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AP = bwick of A by

A , P ?

raded © groded Y ]
g.lge,bra. autemorphiam r*, 5 =rg¢" (2)

Of A Grraded medulw
Lagegories of A and
A? arv eguivalent

B =bialgebro, eabisfylng , p= graded blalgebra.
twisting cenditions cwsomorphiem of

& - aeencle bwist

B? = Zhang twist of & of Hopf algebra,

“Twisting pair
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OO0 O o

OUR SBTUP

kR = baw Fidd
(B,m,w, s, &) = bialggora,

MW : Hopt envolope of B ( TeKeuchie congorucion)

(Hym,u, A &)= Hopt algebra
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MOTIVATION ( ZRANG TWIST)

o [ATv2 ,§ 8] Twikb by an cutomorphiem
of & graded algebra

o [Zhang] Gounoralized t© q twisting syetan

o |Rignt Zhong twick , A®

A = graded algebra
P = graded owkomorpnigm of A

» A? = A as graded vackor spaces
= N  multiplicobion  given
ro#kg,s = o' (&) ¥ hemogoneous
r, s e A

o[Z.hanS—_[ Grraded module oat@gowie;& ok A and AP
e equivalant
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dofined
MOTIVATION & . . ﬁH@H

o[ Drinfeld, 198¥] Notion of a. Drinfeld twiet, T, of H
was introduced

o Hl= H  ae algeproe
HY has o deformed coalgebra ruckure

o If the wmodule ookegories of & Hopt algebros
o Bensor equivalant, than they ore Drinfeld Boiebs
of uOtn  Othor
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2, = COCLNOlG twlet

o[Doi,1a93] + [ Doi & Takeuchi, 1994 ] introduced. the
dual to o Drinfeld twoieh, colled o - coeyolw
twiet | o- of a Hopf algebra,

- HY = H_ os o cocigebro

- H” 2 H as an algebro

o L-COOYOLE ON H s a conwolution invertible
lineoar map o : H® H—> IR satisfying

2.0 (e 33')0—(3%-3%92) = 220 (Y,,Z,)0 (2,Y4,2,)

and o (x,1) = 6CY, ) = &Ce), ¥r,y,zeH

o H Ffinite dimensional
Jde HoH s a Drinfeld twist & FThe wmap
o:H¥e H* —> Ik | teg —(Fe g)(I)
s o x-cooyele -
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OUR, QUESTIONS

H = Hopt algebro. thot is Z- graded as an
algeoros

o Whon is a Zhong Cwist of H o &-coeyele
bwigt ?
= When is a0 Zhang Fwids of H ov Hoept algebra?
= Whon con a Zhang twiss b realized os a
- voeNele buist ?
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eT ®,m,u,a,8) bo o bialgebra

DeEINITION

<TW(&Tt NG CONDITIONS)

(T1) & is Z-groded }% SCH,) & H_,

(T2) A(B) & B, ® B,



GXAMPILE

for ne Ny, ,the polynomial ring k%] ,1¢0,)<n
with  coovigebras SErutturd

AR =4§$n T, ® Ty ond &ijc,;d)zs){\j

Noagi,g Sn

&ei:' dO»g (o) = 1. : th; po\yn_om\'a\ ring \R[LQ‘J
Sotiefind the ’cwt&bmg conditions
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PROPOSITION C HUANG — NGUYEN — URE. = YASHAW -\ - WANG

B = Bialgebro Sobisfying twisting conditions

® g = biolgebra,  cutomorphiem of B
= BP = bialgebra. wobiefying tuoieting condibions
C Zhang tioiet of B togathar
with coalgebra, etructur® of B

@ p-= Hopf olgebron  with ambipede S

® = graded Hopp olgebro. automorphiem
= B% = qleo Hopt algebra. eabisfying bwidsing
condibions  with antipede , SPLr) = g7 SLr)
\'e homoaax\wue, rin BP

PROPOSITION C HUANG — NGUYEN — URE. — YASHAW -\ - WANG

oobegory of @mdn.d

(DAY - modules

Mornoidal oategory ~“Gre-H
< Monoidal cavegory G *H
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DEFINITION]  (TWISTING PAIR)

A pair (B, ®,) OF algebros outoMorphisme of & I8
o twieting pair if tho following condibions hola:

(P2 g = (id® &,)e A and Aep,=(8,® id)ea
(PL) oo C¢1° ¢1J> = O .






