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Abstract

Let D = H'\ Uffvlek be a standard slit domain where H is the upper half plane and Cy,
1 < k < N, are mutually disjoint horizontal line segments in H. Given a Jordan arc v C D
starting at OH, let g; be the unique conformal map from D \ [0, t] onto a standard slit domain
Dy satisfying the hydrodynamic normalization. We prove that g; satisfies an ODE with the
kernel on its righthand side being the complex Poisson kernel of the Brownian motion with
darning (BMD) for Dy, generalizing the chordal Loewner equation for the simply connected
domain D = H. Such a generalization has been obtained by Y. Komatu in a radial case and
by R. O. Bauer and R. M. Friedrich in the present chordal case, but only in the sense of the
left derivative in ¢t. We establish the differentiability of g; in ¢t to make the equation a genuine
ODE. To this end, we first derive the continuity of g¢(z) in ¢ with a certain uniformity in z
from a probabilistic expression of Jg;(z) in terms of the BMD for D, which is then combined
with a Lipschitz continuity of the complex Poisson kernel under the perturbation of standard
slit domains to get the desired differentiability.
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1 Introduction

A domain of the form D = H \ ngl C} is called a standard slit domain, where H is the upper
half-plane and {C}} are mutually disjoint horizontal line segments. We fix a standard slit domain
D and consider a Jordan arc

v:[0,¢4] = D, ~(0) € 0H, ~(0,ty] C D. (1.1)

For each t € [0,1,], let g; be the unique conformal map from D \ (0, ] onto a standard slit domain
D, =H\ Ug:1 C ¢ satisfying

a
g+(2) :z—i—;t—i—o(l), z — 00, (1.2)
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for some constant a;. It can be shown (and we will give a self-contained proof in §8) that ¢t — ay
is a real-valued strictly increasing continuous function with ap = 0 so that the arc v can be
reparametrized in a way that a; = 2t, 0 <t < ¢,. Define

§t) = gi(1(1) (€ OH), 0<t<t, (13)

In [3], R.O. Bauer and R.M. Friedrich have derived under the above reparametrization of v a
chordal Komatu-Loewner equation

8_21(2) = —2mWy(g:(2),6(1),  go(2) =2, 0 <t <ty (1.4)

where 8757;(’2) denotes the left partial derivative in t. This is an extension of the radial Komatu-
Loewner equation obtained first by Y. Komatu [13] and later by Bauer-Friedrich [2] with an im-
proved expression of the right hand side. The kernel ¥y(z,(), z € Dy, ¢ € OH, appearing in (1.4)

is an analytic function of z € D; subjected to the normalization

zEDlti,Igl—wo Uy (z,¢) =0. (1.5)
However the differentiability of ¢:(z) in ¢ has been established neither in the radial cases ([13], [2])
nor in the chordal case ([3]). We have three goals in the present paper and a primary one of them is
to prove in Theorem 9.9 this differentiability making (1.4) a genuine ordinary differential equation.
While several results of this paper could be proved by methods of classical complex analysis, we
will emphasize a more probabilistic approach.

The first goal is to present an alternative derivation of the Komatu-Loewner equation (1.4) by
showing that the imaginary part K;(z,() of the kernel W;(z,() is just the Poisson kernel of the
Brownian motion with darning (BMD in abbreviation) for the standard slit domain D;. In Chapter
7 of the book [5] by the first and second authors, the notion of BMD is introduced and its basic
properties are studied. Roughly speaking, the BMD for a standard slit domain D = H'\ Uévzl Cy, is
a diffusion process on a state space D* = D U{c},--- ,cy} obtained from the absorbing Brownian
motion (ABM in abbreviation) on H by regarding (or “shorting”) each “hole” C} into one single
point ¢;. The BMD on D* is symmetric with respect to the measure m* that extends the Lebesgue
measure m on D to D* by setting m*({c;}) =0, 1 <k < N. We are motivated by a paper [15]
of G. Lawler where it was claimed that K*(z,() is the Poisson kernel of the excursion reflected
Brownian motion (ERBM in abbreviation) introduced there. The papers [7] and [8] contain more
details about this process and its connection to the Loewner equation.

