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BIG PICTURE

AO twist of A by
A 0

graded
0
graded

algebra automorphism r s ro s

Of A Graded module
categories of A and
AO are equivalent

B bialgebra satisfying 0 graded bialgebra
twisting conditions automorphism of B

C 2 cocycle twist130 Zhang twist of B L of Hopf algebra

I

Twisting pair
1 19






































































































































OUR SET UP

112 base field
B m U D E bialgebra
H Hopf envelope of B Takeuchi's construction
H M U D E Hopf algebra

2 19






































































































































MOTIVATION ZHANG TWIST

AT 42 8 Twist by an automorphism
of a graded algebra

Zhang Generalized to a twisting system

Right Zhang twist A

A graded algebra
0 graded automorphism of A

AO A as graded vector spaces
new multiplication given by

r as r o s t homogeneous
r s e A

Zhang Graded module categories of A and A

are equivalent

3119






































































































































define
MOTIVATION on H t

I Drinfeld 19872 Notion of a Drinfeld twist J of H
was introduced

HT H as algebras
1 IT has a deformed coalgebra structure

If the module categories of 2 Hopf algebras
are tensor equivalent then they are Drinfeld twists
of each other

4119






































































































































2 cocycle twist

Doi 1993 Doi Takeuchi 1994 introduced the
dual to a Drinfeld twist called a 2 oocycle
twist o of a Hopf algebra
110 H as a co algebra
H H as an algebra

2 CooYOLE ON H is a convolution invertible
linear map o H x H 112 satisfying

IT Go y O 20242,2 20 Y Z 0 20,9222

and 560,1 OCP 20 E Ca Ha y Z E H

H finite dimensional
J E H H is a Drinfeld twist the map

o H x H 112 f x g i f x g J
is a 2 oocycle

5119






































































































































OUR QUESTIONS

H Hopf algebra that is Z graded as an

algebra

when is a Zhang twist of H a 2 co cycle
twist

When is a Zhang twist of H a Hopf algebra
When can a Zhang twist be realized as a

2 oocycle twist

6119






































































































































LET B m U W E be a bi algebra
DEFINITION TWISTING CONDITIONS

T1 B is Z graded
for any n E Z

T2 0 Bn a Bn B

S Hn E ti
n

T3

7 19






































































































































EXAMPLE

For n e Alya the polynomial ring 112 X jj as i j en
with co algebra structure

Cig Eben 70 in
x X Kj and E dig Sig

It is i j en

set deg aig 1 The polynomial ring 112 Cig
satisfies the twisting conditions

8119






































































































































PROPOSITION CHUANG NGUYEN U RE VAS HAW V WANG

B Bi algebra satisfying twisting conditions

I 0 bialgebra automorphism of B
BO bialgebra satisfying twisting conditions
Zhang twist of B together
with co algebra structure of B

2 B Hopf algebra with antipode s

0 graded Hopf algebra automorphism
BO also Hopf algebra satisfying twisting

conditions with antipode so er o scr
It homogeneous r in 130

PROPOSITION CHUANG NGUYEN U RE VAS HAW V WANG

category ofgraded
Monoidal category gift

modules

Monoidal category Gr H

9 19






































































































































DEFINITION TWISTING PAIR

A pair On 0 of algebra automorphisms of B is
a twisting pair if the following conditions hold

Pt Do 0 id 0 00 and 0002 1020 id ow

P2 Eo O o 02 8

10 99






































































































































THEOREM CHUANG NGUYEN U RE VAS HAW V WANG

B bialgebra satisfying twisting conditions
For any twisting pair O 0 of B there is a

unique twisting pair tuco It Os of the Hopf
envelope jucB extending On 02
Moreover the 2 co cycle twist It CBT with the
2 0004010 o TLCB NCB Ik given by

TCC y ECO ECU Oz Cy for homogeneous
elements of Y EMB

is the right Zhang twist g UCB 4 0 1

19 99






































































































































CAN A 2 CO CYCLE BE A ZHANG TWIST

OROPOSITION CHUANG NGUYEN URE VAS HAW Y WANG

H Hopf algebra satisfying twisting conditions
For any twisting pair On 02 of H have

a Map 0,00 is a graded Hopf automorphism of H1 Map 0 o 0 is a graded Hopf automorphism of H