H= Hopf algebra. otisfying twisting condibions.
for ony twieting poair (¢,,8,) of H,havo




APPLIGATION TO MANIN?Y UNIVERSAL QUANTUM GROUPS

TOEA
- Bxamine  Zhang twiets of Manin’e wniversal quanyuw
groups of quoadratic, cdgloras

~ Rutomorphisme coming from the underlying  algebros

- Connoek to A-ocoeycle troids of thoee wniversal

quontum  groups

MANIN’S UNIVERSAL QUANTUM GROUPS OF QUADRATIC ALGEBRAS

- A = quadrabic algebra, ond write oe,
A = R<ALY JLRLANY
RCA) & A, ® Ay dim, A, < o0

- ond’ CA) uwniversal bialgeora, vhat lotts coacss
on A vieL P A—> end"LA @ A

It

(

- ou_xb" CA) = univorsal quantum group thot left coaeke
on Ak

THEORBM (HUANG - NGUYEN - URE — VASHAW -V — WANG

o Bvery buwisting pair Of the universal guantum
group out“ CA) associated v a Quadrobic algebra
Als given by o graded olgebro. owbomovphism of A
in an “explicit way -

o A o ©onsoquaned , thy corepresentation theory
of out' CA) only depende on the graded medule

oabe/gov‘j over A .
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APPLICATION TO O4CMa(1R)) VIA FRT CONSTRUGTION

o Applicoion of H™ = H™*® oith o conebructed uging
(21,%,)

DEFINITION
R, & End, (VOV) whorw V= finite diveneienal vecker space
R & w\bd o olusion ¥ the q(uarrbum \Ian@ Poxvor
equation (BNBE) or an R-wmagrix if R, cObispins

R’ln. p\.lb R_'Jb — R?:b R,\2 R, >
whory =5, R, and R™* =2 R,0R, ® id,
RP? = %R, ® id ®R, ond R*® = z\d@ua @K,

o at with V= spon (e, ..., %y,) ond R e Mo o, (1)
with erbries Ry, <uch that

; .
R (,® 1yp) »4(2‘.:‘@ R 0%, for 1Sk, L <n.
o Apply Fadeay - Reshokikin - Takhntajon (FRT) consbruckion
to obboin o coquaeitriangular b\o\@,bm (ACR),0)
= As an olgebro., generoied by n* genorpkiors {I;J} ,
such thok =

n* . > Rl = 3 rY phe!
relobions 1<4k,L&n Y 1<k, Lgn YU

\-’. { £ u.,U',) l,)J £n

R R
= As o conlgebro. A(b“)- L b by &6}y = 8“
s LOith 00quasltr\wgulav structure 6: ACR)® AR) —7 R

eatiefying e(b‘v,b‘u = '~‘ ¥ 1S i jr,usn.
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APPLICATION TO @qCMn (_\b:)) VIA FRT CONSTRUCTION

o Con classify tho bwisking pairs (8, ,¢,) Of ACR)

= SUppO’Y {tf} W genorotory of ACR) -

1%i,9%n

= (8, ,) datermined by volws on gonerobovs
B, (7)) = 2 dﬁfti and

12 WEn
iy i
¢’v (b|) - 1%&&\1 @Du i
R | : id Y
ond > R.a&' a! = >, RY &t <t
) 18R, 05N g u v 1skRyegn Ow b

hold ‘\f 1$u1()‘,,i)\'| <Ln ,).,QhonJ (.o(d‘) ond (,?’:,)
are WnverlR of eoth ovher.
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APPLICATION TO Og4CMa (1)) VIA FRT CONSTRUGTION

o Consider O, (M,CIR) | quanbized ©oordinabe ving of
nxn mabei :

» As an olgebra, O,0M,CR) s gonerated by
R Q}Kig\j L With dafming ralations

A% Rs ®us= LuyPha iF R<u

q,x\’p.b’)c’hu = Ly Lea "F A<V

YWiusPhor = e ®us it s<vU, kR <

. W = .0+ ( g N ey, x it % <u u<k
us YRy = RU "~ us q-9 RR uu )

Hro n»2 ,q6lk”

