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Finite tensor categories

[Etingof–Ostrik, 2003] A finite tensor category (FTC) is an abelian
k-linear monoidal category (T,⊗, 1) such that

every object has finite length and dimk HomT(M,N) <∞;

there are enough projectives;

−⊗− is bilinear on spaces of morphisms;

every object is dualizable;

EndT(1) ∼= k.

1 Background: Vast class, e.g., mod(H) for all finite dimensional Hopf
algebras H.

2 Important symmetric/braided FTCs not coming from Hopf algebras.

3 Used in: Representation theory, Mathematical Physics, Quantum
Computing, Low-dimensional Topology.
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The stable category

The tensor product is biexact.

Finite tensor categories are Frobenius categories.

We can form the stable category of T, denoted T having the same
objects as T and morphisms

HomT(M,N) := HomT(M,N)/PHomT(M,N).

−⊗− descends to a biexact functor T× T→ T.

In particular, we have the isomorphisms

(ΣM)⊗ N ∼= Σ(M ⊗ N) ∼= M ⊗ (ΣN).
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The cohomological support
The Tate cohomological support
The Balmer spectrum
Main problem

The cohomological support
Developed by Quillen (1971), Alperin-Evens (1981), Avrunin-Scott
(1982), Carlson (1983), Benson-Carlson-Rickard (1996), ...

The cohomology ring of an FTC T is the graded commutative ring

R•T :=
⊕
k≥0

HomT(1,Σk1)

with product

fg = (Σj f )g = f ⊗ g for f ∈ HomT(1,Σk1), g ∈ HomT(1,Σj1).

Then
Hom•T(M,N) :=

⊕
k≥0

HomT(M,ΣkN)

is an R•T-bimodule for M,N ∈ T. The cohomological support

W : T→ Xcl(ProjR•T) is W (M) := {p ∈ ProjR•T : Ann(End•T(M)) ⊆ p}.
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The Tate cohomological support

The Tate cohomology ring of an FTC T is the graded commutative ring

R̂•T :=
⊕
k∈Z

HomT(1,Σk1)

with product defined in the same way. Then

Ĥom
•
T(M,N) :=

⊕
k∈Z

HomT(M,ΣkN)

is an R̂•T-bimodule. The Tate cohomological support

Ŵ : T→ Spech R̂•T is Ŵ (M) := {p ∈ Spech R̂•T : Ann(Ênd
•
T(M)) ⊆ p}.
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The Balmer spectrum

Developed by Balmer (2005) in the commutative (symmetric) case.

Noncommutative case: Buan-Krause-Solberg (2007),
Nakano-Vashaw-Y (2019), Negron-Pevtsova (2020).

A thick subcategory of T is a triangulated subcategory, closed under
direct summands. Punchline: thick ideals, not indemposable objects.

The (noncommutative) Balmer spectrum Spc(T) is defined as the
collection of prime ideals of T: thick ideals P such that if I⊗ J ⊆ P,
then I or J is contained in P, over all thick ideals I and J.

Nonempty: existence of maximal ideals.

The topology of Spc T has closed sets

V (S) := {P ∈ Spc T | S∩P = ∅}; V : T→ Xcl(Spc T) universal support.
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The Balmer spectrum
The universal support has the noncommutative tensor product property⋃

X∈T V (M ⊗ X ⊗ N) = V (M) ∩ V (N), ∀M,N ∈ T (∗)

Theorem [Nakano-Vashaw-Y]
(1) The universal support has the tensor product property

V (M ⊗ N) = V (M) ∩ V (N), ∀M,N ∈ T.

if and only if every prime ideal P of T is completely prime, ∀M,N ∈ T
M ⊗ N ∈ P⇒ M ∈ P or N ∈ P.

(2) Every thick ideal of T is semiprime, i.e., an intersection of prime
ideals.

For part (1), think of [Dixmier]: For a fin dim Lie algebra g, every prime
ideal of U(g) is completely prime if and only if g is solvable.
[Joseph, Hodges–Levasseur, Goodearl-Letzter]: some quantum algebras.

But nobody knows whether the cohomological support W : T→ ProjR•T
has the property (∗).
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Main problem
Problem

1 Describe the relationship between Spc T and ProjR•T,

respectively Spc T and Spech R̂•T.

2 Describe the relationship between the universal support
V : T→ Spc T and the cohomological support W : T→ ProjR•T,
respectively the universal support V : T→ Spc T and the Tate

cohomological support Ŵ : T→ Spech R̂•T.