2 Linear map o H H 1k defined bya Linear map o H the Ik defined by
y for any homogeneous868387 86898 40 Cy for any homogeneouselements x y EMelements x y EMis a 2 cocycle whose convolution inverse o t.is

is a 2 cocycle whose convolution inverse o
d is

givenby o x y ECK ECO d Cygiven by o x y ECK ECO d Cy

right Zhang twist 1 18 I 2 cocycle twist H

Esquiaacgqgsegenke.ly akddH are Moritatakeuenhii
equivalent

12 99






































































































































APPLICATION TO MAN IN'S UNIVERSAL QUANTUMGROUPS

IDEA

Examine Zhang twists of Manin's universal quantum
groups of quadratic algebras
Automorphisms coming from the underlying algebras
Connect to 2 co cycle twists of these universal

quantum groups

MANIN'S UNIVERSALQUANTUM GROUPS OF QUADRATICALGEBRAS

A quadratic algebra and write as
A IK LA RCA
RCA E A An dim zA C D

end ca universal bi algebra that lefts coacts
on A via Pa A end CA A

aut CA universal quantum group that left coacts
ON A

THEOREM CHUANG NGUYEN URE VAS MAIN Y WANG

Every twisting pair of the universal quantum
group auth CA associated to a quadratic algebra
A is given by a graded algebra automorphism of A
in an explicit way
As a consequence the co representation theory

of aut CA only depends on the graded module
category over A

13 99






































































































































APPLICATION TO Oa Mn 112 VIA F RT CONSTRUCTION

Application of H I 1401002 with a constructed using
On 02

DEFINITION
R E End V x Y where V finite dimensional vector space
12 is called a solution to the quantumYang Baxter
equation QYBE or an R matrix if R satisfies

12121213 1223 12231213 12 12

where R E R x R and 1212 I R X R x id
1213 I R x id x Rz and 1223 I id x R x Rz

start with 11 span so son and R E Mana k

with entries Rike such that

R Ger X Ke Eyen Rike7C x Kj for t s k l s n

Apply Fadely Reshetikin Takhtajan ERT construction
to obtain a coquasitriangular bialgebra Ack O

As an algebra generated by n generators ti jsuch that

fetations Er een R'if tintin E een
Rita ti t

It P E u u i j en
As a coalgebra O ti Ian t ti E ti St

With coquasitriangular structure O ACR x ACR Ik

satisfying O tin tin Rig It is i j u u s n

14 99






































































































































APPLICATION TO Oa Mn 112 VIA FRI CONSTRUCTION

Can classify the twisting pairs O 0 of ACR

Suppose t are generators of ACR

O 0 determined by values on generators

0 Ct Euan di ti and

02 ti En en Biti
and Er een R di di Er een Ritu did

hold H is u u i j en where at and Bi
are inverses of each other

15 99






































































































































APPLICATION TO Oa Mn 112 VIA FRI CONSTRUCTION

Consider Og Mn ik quantized coordinate ring of
nxn matrices

As an algebra OgcMn01127 is generated by
70 ij si jan with defining relations

97kg To us Dusk as if ks u

970 Rs Oku D ku k ks if s so

30 us a ku 7C ku 70 us if s so k a

Dushku 70 ku cus q q xp Kuo if s cu us

Here n 72 g Elk

As a coalgebra Og Macik is defined by
Cij Eben Rik x Kaj and

E Ki Sig U r si je n

Og Mn 1127 satisfies our twisting conditions

There is a central group like element g of Og Mn Ik
corresponding to the q determinant of Oq MnClk

16 99






































































































































APPLICATION TO Oa Mn 112 VIA FRI CONSTRUCTION

All twisting pairs of Og Ahn 1127 are of the

form On 02 where 0 and Oz are

0 Cnn 0 Kan
i

dm

n gag

on

In Cnn d ng Ann

02 app 02 Kan
pp d ga

d D pp Ryn
i

i

Oz Knp 02 hn
a n ann Knp kn

If 9 1 then for any Lij E Ahn Clk On 02
as defined above form a twisting pair
a If char Clk 2 and 9 1 then Lij defines
a twisting pair it is a generalized permutation
matrix

3 If q It then Lij defines a twisting pair
it is diagonal

right Zhang twist of Og Ahn Ck by 0,002

I 2 cocycle twist of Og Gundy by the

2 cocycle o o can be given explicitly
97 99






































































































































THANK YOU I

HAPPY BIRTHDAY PAUL
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PROPOSITION B bi algebra satisfying twisting
conditions

I 0 bialgebra automorphism of B
BO bialgebra satisfying twisting conditions
Zhang twist of B together
with coalgebra structure of B

