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Plan of Talk

1. Singularity Theory: commutative and noncommutative

2. The proposal, dimension and numerics

3. Main results, and ADE

4. Geometric Consequences
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What is Singularity Theory?

To classify (even smooth points), you need to work suitably locally.

...so work in the commutative power series ring C[[x1, . . . , xd ]].
Similar to the polynomial ring, but allow infinite sums

f = λ1 + λ2x + λ3y + λ4xy + . . .

Singularity Theory (à la Arnold)

Classify all f ∈ C[[x1, . . . , xd ]], up to specified isomorphism,
satisfying some fixed numerical criteria, and produce theory for
when classification is not possible.
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Key Example: Simple Singularities

Define f ∈ C[[x1, . . . , xd ]] = C[[x]] to be a simple singularity if

#{I | I proper ideal of C[[x]] with f ∈ I 2} <∞.

Theorem
If f is a simple singularity, then up to relabelling the variables
z1, . . . zd−2, x , y , and up to isomorphism, f is one of

An z21 + . . . + z2d−2 + x2 + yn+1 n ≥ 1

Dn z21 + . . . + z2d−2 + x2y + yn−1 n ≥ 4

E6 z2 + x3 + y4

E7 z2 + x3 + xy3

E8 z2 + x3 + y5
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NC Change in View

Consider instead the formal noncommutative power series ring
C〈〈x1, . . . , xd〉〉. Basically the same as the free algebra in d
variables, except now allow infinite sums

f = λ1 + λ2x + λ3y + λ4xy + λ5yx + . . .

(the complete path algebra of the d-loop quiver)

But: when are f , g ∈ C〈〈x1, . . . , xd〉〉 isomorphic? And what are
the numerical criteria?
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Jacobi Algebras

Given any f ∈ C〈〈x1, . . . , xd〉〉, we can cyclically differentiate it with
respect to any variable. For example

δx(x3y) = xxy + xyx + yxx , and δy (x3y) = xxx .

Definition
Given any f ∈ C〈〈x1, . . . , xd〉〉, the Jacobi algebra is

Jac(f ) =
C〈〈x1, . . . , xd〉〉
((δ1f , . . . , δd f ))

.

Favourite Example: f = x4 + xy2 ∈ C〈〈x , y〉〉 gives

C〈〈x , y〉〉
((4x3 + y2, xy + yx))

.

5 / 23



Jacobi Algebras

Given any f ∈ C〈〈x1, . . . , xd〉〉, we can cyclically differentiate it with
respect to any variable. For example

δx(x3y) = xxy + xyx + yxx , and δy (x3y) = xxx .

Definition
Given any f ∈ C〈〈x1, . . . , xd〉〉, the Jacobi algebra is

Jac(f ) =
C〈〈x1, . . . , xd〉〉
((δ1f , . . . , δd f ))

.

Favourite Example: f = x4 + xy2 ∈ C〈〈x , y〉〉 gives

C〈〈x , y〉〉
((4x3 + y2, xy + yx))

.

5 / 23



Small Digression: what is dimension?

Gelfand–Kirillov dimension is problematic: GKdimC[[x ]] =∞.

But
Jac(f ) is local, with Jacobson radical J, giving intrinsic filtration

Jac(f ) ⊇ J ⊇ J2 ⊇ . . . .

Definition
JRdim Jac(f ) is the growth rate of this chain, namely

inf {r ∈ R | for some c ∈ R, dim Jac(f )/Jn ≤ cnr for every n ∈ N} .

Calibration: JRdimC[[x ]] = 1, and further JRdim Jac(f ) = 0 is
equivalent to Jac(f ) being a finite dimensional algebra.
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Noncommutative Singularity Theory

Write f ∼= g to mean Jac(f ) ∼= Jac(g). With ring C〈〈x1, . . . , xd〉〉
and equivalence relation ∼= fixed, aim of singularity theory remains:
classify all elements f satisfying some numerical criteria.

Problem
For every n ≥ 0, produce a set of elements Sn which realise every
Jacobi algebra of JR-dimension n, up to isomorphism.