The BMD is known ([5]) to be the unique m*-symmetric diffusion extension of the ABM on D
to D* that admits no killing on {c}, 1 <k < N}. It contains ERBM as a particular case (see [5,
Remark 7.6.4]). In the next two sections of this paper, we present a self-contained short exposition
of BMD and its basic properties that will be used later in the paper. In §2, we give a simple and
direct construction of BMD as well as its uniqueness proof by observing that the associated Dirichlet
form on L?(D*;m*) is regular due to a nice property (2.1) of the two-dimensional Brownian motion.
We show in Section 3 that the L?-generator of BMD is characterized by the zero flux property at
each c;. In §3.3, we then derive from this zero flux condition the zero period property around cj,
for any function that is BMD-harmonic in a neighborhood of ¢;.. This zero period property readily
yields in §5 explicit expressions of the Green function and the Poisson kernel of BMD in terms of
the periods of the harmonic basis.

It was proved in [3] that a; is strictly increasing, based on a certain extremal property of g;.
In §6, we shall give a different proof, establish left-continuity, and by combining it with the above



mentioned explicit expression of the BMD-Poisson kernel and a general formula of the period of a
harmonic function presented in §4, we shall derive a chordal Komatu-Loewner equation formulated
in terms of the left derivative in a;.

The second goal of this paper is to present in §7 a probabilistic representation of the conformal
map ¢; and use it to derive in §8 the continuity of g¢(z) in ¢ with uniformity in z on each compact
region including the boundary 0,C}, of the set H \ C} in the path distance topology, and thereby
obtaining the continuity of a;, Dy as well as £(t). To this end, a construction of a BMD-harmonic
function v* on a general (N 4 1)-connected domain D = H \ JY, A; with a compact H-hull F
removed will be carried out in Appendix 1 using a hitting probability of BMD by following the
method of Lawler [15, §5] where ERBM was used in place of BMD. The analytic map f with
imaginary part v* will then be shown to be a conformal mapping from D \ F onto a standard slit
domain by invoking a degree theorem, which is presented in Appendix 2. Thus the imaginary part
Sgi(2) of gi(z) admits a probabilistic representation in terms of BMD on D* and ABM on H. The
continuity of g¢(z) in ¢ then follows from the stochastic continuity of the first hitting time of the
set v[0,¢] by BMD and ABM (see Proposition 7.3 and Theorem 7.4).

The third goal of this paper is to show in §9 a Lipschitz continuity of the BMD complex
Poisson kernel ¥(z, () under the perturbation of the standard slit domains, which combined with
the continuity theorems obtained in §8 will enable us to derive the continuity of the right hand side
of (1.4) in t and consequently the desired differentiability of ¢g;(z) in ¢. The BMD complex Poisson
kernel can be obtained from the classical Green function through operations of taking normal
derivatives at OH, taking periods around the slits and taking line integrals of normal derivatives
along smooth curves. We shall thus utilize two perturbation formulae of Green’s function whose
proof will be given in Appendix 3 by following the interior variation method in Garabedian [11]
of constructing a special parametrix of an elliptic partial differential operator for a transformed
Green function and solving an associated Fredholm type integral equation. One of these formulae
was considered in [2] in relation to slit motions but we shall make them considerably more detailed
and precise to be usable for the present purpose.

Acknowledgement: The authors would like to thank R. Bauer for clarifying some details of
some of the proofs in [2] and [3].

2 Brownian motion with darning

A subset A of R? is said to be a continuum if A is a connected closed set containing at least
two points. Suppose A is a continuum. Then, due to a Lebesgue’s theorem, A is non-polar and
each point z € A is a regular point of A with respect to the two-dimensional Brownian motion
Z = (Z4,Py) (cf. [18]). In particular, for any o > 0 and any bounded continuous function f on A,
the function

w(z) :=E; [e"**f(Zs,)], z€ R?

is a bounded continuous function on R? with (cf. [18, Proposition 2.3.5)):

lim  w(?) = f(z) for z € A(R*\ A), w(z) = f(2) for z € A. (2.1)
2/ —z,2 ER?\ A
Here 04 denotes the first hitting time of A by the process Z; that is, 04 := inf{t > 0: Z, € A}.
We will use similar notation for other processes, such as Z*, and its meaning should be clear from
the context.



Consider a domain E C R?. We assume E is either R? or otherwise R?\ F consists of continuum
components. Let
D:E\K, K = U;en A, (2.2)

where {A;,7 € A} is a finite or a countably infinite family of mutually disjoint compact continuum
contained in E that are locally finite on R2.
Let
D*=DUK* K*={aj,i€ A} (2.3)
and define a neighborhood U} of each point a} in D* by {a}} U (U; \ 4;) for some neighborhood
U; of A; in E. That is, D* is a topological space obtained from FE by regarding each continuum

A; as one point a;. Denote by m the Lebesgue measure in D that is extended to D* by setting
m(K*) =0,

Definition 2.1 Brownian motion with darning (BMD in abbreviation) Z* = (Z;,*,(*,P%) is an
m~symmetric diffusion on D* such that

(i) its subprocess killed upon leaving D has the same law as Brownian motion in D;
(ii) it admits no killings on K*.