= Re o conlgobra, ®chncm)) is dofined by

A w) = - LET%

Oy (M, L) Soisfies our tuisting condibions

»Thare s a contral group-like element g of O (M (1)
vorresponding Yo tho q- adgsminont of 6),10\’[rl k)
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APPLICATION TO OgqCLMn (1)) VIA FRT CONSTRUGTION

o NI buwisbing pairs of O, &k, CR)) are of tho
form (#,,0,) whe @, ond B, ore

Br(Rny) 0 B4(Ryy,) Loga o Loy Kqq o Kag
B, (L) 0 B, 00 Wy oo Ty S .
By (Lay) 0 B, () 4
’ . ' = A (4 % a0 Koqq “x‘/m\
¢2. (Lny) 0 B, () ' C
K aq - K Lgg - Lg

© TIf g=1,then for ay () & GL, CK) , CB,,B)
08 dafined abeve form oo twigking paie

® TIf chorCl) %2 ond q=-1,then («i5) defines
o bwiebing pair &> it is o goneralized permutation
Mo X

® If g # 1 thon (x i) dofines o twisking pair
& v s diagonal -

o right Zhang twist of: (QCLCC:L,\C,\\&)) by B,° P,
= A - ool bwist of Gq(&u“c,\b:p by tho

L-coeyely o (o con bo givan explicivly) -
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PROPOSITION| B = bialgebra, sosisfying twisting
ovonditions

® g = biolgebra, outomorphiem of B
= B = biolgebra, «obiefying tuiting condisions
- Zhang bloieb of B togasnar
with coolgebra, etructur® of B

@ p-= Hopt olgebron  with ambipede S

®» = graded Hopp olgebro. automorphiem
= B8P = aleo Hepp clgebro. eabistying bwithing
conditions  with anbipede , SPLr) = g7 SCr)

\* homoaox\wu.e rin BP _\{\

Skatoh of Preot |® Show that 4,6 are algebras mape
w-r-t New multiplication

- 2% i a graded algebra, with  grading 2% = B,

- Bndow B? with same coolgebra, structwe O B
- Know @ is degred - proserving bialgelvo.  automarphiem
2 (@@ @)ear =A0cgd and Eegg = &

Z alr*8)=a(rp" () = 20N a(p"(®) =

=Zin g (£), ® Zir, 97 (8),

=2iry g™ (&) @221, ¢'™ CAa)
= 20

- f)(_r‘ *A):‘ &(r¢lf‘\ C&,)) = 6Cr‘) E)(¢lr‘\(.&'))
= &) % &(8)
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@ 2= Hopf adgebros eofiefying twiehing conditione

-@=% &% & o bialgebro, —\j\
Quastion : Doee &? have an cntipede ?

- Doginw map &P B2 —> 8% oy gfce) = g7 (SeM)
\ongmal antipede of B
~58% ey, = S (SO %y

— z_‘ ud LT R \&eradl Cr

- o 37 (& Cr0) )
Q;_?Z ¢\$CI‘O| C&Cﬂ"))
= &Cvr)

~Similarly , for 2, xS% L)

. (&% % A &”) & a Hoo- a,l\qo_,bva- C)

Cﬁ&e@ocﬁ_o&ggm%
PROPOSITION] Monoidal ootagory Gre-H

<:> Movneidal cavggory Cre PH

THEOREM| 1, (B P ) = HOp[— Q;rNQ;lOpQ; of E‘b
Sobiefios tuois’cing condibiond . =

- Consbruction of H CB%) usos |:Ta\(<,o;uo)ru‘9 IOFH]

A/16




2~ OOCNOKE TWISTS OF HOPF ALGEBRRAS|

BACKGROUND] H = Hopf algebro.

DBFINITION ()

© Lokt H-Goloie 0RRLE 16 jopt H - comedule algebra,
A#EO cuch thot if R A—>H®A ies the coatkion
of Hon A, the lincar map defiined Ry the following
oompoesibion

Ao A X828 LigAeoAle®n LA

s an ieomorphiem of veckor Spacel

* (H,K)-biCaloie objoct 18 H -k~ bicomedule  olgeba,
which s bobh o 10t H- Goloie oject ond a right
K. - Grolole objact -

* (Clett ogjecke -claes of Hopf - Galois oljects)

Rignt H-cleft ogject is a right H-comoduley  algebro
which 0dmits an H-ooemoduld eomerphiem @:H = A
that ie aleo invortibleo  with regpeet to tho cenvolution
product . Tf ¢ proserves the unit, v is colled a

S tion|

© (K, H) -biclatt ogjeet anadegeusly dofined

/16




2~ OOCNOUKE TWIRTS OF HOPF ALGEBRAS|

BACKGROUND] H = Hopf algebro.