Key: We insist that the elements of Sn should be a normal form,
namely if f , g ∈ Sn with f 6= g , then Jac(f ) � Jac(g).

Calibration: S0 gives complete list of finite dimensional Jacobi
algebras, with no repetitions.
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The Proposal

...for small n we propose that such a classification is desirable, and:

1. ...a classification is in fact possible! (c.f. Arnold)

2. ...there are no moduli. Just very few countable families.

3. ...the classification is ADE.

4. ...this algebraic classification is (and implies) the classification
of flops, and of crepant divisorial contractions to curves.
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Numerical Criteria

For m ≥ 1, the mth corank of f is defined to be

Crkm(f ) = dimC

(
Jm

Jm+1

)
,

where J is the Jacobson radical of Jac(f ).

Theorem (Iyudu–Shkarin, Brown–W)

If JRdim Jac(f ) ≤ 1, then one of the following holds

1 1
2 2
2 3

9 / 23



Numerical Criteria

For m ≥ 1, the mth corank of f is defined to be

Crkm(f ) = dimC

(
Jm

Jm+1

)
,

where J is the Jacobson radical of Jac(f ).

Theorem (Iyudu–Shkarin, Brown–W)

If JRdim Jac(f ) ≤ 1, then one of the following holds

Crk(f ) Crk2(f )

1 1
2 2
2 3

9 / 23



Numerical Criteria
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(
Jm

Jm+1

)
,

where J is the Jacobson radical of Jac(f ).
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A 1 1
D 2 2
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Type A

...the case when Crk(f ) ≤ 1.

Proposition (really just the Splitting Lemma)

Suppose f ∈ C〈〈z1, . . . , zd−2, x , y〉〉 with Crk(f ) ≤ 1. Then either

f ∼=
{
z21 + . . . + z2d−2 + x2

z21 + . . . + z2d−2 + x2 + yn for some n ≥ 2.

In all cases, JRdim Jac(f ) ≤ 1.
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Type D

Theorem (Brown–W)

Suppose that f ∈ C〈〈z1, . . . zd−2, x , y〉〉 with Crk(f ) = 2 and
Crk2(f ) = 2. Then either

f ∼=





z2 + xy2

.
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Summary of families: JRdim 0 case

Theorem (Brown–W)

If dimC Jac(f ) <∞, then f ∼= to one of the following

Normal form Conditions

A An z2 + x2 + yn n ≥ 2

D
Dn,m z2 + xy2 + x2n + x2m−1 n,m ≥ 2,m ≤ 2n − 1
Dn,∞ z2 + xy2 + x2n n ≥ 2

E
E6,n z2 + x3 + xy3 + yn n ≥ 4

z2 + x3 + O4 (various cases)
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Summary of families: JRdim 1 case

Theorem (Brown–W)

If JRdim Jac(f ) = 1, then f ∼= to one of the following

Normal form Conditions

A A∞ z2 + x2

D
D∞,m z2 + xy2 + x2m−1 m ≥ 2
D∞,∞ z2 + xy2

E
E6,∞ z2 + x3 + xy3

z2 + x3 + O4
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Extracting ADE

Consider the ADE Dynkin diagrams, with their highest roots.

4 GAVIN BROWN AND MICHAEL WEMYSS

Each member of the bottom family has finite dimensional Jacobi algebra, whereas
in the top case the algebra is infinite dimensional, with Jdim Jac(f) = 1.

(2) If d = 2, i.e. f 2 Chhx, yii, then Jac(f) is commutative if and only if Crk(f)  1.

Thus most Jacobi algebras are strictly not commutative and so new noncommutative
invariants are needed to classify them. The equation (1.A) does admit an obvious gen-
eralisation, namely the higher coranks defined in §4.1, where for f 2 Chhxii�3 the second
corank is

Crk2(f) = d2 � dimC

✓
n3 + I

n3

◆
. (1.B)

In classifying all f with Jdim Jac(f)  1, A.18 together with 1.2 then reduces us to the
case where Crk(f) = 2 and Crk2(f) = 2, 3. The lowest case Crk2(f) = 2 turns out to be
given by the Type D families in the tables of §1.2.