Theorem [Avrunin-Scott, Friedlander-Pevtsova, Balmer]

For every finite group scheme G ,

Spc(mod(kG )) ∼= ProjR•mod(kG)

and V and W coincide under this identification.

Based on tensor product property for the cohomological support, in turn
based on rank support [Carlson], π-support [Friedlander-Pevtsova].
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Definition
The diagram
The Drinfeld center
The graded center
Groups of endotrivial objects

The categorical center of the cohomology ring
When the category T is not braided, there are known cases where the
universal and cohomological support are not homeomorphic.

Definition (Nakano-Vashaw-Y)

The categorical center Ĉ•T of the Tate cohomology ring R̂•T of T is the

subalgebra generated by all homogenous g ∈ R̂•T such that the diagram

1⊗M M M ⊗ 1

Σi1⊗M ΣiM M ⊗ Σi1

g⊗idM

∼=
∼=

idM ⊗g

∼=
∼=

commutes for all simple objects M of T.
The categorical center C•T of the cohomology ring R•T is defined to be

C•T = R•T ∩ Ĉ•T.
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The diagram

If T is braided, then
Ĉ•T = R̂•T, C•T = R•T.

In general, the categorical center is related to the following previously
considered algebras:

R•Z(T) C•T R•T

R̂•Z(T) Ĉ•T R̂•T Z•(T)
R,L

Drinfeld center (tensor cats) graded center (triangulated cats)
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The Drinfeld center

The Drinfeld center Z(T) of a finite tensor category T is a braided finite
tensor category.

Objects: pairs (M, γ), M ∈ C and a natural isomorphism

γX : X ⊗M
∼=−→ M ⊗ X , X ∈ T

called a half-braiding, satisfying usual braiding type axioms.

Morphisms: HomZ(C)((M, γ), (M ′, γ′)) ⊂ HomC(M,M ′).

Example. Z(mod(H)) ∼= mod(D(H)), H=finite dimensional Hopf
algebra.

Fact. The forgetful functor Z(T)→ T descends to Z(T)→ T
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The graded center
The graded center Z•(T) of T is a graded commutative algebra with
degree n component consisting of natural transformations

η : idT → Σn such that ηΣ = (−1)nΣη.

Two injective homomorphisms L,R : R̂•T ↪→ Z•(T), which send

g ∈ HomT(1,Σn1) to

M 1⊗M Σn1⊗M ΣnM and

M M ⊗ 1 M ⊗ Σn1 ΣnM,

∼= g⊗idM ∼=

∼= idM ⊗g ∼=

respectively. The categorical center of the Tate cohomology ring R̂•T is

Ĉ•T := {g ∈ R̂•T | L(g) = R(g) on all simple objects M ∈ T}.
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Definition
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The Drinfeld center
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Groups of endotrivial objects
Definition. M ∈ T is endotrivial if M∗ ⊗M ∼= 1 in T. In some cases

C•T = (R•T)L,

L =a group of endotrivial objects (canonical action L y T and on R̂•T).

Example. [Plavnik-Witherspoon Hopf algebras]. L a finite group acting
on a finite dimensional Hopf algebra A:

AL = (A∗#kL)∗

For them
C•mod(AL)

∼= (C•mod(A))
L.

Special case 1. [Benson-Witherspoon Hopf algebras]. A = kG and
H = (k[G ]#kL)∗. So, C•mod(H)

∼= (R•mod(kG))
L = H•(G ,k)L.

Special case 2. [Coordinate rings of finite group schemes] Ω ∼= π n Ω0,
Ω0 infinitesimal group scheme, π a finite group. We have:

C•mod(k[Ω])
∼= H•(k[Ω0],k)π.
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The weak fg condition
Theorem: a bridge coh support↔ Balmer spec
A conjecture
Theorem: a right inverse of ρ
Theorem: an inverse of ρ
Examples

The weak fg condition

Conjecture (Etingof-Ostrik)

Every FTC T satisfies the (fg) condition that R•T is a finitely generated
algebra and for all M ∈ T, End•T(M) is a finitely generated R•T-module.

Friedlander-Suslin [finite group schemes],

Ginzburg-Kumar, Bendel-Nakano-Parshall-Pillen,
Andruskiewitsch-Angiono-Pevtsova-Witherspoon [some classes of
Hopf algebras].

Weak fg condition (wfg). For all M ∈ T, End•T(M) is a finitely generated
C•T-module. Note: (fg) for Z(T) implies (wfg) for T.