DBFINITION ()

* LBFT  H-GALOIS OBIECT s o loft H-coemodule
olgebro, A#O such thob it «: A—> H® A & the
ooocbion of H on A the linear map detined QY bhe
following  wompoRision

AQA 28Uy HgAg AlLBMS Hep

i on icomorphiem  of VAEOr SpOCAs -

¢ (H-K) -BIGALOIE 0BIECT s h H-K-bicomodule
algeloro, which is both o left H- Galois oRject and
a rignt K-Gaolols ORjot -

* OUWEBFT OBJELTS (OLASR OF HOPF - GrALOIS OBJECTS)
Aright H- cleft ohject & o right H- comoduld olgebra
which odmibs an H-comoduly iomorphiem @ H = A
that ie also invartible with regpeks to the convolution
product . Tf @ preserves tho unib, iv is called o
SEBOTION -

*(k-H)- BIOVEFT 08JECT  anplogously dofined -

* L,-COOYOLE ON H is a0 convolution mvertible
linedr map o : H® H—> (R satisfying
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* L,-COCYOLE ON H is a convolution nvertible
linear map o : H® H—> IR satisfying

2.0 (2 384')0—(3@:.8)4 2) = 2.0 (Y, yEq) O (n95’-'21>

and 6 (1,1) = 6CH, ) = &00), ¥r,y,zeH

Gownvolution mvore® of U‘,r"‘&aﬁ&ﬁb&

oo (21415 2) o~ (Ray4e) = o QQ'DB‘Z‘)G——1 CRLY
ond
o (r,) =7 (1,0) = &le) | Vr,y,= e

+/16




Doi & Takeuchi, 1986

Griven pair CA, @)
L.so,chion
right

H-oloft \Q
53

oQject
[neow mop o= dofined on HeH &y
T (2yY) = 23 P () FCYa) 58_(7%81)

convolution
Wnvore

& o -ooeNole on H
- g tokes on volues in 1R
- Lot SH= r@ht H-comodul®  algebro. H endowed

with  thw original unit and deformed preduct

Lrey = 2.0 (4, 44) oYy , ¥ x,ye H
* Hove an iwmowph&m,u_\—\ > A via Y = 3Y)
ae H-wvompdulo olgeoros

[Masuoka., 129u] Every rignt H- clopt oglect arises
in thie woy -

Givon 2-coeqold o:HeH — IR let

HY = oocdge)ov*a; H endowoed with tho originol unit

and doformed  produch »
w© %0-8 = Z (701:,31) X, 4,0 (»70‘5733;)

Doi 1aa3| His o Hopp algebro. with deformed
ontipody &%

H® = 2 -cooyele bwist of H oy
8/16




PROPOSITION|  |ob H = biodgabro. <obiefying bwisting
vondisions. Lot H® = rignt Zhang twish of H , ¢ = groded
oguoro.  CUtoOMOVpnEMm -

@ Suppocy Ao P = (¢ ®id)oa -

H? = _H s right H-cleft with a 2-coeyele
o H®eH —~ R given by ole,y)= £0Qe(s™ W),
¥ homoganeous olomaembs 2,y & H .

@ SupperRY Aog =(id®p)oA .

H o H -1 le left H-olept with a a-cocyole
convolution inverse o' HO H—>Ik given by
o' (e,y) = &l)e (¢ (y)),for homegueous
46 H

Skatehn of preof @ Te H? o right Croloie ija)ofo?