2 B Hopf algebra with antipode s

0 graded Hopf algebra automorphism
BO also Hopf algebra satisfying twisting

conditions with antipode so er o scr
It homogeneous r in Bo

sketch of Proof I show that o e are algebra map
w r t now multiplication
B is a graded algebra with grading BO it B

Endow Bo with same coalgebra structure as B
Know 0 is degree preserving bialgebra automorphism
O 0 0 0 100 and 800 E
o Cr s 0 r o

r s our o 0 s

Er O s Ira O r s

I r O s I 201 1
2

I r s ra s

E r s E r O s Ecr E O s

E Cr E s

3 16






































































































































2 B Hopfalgebrasatisfying twisting conditions
I BO is a bi algebra
Question Does 130 have an antipode
Define map 50 Bo 130 by soon o s

original antipode of B
ISO re r 20 Sera ra

I 0 scr o
scr l

ra
I g Ischl q scroll o 0 S ra ra

EI I o sori Ecr
E Cr

Similarly for Er 50 ra
Bo a 50 is a Hoo algebra our

category of graded
PROPOSITION Monoidal category atty

modules

Monoidal category Gr OH

THEOREM FLCBO Hopf envelope of BO
satisfies twisting conditions

Construction of 710130 uses Takeuchi 197T

4 16






































































































































2 CO CYCLE TWISTS OF HOPF ALGEBRAS

BACKGROUND H Hopf algebra

DEFINITION S

Left H Galois object is left H co module algebra
A O such that if a A H A is the coaction

of H on A the linear map defined by the following
composition

A A id Ha A A id m H A

is an isomorphism of vector spaces

H K bi Galois object is H K bi co module algebra
which is both a left H Galois object and a right
K Galois object

Cleft objects class of Hopf Galois objects
Right H cleft object is a right H co module algebra
which admits an H co module isomorphism 0 H 5 A
that is also invertible with respect to the convolution
product If 0 preserves the unit it is called a

section

K H bi cleft object analogously defined

6116






































































































































2 CO CYCLE TWISTS OF HOPF ALGEBRAS

BACKGROUND H Hopf algebra

DEFINITION S

LEFT H GALOIS OBJECT is a left H co module
algebra A O such that if 2 A HOA is the
coaction of H on A the linear map defined by the

following composition

A x A id H x A x A id my H x A

is an isomorphism of vector spaces

H K BIG ALOIS OBJECT is an H K bi co module
algebra which is both a left H Galois object and
a right k Galois object

CLEFT OBJECTS CLASS OF HOPF GALOIS OBJECTS
A right H cleft object is a right H co module algebra
which admits an H comodule isomorphism O H A
that is also invertible with respect to the convolution
product It 0 preserves the unit it is called a
SECTION

K H BIO LEFT OBJECT analogously defined

2 CooYO LE ON H is a convolution invertible
linear map o H x H 112 satisfying

6116






































































































































2 CooYO LE ON H is a convolution invertible
linear map o H x H 112 satisfying

It Go y o 20242,2 20 Ya Z 0 20,9222

and 560,1 TCI 20 E Ca Ha y Z E H

Convolution inverse of o o satisfies

I 0 so y Z 0 702 ya 50 Go y z 5 42,22
and
o o o o

d
o so E Coo toe y Z E M

7 16






































































































































Doi Takeuchi 1986

Given pair CA 0

right

Object

section

H cleft
get

linear map o defined on HOH by
0 x y I 0 o 0 Ya 0670292

convolution
inverse

is a 2 oocycle on M
o takes on values in 1k
Let H right H co module algebra H endowed
with the original unit and deformed product

7C ay 20 on y 702Ya H se Y E H
Have an isomorphism H A via y is ocy
as H co module algebras

Masaoka 1994 Every right H cleft object arises
in this way
Given 2 cocyclo o HOH 112 let
H co algebra H endowed with the original unit
and deformed product

70 y I or y 702425 703,93

Doi 1993 H'is a Hopf algebra with deformed
antipode so

145 2 cocycle twist of H by T
g pg




















































PROPOSITION Let H bialgebra satisfying twisting
conditions Let HO right Zhang twist of M O graded
algebra automorphism
A Suppose so 0 O o id o o

110 E H is right H cleft with a 2 cocycle
Q H H Ik given by once y EGGE O'dCy
H homogeneous elements so ye H

2 Suppose so 0 id 0 00

HOI Ho is left H cleft with a 2 cocycle
convolution inverse o

d HOH 71k given by
o x y E CHE O y for homogeneous
X Y E H

Sketch of proof 1 Is HO a right Galois object
HO E H as graded vector spaces
o H Ho H gives 1 10 a right H co module gtd
structure via 00 H0 HO H