Recall that a Markov process Z* is said to be m-symmetric if the transition semigroup of Z* is
self-adjoint in L?(D*;m); and that Z* admits no killings on K* means IP’;,;(ZEL =a",("<o0)=0
for m-a.e. x € D*. Here (* denotes the lifetime of Z*. In Definition 2.1, assuming (i), then it is
easy to see that condition (ii) is equivalent to

Py(Zf_ =a", (" <o0) =0 for every x € D.

Observe that it follows from the m-symmetry of Z* and the fact that m(K*) = 0 that BMD Z*
spends zero Lebesgue amount of time (i.e. zero sojourn time) at K*. We point out that D can be
disconnected as E \ A; can be disconnected.

As a consequence of a more general result [5, Theorems 7.7.3 and 7.7.4], BMD on D* exists and
is unique in law. For reader’s convenience, following [4], we present below a direct proof of this fact
through two theorems.

Let Z = (Z;,P,) (resp. Z° = (Z,PY)) be an absorbing Brownian motion(ABM in abbrevia-
tion) on E (resp. on D). The Dirichlet form for Z on L?(E;dx) (resp. for Z° on L?(D;dx)) is
(D, WOM(E)) (resp. (D, W01’2(D))). Here for an open set F, W01’2(E) is the Di/Q—completion of
the space C2°(FE) of smooth functions with compact support in E, where D denotes the Dirichlet
integral on E and D (u,u) := D(u,u) + [, u(z)*dz.

Define for i € A and z € E,

uD(2) =K, [e798; Zo, € Ai], ¢WD(2) =P, (Zoy € Ai). (2.4)

We call the system {cp(i);i € A} the harmonic basis for the domain D. In complex analysis, o™ is
called the harmonic measure of A;. By (2.1), both u() and ¢() are continuous functions on E that
takes constant value 1 on A; and vanish on OF and on A; for j # i.

Now we define

F* = Dy-closure of linear span of C2°(D) and {u")|p; i € A} (2.5)

and for u,v € F*,
1
E* (u,v) = 2/ Vu(z) - Vou(z)dz. (2.6)
D
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Observe that
Fr = {u|D U € Wol’Q(E), u is constant D-q.e. on each Aj} . (2.7)

It is easy to check that (£*, F*) is a Dirichlet form on L?(D;dz) = L?(D*;m).

Theorem 2.2 The quadratic form (£*,F*) defined by (2.5)-(2.6) is a regular Dirichlet form on
L?(D*;m). It is strongly local and each a;- has positive capacity. Consequently, there is an m-

symmetric diffusion Z* on D* that starts from every point in D* and admits no killings on D*.
The diffusion Z* is BMD on D* and every aj is regular for itself (that is, Pos(0(q=y = 0) = 1).

Proof. Let C be the linear span of C2°(D) and {u);j € A}. By defining u(aj) to be the value of
uon Aj, we can view C as a subspace of C'(D*) N F*. Since C is an algebra that separates points
in D*, by Weierstrass theorem, C is uniformly dense in the space Coo(D*) of continuous functions
in D* vanishing at dD*. Clearly C is £f-dense in F*. Hence (£*, F*) is a regular Dirichlet form
on L?(D*;m). It is strongly local and its part Dirichlet form on D is (D, Wol’2(D)). So there is
an m-symmetric diffusion Z* on D* associated with (£*, F*), whose part process in D is the killed
Brownian motion in D. The diffusion Z* is a BMD on D*. Since Brownian motion X” in F
starting from = € D visits each A; with positive probability, Z* starting from x € D visits each a}f
with positive probability. This implies that each aj has positive capacity. Consequently, Z* can be
refined to start from every point in D*. That each aj is regular for itself follows from the general
fact that for any nearly Borel measurable set A, A\ A" is semipolar and hence m-polar. O

Theorem 2.3 BMD on D* is unique in law.