Theorem 1.3 (6.18). Suppose that f 2 Chhxii�2 with Crk(f) = 2 and Crk2(f) = 2.

(1) Then either

f ⇠=

8
>>>><
>>>>:

z2
1 + . . . + z2

d�2 + xy2 D1,1
z2
1 + . . . + z2

d�2 + xy2 + x2m+1 with m � 1 D1,m

z2
1 + . . . + z2

d�2 + xy2 + x2n with n � 2 Dn,1
z2
1 + . . . + z2

d�2 + xy2 + x2n + x2m+1 with 2n� 2 � m � n � 2 Dn,m

z2
1 + . . . + z2

d�2 + xy2 + x2m+1 + x2n with n > m � 1 Dn,m

These f all have mutually non-isomorphic Jacobi algebras.
(2) Furthermore, those labelled D1,⇤ satisfy Jdim Jac(f) = 1, whilst those labelled

Dn,⇤ satisfy Jdim Jac(f) = 0.

It is remarkable that all normal forms are polynomial, and even more remarkable that
all coe�cients are integers. Indeed, all coe�cients equal 1, and there are no moduli.

The last remaining case for which Jdim Jac(f)  1 holds is when Crk(f) = 2 and
Crk2(f) = 3. After a suitable change in coordinates, all such f have the form

f ⇠= z2
1 + . . . + z2

d�2 + x3 + f�4(x, y).

with some extra conditions on f�4(x, y) that ensures Jdim Jac(f)  1. We refer to these
potentials as Type E. As stated in §1.2, the families described in both Types E6,n

and E6,1 are genuine examples. However there are many others; see [BW2]. Their
classification depends, in a rather more subtle manner, on naturally-defined higher coranks
(see 4.9). For example, the potential x3 +xy3 of Type E6,1 has second corank equal to 3,
with all higher coranks equal to 4, while in contrast the potentials fn of Type E6,n for
n � 5 trim those coranks to

Crk2(fn), Crk3(fn), . . . , Crkn+6(fn) = 3, 4, 4, . . . , 4, 4, 3, 3, 2, 1, 1.

In particular Jac(fn) has dimension 4(n+3). Controlling normal forms in such situations
is both theoretically and computationally more di�cult.

1.4. Extracting ADE. It turns out that there are two, completely distinct, ways to
extract ADE behaviour from the families defined above, and thus explain the ADE nam-
ing conventions. In this section we explain the purely algebraic method; the birational
geometry method is explained in §1.5 below.

As notation, consider the following ADE Dynkin diagrams, which we also furnish with
the information of their highest roots.

A1

1

D4

1 2

1

1

E6

1 2 3

2

2 1

E7

2 3 4

2

3 2 1

E8

2 4 6

3

5 4 3 2 (1.C)

To each such Dynkin diagram, there is an associated preprojective algebra ⇧ (see e.g.
[CBH]), which is a finite dimensional algebra. The vertices of the Dynkin diagram give rise
to idempotents in the corresponding ⇧. In each diagram in (1.C), let e be the idempotent
corresponding to the unique vertex marked , except for E8 when there are two cases: e
is either the left or the right . From this information, consider the algebra e⇧e.

To each, can associate the preprojective algebra Π.

Definition
Write Z = Z (Jac(f )). We say that Jac(f ) has Type X if for all
finite dimensional vector spaces V ⊂ mZ such that V � mZ/m

2
Z,

there exists a Zariski open subset U of V such that
Jac(f )/(u) ∼= eΠe for all u ∈ U, where Π is the preprojective
algebra of Type X , and e is an idempotent marked above.

...a general hyperplane section u ∈ Z satisfies Jac(f )/(u) ∼= eΠe.
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Jac(f )/(u) ∼= eΠe for all u ∈ U, where Π is the preprojective
algebra of Type X , and e is an idempotent marked above.