If so 0 o o id on then
0 so y 0 so 0 d

Cy o a o 0
d
Cy

Zhang twist o ca and id o Cy
I 70 0 Ya 2442

It so y e H Ho is a right H comodule algebra
Can check that 0 is invertible HO rightGalois

object

View identity map H H0 as an isomorphism of

right H modules HO is cleft
Doi Takeuchi 9 16



Sketch of proof cont'd gap
H comodule isomorphism 0 H Ho is invertible with

respect to the convolution product in Hom H H0 with
inverse I given by

Fcc 0
d scoop

Know that 2 co cycle o Ho H 1k associated
with H cleft object Ho is given by

5 x y I 0 ar OCy 0 Czyz
I OGo 0

t
Ly 01 00242 S oozy

I 0 70 0
t

y 0 S Kaya

I 0 70 O Cy S as S Ya

I 0 so I O y S O d
y SEED

0 I 70 S 7027 E O y

EC c E O
d
Cy s

10116



PROPOSITION H Hopf algebra satisfying twisting condition
For any twistingpair On 02 of H have

a Map 0 o 0 is a graded Hopf automorphism of H1 Map 0 o 0 is a graded Hopf automorphism of H

a Linear map o H H Ik defined bya Linear map o H H Ik defined byx y EGG E OE Cy for any homogeneousx y EGGE O Cy for any homogeneouselements x y EM
is a 2 cocycle whose convolutionIntenseJEM isis a 2 cocycle whose convolution inverse o

d is
givenby o x y ECK ECO d Cygiven by o x y ECK ECO d Cy
3 The 2 cocycle twist H'I 110109 is a right Zhang3 The 2 cocycle twist H'I 110108 is a right Zhangtwist
As a consequence Hand 4

00 are Morita TakeuchiAs a consequence H and 4
00 are Morita Takeuchi

equivalent with bi cleft object given by Hoequivalent with bi cleft object given by Ho

Sketch of proof
1 0 o 0 is compatible with the coassociativity axiom gdp
Rest follows from twisting pair conditions
2 Show that o and o

d
are inverses of each other with

respect to the convolution product in Hom H H 112

o o
d
Coe y EC c ECy similarly for 5 o

Oct c OCK 1 ECK
I once y T 2242 Z IT y 1,210 Yaza

It homogeneous 7C Y Z EH

s Verify that identity map on H induces an isomorphism of
Hopfalgebras between the Zhang twist 14 00 and the
2 cocycle twist Ho our

11 16
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EXAMPLE APPLICATION TO MAN IN'S UNIVERSAL QUANTUM GROUPS

IDEA

Examine Zhang twists of Manin's universal quantum
groups of quadratic algebras
Automorphisms coming from the underlying algebras
Connect to 2 cocycle twists of these universal

quantum groups

MANIN'S UNIVERSALQUANTUM GROUPS OF QUADRATICALGEBRAS

A quadratic algebra and write as
A IK LA RCA
RCA E A An dim zA C D

end ca universal bi algebra that lefts coacts
on A via Pa A end CA A

aut CA universal quantum group that left coacts
on A

bullet product of A and B
A B 1122A B

Sc23 RCA RCB

Hip middle two tensor no

if Ét
in the 4 fold tensor product

and A I A it and end CA I A A

F
TimmHodges FRT

construction
dog

Mania's

TobystaffrdliullfoutwoÉÉgg
qgg protists 1311808



OUR CONSTRUCTION

end CA and out CA both satisfy our twisting conditions
GOAL Construct a twisting pair for end ca or auth

I e end 0 end co twisting pair for end CA

r show that end CA I end CA t
2 Define end o and end 0 as graded algebra
endomorphisms of end A E Ao A z end CA

3 Ueyama OA I A A
0

t
a end 0 end O twisting pair for end CA

end AO I end l A
end'cosoendreco o

bialgebra isomorphism
Lift end AO to auth CAO

recall tucend CA I aut CA

ant 0 auth O twisting pair for authCA

aut AO is a 2 co cycle twist of auth A with
the 2 cocycle o aut CA Aut CA 112 givenby
5cg h Ecg E aut O 9 h for f homogeneous
elements g h e auth CA

14 16



DEFINITION

Proposition
THEOREM

PROPOSITION

PROPOSITION