Proof. It suffices to show that if Z* is a BMD on D*, its associated quasi-regular Dirichlet form
(€, F) on L?(D*;m) has to be (£*, F*). First note that according to the definition of BMD, each
a} is non-polar for Z* and that the part Dirichlet form (€, Fp) of (£, F) in D is (D, W01’2(D)) (see
[5, Theorem 3.3.8]). By the &;-orthogonal projection (see [5, Theorem 3.2.2]), for every u € F,
H} . u(z) = E; [e7 u(Z:)] € F and u — Hl.u € WOI’2(D). Here K* := {a};i € A} and
o* :=inf{t >0: Z; € K*}. Now

Hi.u(z) = Zu(a*)Em [e_"*; Zr = aﬂ for x € D.
JEA

By the continuity of Z*, the definition of a} and the fact that X *D has the same distribution as
the subprocess of X% killed upon leaving D, we see that

E, [e_”*; zy

.= a}f] =E,; [e_UE;XfK € Aj] = u)(z) for x € D.

It follows then Hl.u =3 jeau(a; yu9)(x). As each aj is non-polar, for every finite subset Ay of A
having N elements,
{(u(a}),j € Ar);ue Fy =RY

and so F = F*. Note that (£, F) is strongly local so for every bounded u € F = F*,
E(u,u) = Spugy (DY) = M(u> )+ ZH M(u)( ),
JEA

where in the last inequality, we used the fact that the energy measure ,ufu> of u does not charge

on level sets of u (cf. [5, Theorem 4.3.8]). As (€,Fp) = (D,W&’Q(D)), we have by the strong



local property of uf,, (see [5, Proposition 4.3.1]) that Iy (dz) = |Vu(z)|*dx on D. Consequently

(u
E(u,u) = L [, |[Vu(z)[*dz for every bounded and hence for any u € F. This completes the proof
for (€, F) = (&%, F*). O

It is easy to see from the definition of BMD and the conformal invariance of Brownian motion
that BMD is invariant under conformal map up to a time change. See [5, Theorem 7.8.1].

3 Zero period property of BMD-harmonic functions

From now on, we assume that the index set A is a finite set {1,..., N} and so K = Y, 4;.

3.1 BMD harmonicity and its locality

Denote by Z = (Z,P,), Z° = (Z?,P%) the ABM on E and D = E \ K, respectively, and by
Z* = (Zs,P%) the BMD on the set

D*=DUK* K*={a’---,dy} (3.1)

obtained from Z by regarding each hole A; as one point a;.

A function u defined on a connected open subset O of D* is said to be Z*-harmonic or BMD-
harmonic on O (with respect to Z*) if u is continuous on O and, for any relatively compact open
set 01 with 61 C 0,

E} [|u(Z;‘Ol)|} <oo and E] [u(Z:OI)} =u(z) for every z € Os. (3.2)

Here 70, = inf{t > 0: Z; ¢ O} is the first exit time from O; by Z*. The restriction to O N D of
any Z*-harmonic function on O is harmonic there in the classical sense (with respect to Brownian
motion) and takes constant boundary value u(a}) at 0A; whenever af € O.

Theorem 3.1 Suppose that D1 and Do are two connected subsets of D* and that D1 N Dy # 0. If
u 18 Z*-harmonic in D; for i = 1,2, then u is Z*-harmonic in D1 U Ds.

Proof. Let O be a relatively compact open subset of D U Ds. Let {U(i); k > 1} be an increasing
(4)

sequence of relatively compact open subsets whose union is D; and 8Ukl
for ¢ = 1,2. Since {Uél) U U,gZ); k > 1} forms an open cover for O, there is some ko > 1 so that
OcC U,Ei) UU,E?. For notational simplicity, denote U, ,E? by U; for i = 1,2. Note that O; := ONU; is a
relatively compact open subset of D;, i = 1,2. We claim that for every =z € O, u(z) = E, [u(Z;fo)].
In the following we show that the above holds for every x € O;. The case for x € O is analogous.

Let {6;;t > 0} be the shift operator for BMD Z* on D*. We use {JF;t > 0} to denote the
minimal augmented natural filtration generated by Z*. Define a sequence of stopping times as
follows. 11 := 10,, T := 10,, and for k > 1,

is a smooth subset in D

Topy1 :=Top + 70, 001, and  Togyo :=Topy1 + 70, 001y, -

Note that 7o < oo and T}, < 7 for every k > 1.. Since u is Z*-harmonic in both Dy and D, we
have for x € O1, P, -a.s.

u(Xr,) = Ez;kH [“(Z’;kﬂ)’&er for every k > 1.

6



In other words, {u(Z7,);k > 1} is an {JFp x>1-filtration under P, for every z € O1. Let T' :=
limy, o0 T%. Since u is bounded and continuous on O, we have

u(z) = klgrolo E. [u(Z7,)] = Ee [u(Z7)] .