...a general hyperplane section u ∈ Z satisfies Jac(f )/(u) ∼= eΠe.
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Theorem (Brown–W)

Consider the previous normal forms, and define s as follows

Type Normal form Conditions s

A z2 + x2 + ε1y
n n ∈ N≥2 ∪ {∞} y

D z2 + xy2 + ε2x
2n + ε3x

2m−1 m, n ∈ N≥2 ∪ {∞} x2

E z2 + x3 + xy3 + ε4y
n n ∈ N≥4 g6,n

where g6,n some explicit element.

1. s is central in Jac(f ), with Jac(f )/(s) ∼= eΠe, where Π has
Type A1, D4, or E6, and e is the idempotent marked .

2. In Type A and D, a generic central element g satisfies
Jac(f )/(g) ∼= eΠe.
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Applications: why do we care?

Contraction algebras arise in the birational geometry.

Today: crepant contractions of two types:

X

SpecR

À

or

Á

Assumptions: X is smooth, and only one curve above the origin.

To this data associate the contraction algebra Acon
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Contraction Algebras

The contraction algebra Acon is defined using (noncommutative)
deformation theory of the reduced fibre above the origin.

Details are unimportant, the only facts we need today are:

1. Since only one curve, Acon is a factor of C〈〈x , y〉〉.
2. Since X is smooth, there exists f such that Acon

∼= Jac(f ).

Theorem (Donovan–W)

Situation À (flopping) ⇐⇒ JRdimAcon = 0.

Situation Á (div→curve) ⇐⇒ JRdimAcon = 1.

...motivates studying f such that JRdim Jac(f ) ≤ 1.
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Two Conjectures

Classification Conjecture (Donovan–W)

Contraction algebras classify.

If X1 → SpecR1 and X2 → SpecR2

be 3-fold irreducible crepant contractions, with one-dimensional
fibres, where Xi are smooth, and Ri are complete local. Denote
their corresponding contraction algebras by Acon and Bcon. Then

R1
∼= R2 ⇐⇒ Acon

∼= Bcon.

Realisation Conjecture (Brown–W)

Contraction algebras=Jacobi algebras. If f ∈ C〈〈x , y〉〉 satisfies
JRdim Jac(f ) ≤ 1, then Jac(f ) ∼= Acon for either a flopping
contraction (JR zero), or div→curve contraction (JR 1).
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Type A

For Type A contractions, either:

uv = s2

or

uv = s2 + t2n

Acon C[[y ]] C[[y ]]/yn

...these are precisely the Type A Jac(f ) from earlier.
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All Type D are also geometric!

f ∼=





xy2 [Donovan–W] div→curve

xy2 + x2m+1 [Brown–W] div→curve

xy2 + x2n [Aspinwall–Morrison] Laufer flops

xy2 + x2n + x2m+1 [BW, van Garderen, Kawamata] flops

xy2 + x2m+1 + x2n [van Garderen, Kawamata] flops

...in all cases, in the corresponding geometric contraction, the
elephant has type D singularities.

Corollary
The Realisation Conjecture is true, except possibly the only
remaining case f = x3 + higher.
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Classification of Type D

Theorem (Brown–W)

Suppose that f : X→ SpecR is any smooth type D flop, or
div→curve contraction, one curve above the origin. Then

Acon
∼= Jac(f )

for some f on the previous slide.

...so all possible contraction algebras in Type D are now classified.
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GV invariants

To every flop is an associated tuple of numbers (n1, . . . , n6) called
the Gopakumar–Vafa (GV) invariants.

..basically deform your flopping curve C into a disjoint union of
(−1,−1) curves, and count those. It is a bit more refined than
this: nj equals the number of such curves with curve class j [C ].

Upshot

Type D flops have GV invariants (a, b, 0, 0, 0, 0) = (a, b) for some
a, b ∈ N. Different flops can have the same GV invariants.

Question
What possible (a, b) can arise?
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Gaps in GV

Corollary

For Type D flops, the only possible GV invariants (a, b) are:

(4,1) (4,2) (4,3) (4,4) (4,5) (4,6)

(5,1)

(6,2) (6,3) (6,4) (6,5) (6,6)

(7,2)

(8,3) (8,4) (8,5) (8,6)

(9,3)

(10,4) (10,5) (10,6)
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Key: The obstruction to e.g. (5, 2) existing is noncommutative.
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