“H?2 H, 3rad¢d VeeEor \SpaLeLS \Q
-A:H—>HeH gives H? a rignt H- vomeduly b“l'

strucpure via aA®:H?® — HP @ H

-If Ac¢=(g®id)oa, thon
ACwuxyY) = A(x g™ ey)

J

Al & (™)
Zhoma twist

AV (P™M S fd) ACY)
p % : i, 97 (y)) ® %y, ,
¥e,ye H” = H” is a riglt H-comedule algebra

- Con choeks thot @ s invertible) = 'HP = right Galols
ek

oy

- \iow idonbity  map H=H? oe an isomorphism of
right H-wodules = H? js clott

Doi & Takguchi,
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Kaoteh of preot (eent)d) \Q

Y
- H-comedule igemorphiam ¢ - H—>H? is invarbible with
respect t0 the convolusion product in Hom(H,H?) wibih

nvoeoy ¢ given
plx) = p!~ (&) -

~ Kirow thab &-ooeyelo 07 HeH —> k. agsediabed
with H-clopt  dgject H® i@ given by
0"(_&,,3) = 23 P(r,) * ¢U¢h) * EC)@,_H,.)

-5, Coplen ¢1+|oo| C&\O) " 954-'“9"68(%;32))
=Zipee) 2 () B (&Ceays))
=23 ¢ (0 #7040 S () S(Y))
=20 ¢ (0, 2 (0™ (), (8" (9),0) )
= ¢ (2 2,50) 2 (3™ )

= &)L (3™ Cy) . =
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_ H= Hopf algebra. eotisfying twisting conditions,
for any twisting pair (&,,8,) of H, have

SkKabtehn of preot
®: ¢, 0 @, is compastbly with the woastociabivity axlem %\{\\Q
Rueb follows from twighing pair condivions -
®: Show that o and o~ arw invereer of each ober  wibh
reepeet o the convolusion preduct % in Homy, (He H, IR)

— (ko THe,Y) = £ ELY) (Simiorly for & TkE)

"o U,) 2ol 1) = &)

H 21 07(0,9 )0 (ay,, %) = 23S (Y1, 2 ) T (Y. 2)

¥ homogunecus 2, y,2z & H

®: \orify thot {davtity map on H induces an isomorphism of
Hopf alglbras blbween the Zhowng tuoleh H%% and tho
d-ooeyely twiet HT. = -
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EXAMPLE APPLICATION TO MANIN’S UNIVEREAL QUANTUM GROUPS

- Examine Zh twiets of Monin’e universal quanvuw

groups of quadratic, tdyeoras
~ Rutomorphisme coming from the underlying  algebros
- Conneek Yo A-ooeycle bwidhs of those wniveraal

quontum - groups

- A = quadratic algebra, ond write os,
A = REALY [ARLANYY
RCA) & A, ® Ay dimy, A, <o

- end’ CA) = univorsal biolgeora, vhat lofts coacks
on A view P A— ond' LA © A

—

on A
- bullat preduct ot A and ® C{y@ %%
& V&L G

- A = RLA, © B VX gL
(S¢q5, (RLA) O RCRY)) \Vgé/
Factors ®@

- aub’ CA) = univoreal quantum group bhol left cocks

C Flip of middle, two tangoer
In the Y--pold vensor produ

CanA"” . N
ond” (A) = A Mgand e,ndHCA) A e A @f
i mc W%

K Tim do(}e& 00& g@)

‘%ﬁsfﬂgﬂ 1a/1%;¢§%




OUR, CONSTRUCTION

—end CA) ond oub CA) both eotisfy owr  bwisking cendibions
- [GORE] : Construct ov bwissing pair for end"CR) (or auk” ™)

Te, @Ld”((q&‘“)!, end" CO))) = twisting pair for end’ CA)
@ Show that  end’ LAY = end” CA') 4

@ Defing end” (¢) and end’ (¢°) as graded algebra.
endomorphiems  of end” CA) 2 A« A' = end" (AN

o) (1) =7 () = (W)

@ (eld" ((¢=")', end" C¢)> = twisking pair for end” CA)
~ end (A%) = end® (py 2@ e LesT
biadgelora, igomorphism
- kitt ond” CAB) bo aut“ CA%)
recodl HoCand COAN) = aut CA) y
—<OW\17 TP, ausY C(b)) = bwisting pair for ous CA)

- ouk' CA®) s o A-coyede twiet of auk’ CA) wibh

o A= coyole o : out’ CA) ® aut” A —> [k given by

o (g,R) = £(g)e (aut’ (#)¥ (R)) for ¥ nomogeneous
elomants g, € omk' CA)

14 /16




DEFINITION

O

Proposition

THEOREM

PROPOSITION

PROPOSITION

o