We next show that T' = 79. Clearly T < 79 Pp-as.. On {T < 70}, Zj(w) € O = O1 U Oy,
say, Z7(w) € Oa. There is some large kg = ko(w) so that Z7, (w) € Oz for all k > ko. This is
impossible as for even k > ko, Z:’Fk ¢ O2. So we must have T = 79 P,-a.s. and consequently,

u(x) = B, [u(Z}))] for every x € Oy. This shows that u is Z*-harmonic in O for every relatively
compact subdomain O of D; U Dy and so u is Z*-harmonic in Dy U Ds. O

Consider an open set E such that E CE, C\E is a continuum and each compact continuum A;
is either contained in F or disjoint from E.Let K = ENK = U 1 Aij for 1 <iig < -+ <iig, L< N,

andeE\K. Denote by Z* the BMD on the set
D*=DUK* K*={a’, - ,a’}

319 s ip I

obtained from the ABM on F by rendering each hole A;; as a one point a;‘j 1 < j < /. Then Z*
is identical in law with the part process Z%* of Z* on 5*, namely, the subprocess of Z* obtained
by killing upon its exit time from D*. This is because both Z* and Zj:i)* are symmetric diffusion

extension of ABM on D to D* admitting no killing on K * and the uniqueness result stated in §2
applies. Let O be an open connected subset of D*(C D*). A function u on O is Z*-harmonic on O
if and only if w is harmonic with respect to the part process Z*ﬁ* of Z* on D*. Therefore we have
the following equivalence:

w is Z*-harmonic on O <= v is Z*-harmonic on O. (3.3)

3.2 Zero flux condition for generator of BMD

Let (A*, D(A*)) denote the L2-infinitesimal generator of BMD Z*, or equivalently, of the Dirichlet
form (€%, F*). That is, u € D(A*) if and only if u € F* and there is some f € L*(D;dxr) =
L?(D*;m) so that

—/ f(z)v(z)dz for every v € F*. (3.4)
We denote the above f as A*u. In view of (2.5), condition (3.4) is equivalent to
/ Vu(zx) - Vou(z / flx for every v € C°(D) (3.5)
and )
B /DVu(:L') -Vuj(z)de = — /D f(x)u;(x)dx for every j =1,..., N. (3.6)

(3.5) says that Au exists on D in the distributional sense and f = $Au € L*(D;dz). Let us define
the flux N'(u)(aj) of u at aj by
= / Vu(z) - Vuj(x)dz —|—/ Au(z)uj(z)de. (3.7)
D D
Then (3.6) is equivalent to
N(u)(a;) =0  forevery j=1,...,N. (3.8)

Hence we have established the following.



Theorem 3.2 A function u € F* is in D(A*) if and only if the distributional Laplacian Au of u
exists as an L?-integrable function on D and u has zero flux at every a;. Moreover, for u € D(AY),

A*u = %Au on D.

Note that when 0K is smooth for j =1,..., N, then by the Green-Gauss formula we have

M) = [ T @)o(a),

J K@n

where n is the unit outward normal vector field of D on 9D and ¢ is the surface measure on 0D.
Since u¥)(z) = 1 on K; and u¥)(x) = 0 on K; with i # j,

ou(z)
N(u)(ak :/ o(dx). 3.9
(u)(aj) BKjan() (3.9)
For a > 0, we use G, to denote the a-order resolvent of Z*; that is, G7, f [f et f(ZF) dt]

for f > 0 on D*. Throughout this paper, we use the convention that 0 is a cemetery point added
to D*, Zf = 0 for t > (¥, and that every function f defined on D* is extended to O by setting
f(0) =0. When a = 0, we will simply denote G by G*.

Lemma 3.3 If E is bounded, then for every f € L*>(D)(= L*(D;m)), G*f € D(A*) with
A*G*f = —f.

Proof. Since D = E\ K is bounded, G°(L>(D)) C L*>(D) c L*(D) for the 0-order resolvent
GY of ZY in view of (4.6) below with wp = 0. G* has the same property because for f € L>(D),
G*f is a linear combination of GOf and ¢ for 1 < i < N. Hence the resolvent equation G*f =
Gif + Gi(G*f) yields that G* f € D(A*) with A*G*f = —f. ]

3.3 Zero period property of BMD-harmonic functions

In this subsection, we assume that F is a planar domain whose complement is a continuum and
Ay, --- Ay are disjoint compact continua contained in £ so that each E'\ A; is connected. As before,
K = U§V:1Aj. The domain D := E \ K is called (N + 1)-connected. In what follows, we mostly
consider an (N + 1)-connected domain with F being the upper half-plane H. An (N + 1)-connected
domain D = E '\ K is called a standard slit domain if E = H and A; C H is a line segment parallel
to the z-axis for each 1 <¢ < N.

