o(y)=y, and o(z)=—z.
A is generated in degree 1 and

BAD)) = 1.



Noncommutative Case is Different

Noether Bound fails:

When A is noncommutative 5(A%) can be
strictly larger than |G|.

In fact 8(AY) — |G| can be arbitrarily large.



Noncommutative Setting — Noether Bound fails— 3(A%) > |G|

A an Artin Schelter regular algebra, and
(G acting linearly on generators of A.
Invariants are linear combinations of orbit sums.

Example: A =k {[z,y],yr = —zy and
g:r<ryactson A, O(x)=xz+y
O?) =2+ = (¢ +y)
O(ry) =axy +yr =0
A set of generators of A% is = + y and z° + ¢°
(or 2%y +xy%).  B(AY) =3 > |G| =2,



Difference 3(A“) — |G| is arbitrarily large

Ferraro, K, Moore, Peng: arXiv: 1907.06761
A=l [z,y], e =e*/" and G = (g)

()

2 e 0 .
g- = <0 6) so |G| = 2n.

Invariants must have total degree a multiple of n
and are linear combinations of

O(xkn—zyz) = xkn—iyi + (_1>(kn—’1?)i€ixiylm—i'



Difference 3(A“) — |G| is arbitrarily large

A=k [r,y], e =¥, and G = (g)

0 €
o= (1 ;) l61=2

n=0 mod4:B(A%) =2n
n=2 mod4:B(A%) =n
n=1 mod?2:B(A%) =3n

n odd: Noether’s bound fails (for 2 dim rep).
What happens for A = k_[zq,..., z,,]?



No uniform bound involving only |G|

Example: There is no uniform bound for g(A%)
depending only on |G| for all noetherian AS
regular algebras A.

g := free Lie algebra generated by x and y.

g is a graded Lie algebra with universal
enveloping algebra S := U(g) = k(x,y) as
graded algebras by assigning degx = degy = 1.



No uniform bound involving only |G|

Let m > 2 and consider the graded quotient Lie
algebra
gm = 98/8>m.

g IS a graded Lie algebra generated by z, y
and subiject to relations

lay, [ag, [+, [am—1,am] - --]]] = 0

for all a; being z or y. Then g, is a
finite-dimensional graded Lie algebra. Its
universal enveloping algebra A = U(g,,) is a
noncommutative noetherian AS regular algebra.



No uniform bound involving only |G|

Let o be the automorphism of g sending = to —x
and y to y. Then ¢ has order 2, and it induces
an order 2 graded algebra automorphism on A.
Let G = (o). We show that 5(A%) > m — 1.

Since m can be arbitrarily large, there is no
uniform bound for 3(A%) which depends only on
|G| when we consider all noetherian AS regular
algebras A.



Fogarty’s saturation

R=AH
The left Hilbert ideal of the H-action on A is the
left ideal of A
JH(A) = ARZI-

The left T-saturation degree of the H-action on
A is defined to be

TH(A) = mln{d : JH(A)d = Ad}



Computing the saturation

Example: The mth Veronese is A'“) of A, where
w € k is a primitive mth root of unity, A is
generated in degree 1, o(a) = wa forall a € A,
and extended to an automorphism of A, so
Jisy(A) = 0in degrees < m

= Aindegrees > m

SO Ty (A) = m.
If Ais a domain, then 5(A)) = m.

Question: Is 7(A?) = 7(A)?



Relating saturation 7 to bounds of generators 5

Proposition

Let A be a connected graded algebra and let H
be a semisimple Hopf algebra acting on A
homogeneously. Then B(AH) < 7 (A).

| A\

Theorem

When A is an AS regular domain generated in
degree 1, A has finite global dimension and
A#H is prime then B(AM) < dim H.




Using Central Subalgebras

Proposition

Let A be a connected graded domain and let H be a
semisimple Hopf algebra acting A homogeneously.
Suppose that

(a) A is a finitely generated module over a central
subalgebra Z ;

(b) Z is stable under the H -action;

(c) Z is generated as an algebra by elements of degree
<d;

(d) A is generated as a Z-module by elements of degree
< m; and

(e) eitherk is an algebraically closed field of
characteristic zero or H is a group algebra.

Then B(A") < 15 (A) < ddim H + m.




Using Central Subalgebras

Corollary
Let GG be a finite group acting as graded
automorphisms onk _[xy,..., x,] and suppose

that |G| is invertible ink. Then

Bk_i[z1, ..., 2,]%) < 2|G| + n.

Proposition

Bilk_1[z1,...,2,]%) <i(2|G| +n+1) =2

forall i > 2




Broer bound for commutative polynomials

A=klry,...,x,]chark=0
A¢ Cohen-Macaulay: A% = @™ nk[fi,.... f.].
B(AY) < max{deg(n;), deg(f,)}
The Hilbert series of a graded algebra S:
Hg(t) = Zj dlm(S])tJ
H o) = 3 g ety
Molien’s Theorem: H ,c(t) = ﬁ >, (1_A1t)”1.(1_m)
deg(;) — >_5—; deg(f;) < —n
B(AY) < 307 deg(f;) —n
Extended to CM-case (any char) by Broer, to
general k by Symonds.