Tate weak fg condition (Twfg). For all M ∈ T, Ênd
•
T(M) is a finitely

generated Ĉ•T-module.
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Theorem: a bridge coh support ↔ Balmer spec

Theorem (Nakano-Vashaw-Y)

1 There is a well-defined, continuous map

ρ : Spc T→ ProjC•T,

ρ(P) = Span{g homogeneous in C•T : cone(g) 6∈ P}. It satisfies

ρ−1(WC (A)) ⊆ V (A),

central coh support WC : T→ ProjC•T (restrict R•T-action to C•T).

2 If T satisfies (wfg), then ρ is surjective.

3 There is a well-defined, continuous map

ρ̂ : Spc T→ Spech Ĉ•T,

given by ρ̂(P) = Span{g homogeneous in Ĉ•T : cone(g) 6∈ P}.
4 If T satisfies (Twfg), then ρ̂ is surjective.
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A conjecture

Conjecture (Nakano-Vashaw-Y)

The map ρ : Spc T→ ProjC•T is always a homeomorphism.
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Theorem: a right inverse of ρ

Recall: ρ : Spc T→ ProjC•T

Theorem (Nakano-Vashaw-Y)

Assume that the central cohomological support WC : T→ ProjC•T
satisfies the noncommutative tensor product property⋃

X∈T V (M ⊗ X ⊗ N) = V (M) ∩ V (N), ∀M,N ∈ T.

Then the following holds:

There exists a continuous map η : ProjC•T → Spc T given by

η(p) = {M ∈ T : p 6∈WC (M)}.

If T satisfies (wfg), then ρη = idProj C•T
.

If T satisfies (wfg), then η(ρ(P)) ⊆ P.

+ a similar theorem for ρ̂ : Spc T→ Spech Ĉ•T.
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Extended supports

To get that ηρ = idSpc T, we need Rickard idempotent functors arising
from Brown representability. This means that we need to work in a
triangulated category with arbitrary coproducts and which is compactly
generated.

The ind completion Ind(T) is Frobenius and we use Ind(T).

Definition. We say that WC admits an extension to Ind(T) if there is a

support W̃C on that category which restricts to WC on the compact part
T, satisfies the noncommutative tensor product property⋃

X∈T

W̃C (M ⊗ X ⊗ N) = W̃ (M) ∩ W̃ (N)

for all M ∈ Ind(T) and N ∈ T, and and is compatible with shifts,
triangles, arbitrary coproducts, detects projectivity.
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Theorem: an inverse of ρ

Theorem (Nakano-Vashaw-Y)

Suppose T satisfies (wfg), ProjC•T is a Noetherian topological space, the
central cohomological support satisfies the noncommutative tensor
product property, and WC has an extension to Ind(T).

Then η and ρ are inverse homeomorphisms

Spc T
ρ

�
η

ProjC•T.

+ a similar theorem for ρ̂ : Spc T→ Spech Ĉ•T.

Note: We can prove that none of the conditions is overshooting, i.e., if
the conjecture holds for T, then T satisfies all conditions in the theorem.
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Examples
Recall the Plavnik-Witherspoon smash coproduct AL = (A∗#kL)∗, based
on a fin dim Hopf algebra A and a finite group L.

Theorem (Nakano-Vashaw-Y)

If mod(A) satisfies the conditions of the last theorem, then so does
mod(AL).

Examples.
1 For the Benson-Witherspoon Hopf algebra H = (k[G ]#kL)∗,

Spc(mod(H)) ∼= Proj(H•(G ,k)L).

2 Finite group scheme Ω = Ω0 n π:

Spc(mod(k[Ω])) ∼= Proj(H•(k[Ω0],k)π).

This recovers a theorem of Negron-Pevtsova, who used methods
related to hypersurface support.
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Thank you!

Milen Yakimov On the spectrum and support theory of an FTC


	Finite Tensor Categories
	Goals of the Talk
	Finite tensor categories
	The stable category

	Coh Support and Noncommut TT Geometry
	The cohomological support
	The Tate cohomological support
	The Balmer spectrum
	Main problem

	The Categorical Center of the Cohomology Ring
	Definition
	The diagram
	The Drinfeld center
	The graded center
	Groups of endotrivial objects

	Results
	The weak fg condition
	Theorem: a bridge coh support  Balmer spec
	A conjecture
	Theorem: a right inverse of 
	Theorem: an inverse of 
	Examples