Let v be a C'-smooth simple curve surrounding A;, namely, v C D, insy D A, insy N Ag = 0,
k # j. Here insy denotes the bounded component of C\ v and is called the interior of 7. For a
harmonic function u defined in a neighborhood of A;, the value

9uf<)

;0

gl
is independent of the choice of such curve v with n denoting the normal vector pointing toward A;

and s the arc length of . This value is called the period of v around A;.

Theorem 3.4 Let O be a connected open subset of D*. A Z* -harmonic function in O has zero
period round A; for every i with a} € O.



Proof. The assertion trivially holds if O does not contain any a;. In view of Theorem 3.1 and
the equivalence (3.3), without loss of generality, we may and do assume that E is bounded with
smooth boundary OF, D* = O and that D* contains exactly one a} (that is, K consists of exactly
one compact continuum Ay).

Suppose that v is Z* harmonic in D*. Clearly v is harmonic in D. Let U; and Us be relatively
compact open subsets of F so that A; C Uy C Uy C Uy C Uy C E. Let ¢ € C°(R?) so that ¢ = 1
on U; and ¢ = 0 on U§. Define f(z) = —1A(yw)(z) for € D. Note that f € L>(D;dz) and
f=0on D\ (Uz\U;). Hence G* f is Z* harmonic in in (U3 N D) U {aj} and so is w := ¢v — G* f.
On the other hand, Lemma 3.3 implies that w is harmonic and hence Z*-harmonic in D. Thus by
Theorem 3.1, w is Z*-harmonic in D*. Since both ¢v and G*f vanish on 0F = 0D*, w = 0 on
OD*. Thus by the maximum principle for the bounded Z*-harmonic function w on D* (note that
aj is an interior point of D*), we have w = 0 on D*, that is, v = G* f on D*.

Let uy(z) := E, [e*"Al], which is smooth, strictly smaller than 1 on D, and continuous on
E with value 1 on Ay. For ¢ € (0,1), let 7. be the boundary of the connected component of
{z € E: ui(x) > 1 — ¢} that contains A;. By Sard’s theorem (see, e.g., [16]), there is a set Nj
having zero Lebesgue measure so that for every e € (0,1)\ Ny, 1. is C*°-smooth. Take a decreasing
sequence {e,,n > 1} € (0,1) \ Ny with lim,, oo £, = 0. Since {z € F : uj(z) > 1 — &, } decreases
to A, we may assume that each 7., is contained inside U;. As ¢ = 1 on Uj, we can see by the
Green-Gauss formula, Theorem 3.2 and Lemma 3.3 that the period of v at a] equals

lim / W), 4e) = tim — 0G I, ()0 (de)
n—oo nsn
1

8115 n—oo 1 — En Nen Bng

= lim
n—oo 1 — g,

= / Vui(z) - VG f(x)dx + / ur (v)AG™ f(x)dx = 2N (G* f)(a7) = 0.
D D

/ (Vur - VG* f + 1 AG* f) dz
D\ins(n»,)

Here n denotes the unit inward normal vector field on 7., for the interior of 7., . O

Remark 3.5 Theorem 3.2, Lemma 3.3 and Theorem 3.4 in fact hold in any dimension. Moreover,
the statement in Theorem 3.4 is in fact a characterization for v to be Z*-harmonic in O; see [4] for
details.

By the zero period property of v, the value of

u(z) = — / W), (ae) (3.10)

81’1&

is independent of the choice of the smooth C? simple curve ~ that joins a fixed zy to z, and
f(2) :=u(2) 4+ iv(2) is an analytic function in D. Hence we obtain

Corollary 3.6 If v is Z*-harmonic on D*, then —U‘D admits a harmonic conjugate uw on D
uniquely up to an additive real constant so that f(z) = u(z) +iv(z), z € D, is an analytic function
on D.