Generalization of the Broer Bound

Theorem (K, Kuzmanovich, Zhang (2014))

A quantum polynomial algebra of dimension n,
H semisimple Hopf algebra, and C' c A" c A,
C' a graded iterated Ore extension

C = k[fl][fg . T9, (52] ce [fn . Tn,5n],

A finitely generated, deg f; > 1 for at least 2
distinct i’s.

BAT) < Zdegfi —n.



A= k,l[l’l, c ,LL'n]
P, =5z

;P if © odd
! P,, if ueven

P,P, = P,P, when u even
P,P,+ P,P, =2P,., when u,v odd
C' subalgebra generated by P, P}, ..., P!
C =
k[P47P87 cey P4L JHPIHP& . T3, 53] e [Pm . Tm,(sm]

n
2

for m =2[21] + 1.



Permutation actions — Generalization of Gobel’s Theorem

Theorem (K, Kuzmanovich, Zhang (2014)):
A=k q[x,...,x,]
o B(A%) =2n—1
relations in degree < 4n — 2
° ﬁ(AA") =2n—3
relations in degree < 4n — 6
o B(AY) < 3n?/4 for G permutations.

o B(AY) < n?for G a subgroup of S, x {41}



Koszul Algebras

S is Koszul if the trivial graded S-module k has a
minimal free resolution that is linear, or
equivalently, Tor? (k, k); = 0 for all j # 1.



Measure of growth of degrees of generators in a resolution

S a connected graded algebra.
M a graded module.

The Tor-regularity of M is Torreg(M) =
sup{j —i | Tor{(k, M); #0 fori,j € Z}.

S is Koszul if and only if Torreg(k) = 0

Noncommutative version studied by Jargensen
and Dong-Wu.



Another measure of growth of degrees of generators in a resolution

Let M be a nonzero graded left S-module.
The Castelnuovo—Mumford regularity of M is

CMreg(M) :==inf{p € Z | HL(M)s, ; =0,Yi € Z}
= sup{i + deg(H.L(M)) |ic Z}.

Noncommutative S studied by Jgrgensen,
Dong-Wu.



CM regularity and AS regular algebras

Let A be an AS regular algebra of type (d, ¢).
Then

CMreg(A) =d — ¢ = gldim A + deg H 4(t).
A is Koszul if and only if CMreg(A) =0

(P. Jargensen, Dong-Wu) A is a Koszul AS
regular algebra if and only if

Torreg(M) = CMreg(M) for all M.



CM regularity and AS regular algebras

For S commutative, generated in degree 1
Torreg(k) = 0, oo.

If A is AS regular then Torreg(k) = — CMreg(A).

If Ais a non-Koszul AS regular algebra of type

(3,4) then "= ®" A is AS regular of type
(3n,4n) and

Torreg(k) = — CMreg(7) = —(3n — 4n) = n.



Bounds on degrees of generators and relations

Generalization of a result of Symonds:

Suppose there is a graded algebra map
S — A where S is a noetherian AS regular
algebra such that A’ is finitely generated over S
on both sides. Let
d(A/S) = CMreg(A) — CMreg(S). Then
(1) B(A") < max{B(S),0(A/S)}, and
(2) Ba(AM) <
max {20(A/5),0(A/S) + B(S), B2(5)}-



Noncommutative version of Theorem of Derksen

A generated in degree 1, S a noetherian AS
regular algebra such that the minimal
generating vector spaces of S and R := AY
have the same dimension and there exists a
graded algebra surjection S — R.
(1) Ba(R) < 2 —2CMreg(S) + CMreg(A).
(2) Suppose that Tor{ (k, R) @5 k = Tor? (k, R).
Let K be the kernel of the algebra map
S — R. Then, as a left ideal of S, K is
generated in degree at most

2 — 2CMreg(S) + CMreg(A).



Other weighted regularities

Work in progress with R. Won and J. Zhang
£ = (&,&).% #0, X # 0 object in DY (AGr).

The ¢-Castelnuovo-Mumford regularity of X is
CMrege (X) = sup{& deg(H(X))+&ii | Vi€ Z}.
The &-Tor-regularity of X

Torrege(X) = sup{& deg(Tor(k, X))—&i | Vi € Z}.



Questions for A noncommutative:

o Is B(A") bounded by a function of the
numerical invariants

dimg H, gldim A, CMreg(A)?

o Is B(A%) biggest for cyclic groups?

o Does the dimension of H play the same role
as |G|?

o Can p(A") be larger when H is not
semisimple or characteristic k = p?



Thanks