4 Green function, harmonic functions and their periods

We first consider a planar domain D whose complement is non-empty and consists of continuum
components. We recall the relationship between the 0-order resolvent density of the ABM Z° on D



and the classical Green’s function. Denote by pY(z, (), z,( € D, the transition density of the ABM
Z% on D and 7p := inf{t > 0: Z; ¢ D} the first exit time of the Brownian motion Z = (Z;,P,)

from D. Since Z has transition density function n(t,z — ¢) with respect to the Lebesgue measure
on R?, where n(t,z) = (2nt)"Lexp (—%), it follows from the strong Markov property of Z that

p(2,¢) =n(t,z—¢) —E.[n(t — mp, Zry, —C);mp < 1. (4.1)

The resolvent density GO(z,¢) and the 0-order resolvent density GY(z,() of Z° are defined respec-
tively by

G0z, 0) = / T e, O)dt and GOz, ¢) = /Oop?<z,c>dt, s CeD.
0 0

The integral fooo n(t, z)dt is infinite but the re-centered integral

o0 oo 1 2
_ — —lz]%/2t _ —1/2t
/0 (n(t,z) —n(t,eq))dt /0 57 (e e ) dt

1
= ——log|z| for z € C, (4.2)
™

is finite where e; = (1,0) € C. Since n(t,z) > n(t,e1) when |z| < 1 and n(t,2) < n(t,e;) when
|z| > 1, in fact we have from (4.2) that

/OOO In(t,z) — n(t,er)|dt = % [log ||| for z € C. (4.3)
Moreover, we know from [18, Theorem 3.4.2] and Harnack inequality that
E, [[log|Z-, — (||] < o0 for every z,{ € D. (4.4)
From (4.1), one has
p(2,0) = nlt,z—C¢) —n(t,e) —E.[n(t —1p, Zrp — ¢) —n(t — Tp,e1);7p < ]
+n(t,e1) —E.[n(t —mp,e1);7p < t]. (4.5)

Hence it follows from (4.3)-(4.4) that for distinct z,{ € D,
/OOO In(t, e1) — Ealn(t — 7, e1); mp < t]|dt
< Gz0) + ~|log|z — ¢l + ~E. || log|Zs, — ] < oo.
Let  Wp(z) = [, E. [n(t,e1) —n(t — 7p,e1)1=ryy ] dt. Then it follows from (4.5) that
Gz,¢) = —% log |z — ¢| + %EZ log|Zr, — ¢l +Wp(z), =z (€D, (4.6)

By [18, Proposition 4.5.4], for each ¢ € D, as a function of z, G%(z,() + 1 log |2 — (| is harmonic in
D and thus so is Wp(z). Note that

N

Wp(z) = A}gnoo ; E. [n(t,e1) —n(t — 7p,e1)j=ryy] dt
N NVTp—7p
= lim E, [/ n(t,el)dt—/ n(s,e1)ds
N—oo 0 0
N
= lim E, [/ n(t,el)dt] > 0.
N—oo NVTp—Tp

10



From the last display, we get the following monotonicity property on W:
if D1 D Do, then Wp,(z) > Wp,(2) for every z € Ds.

Denote by H the upper half plane {z = 2 +iy € C : y > 0} and by G*9(z,¢) the O-order
resolvent density of the ABM Z™.0 in H. One deduces easily from (4.2) and the identity piHI’O(z, () =

n(t,z —¢) —n(t,z — ¢) that

GF0(2,¢) = ~ (log = — | ~ log =~ ¢]). (47)

By (4.6), Wn(z) = %(log|z — (| —E,log|Zs, — (|) Taking ¢ = iy and letting y — +o0, one
concludes from the above display that Wi = 0. Consequently, for any D C H, we have by the
monotonicity that Wp =0 on D and

1 1
G(2,¢) = ——log|z — (| + —E:log|Zr, = (|, 2, (€ D. (4.8)

In other words, the 0-order resolvent density of Z° coincides with the classical Green’s function
multiplied by the constant % whenever the domain D is contained in a half space. For this reason,
we call the O-order resolvent density of the ABM Z° on D also its Green function. We point out
that Wp can be non-trivial for some unbounded D. For example, when D = {z € C: |z| > r} for
r >0, Wp(z) = 21log™(|2|/r) (cf. [18, Proposition 4.9]). We take this opportunity to point out
that some condition is needed for Proposition 2.36 of [14] to hold for a regular domain D in R2.

The bounded harmonic function in H \ D with boundary values 1 on 0D and 0 on R tends to
zero at infinity. By the maximum principle, we easily obtain

Lemma 4.1 Let D =H\ K be an (N + 1)-connected domain.
(i) The function pY)(2), z € D, defined by (2.4) with E = H is harmonic in D and satisfies

lim  oU(z)=0, j>1. (4.9)

|z]—00,2€ D
(ii) For any continuous function g on OH with compact support, the function
Wy(2) = EY [g(z%_); 7% €dH|, zeD, (4.10)
is a harmonic function in D and satisfies

lim  9y(2) =0. (4.11)

|z|—00,z€D
Here ¢V denotes the lifetime of the ABM Z° on D.

Lemma 4.2 Denote the positive x-axis and the positive y-axis by g and Ao, respectively. Let
Z = (Zt,P,) be the Brownian motion on C. Then

2
P.(oa, < 0ry) = ;tan_l(y/x) for z =x + iy with x > 0, y > 0. (4.12)

11



Proof. The conformal map ¢(z) = 22 of the first quadrant onto the upper half plane maps Ag
onto (—o00,0) and I'g onto (0,00). Hence the Lemma follows from the conformal invariance of the
absorbing Brownian motion and the formula

1 z—0b
Ha 7b = —
ol H, [0, b)) =~ arg =
for the harmonic measure of an interval (a,b) in H, see [12, I (1.1)]. O

Lemma 4.3 For a > 0, consider the rectangle R, == {z =z +iy: —a<zx <a, 0 <y <a} and
put ¥, = OR, \ OH. Let h be a harmonic function on H\ Ry, for some €y > 0 such that

sup |h(Q)|:=C < o0, h(zx+i0+)=0 for any x with |z| > . (4.13)
CEH\REO
Then oh
81(10‘ ds(¢) <8C for any £ > 2/. (4.14)
¢

The estimate (4.14) follows readily from the Poisson formulae for the harmonic function A on
the half-planes {z € C:y > ¢1} and {z € C: z > {;}. The latter reads, for x > {1, y > 0,

. 1 e .’E*fl . ’
h =— h(¢ d 4.1
@rin) =+ [ et i)ay (415)

where h is extended from {z € C:z > ly, y > 0} to {z € C: x > £y} by the Schwarz reflection.
We will also need the following, see for instance [12, Theorem I1.2.3] for the standard proof of
(i). The second part easily follows by approximation of H with bounded domains, using Lemma

4.3.

Lemma 4.4 Let D =H\ Uf\il A; be an (N + 1)-connected domain and f be a harmonic function
on D.

(i) Take mutually disjoint Ct-smooth simple curves v; surrounding A;, 1 <i < N, and an analytic
Jordan curve I' C H containing U]\Ll ins ;. Then, for any z € ins I \ U]\il ins ;,

_ _Z/ 0GY( zC Z fr(lg)ds(O

kl'yk

2t m 5 1 0(, af (<) .
2/1* on; f(Q)ds(¢) + 2/FG (2,€) o ds(C). (4.16)

(ii) Suppose further that a harmonic function f on D takes a smooth boundary function with
compact support on OH and satisfies

lmp0 =0, (4.17)

Then, for analytic smooth simple curves v;, 1 <i < N, asin (i) and for any z € H\Uz 1 Yis

N
_ —*Z [ PG+ 53 [ @08 s
k=1""k ¢
0
- /8 ) Wf@)ds(o. (418)

12



Theorem 4.5 Let D =H\ Uf\;l A; be an (N + 1)-connected domain.

(i) For each z € D, 1 < i < N, —2p)(2) equals the period of the harmonic function G°(z,-)
around A;.

(ii) For any bounded continuous function g on OH,

1

9G (2, ()
0 0 .70 _ = )
EY (g(2%_); Z%_ € BH} = -3 /aH

3 9(Q)ds(¢), z € D. (4.19)
n¢

(iii) Let f be a harmonic function on D taking a constant value f; on each 0A;, taking a continuous
boundary function with compact support on OH and satisfying

D zEDf(Z) =0. (4.20)
It then holds for every z € D that
al les
1) =3 feee) -5 [ G pas(o) (4.21)
k=1

It also holds that for each 1 < i < N,

N
the period of f around A; = Z frag —i—/ 0 f(Q)ds(Q), (4.22)
OH

k=1
where ay; denotes the period of ¢'®) around A;.

Proof. (i) If the A; are closed analytic curves, the claim follows from Lemma 4.4 with f = ¢(),
In general, approximate A; by the level sets {G°(2,() = a} which are closed analytic curves for
almost all values of a > 0. Since the Green’s function GO of the domain D, = {z : G°(z,¢) > a}
satisfies GY = GU — a, the claim follows from the weak convergence of harmonic measure of D, to
the harmonic measure of D, see [12, II Exercise 4].

(ii) can be proved similarly by applying Lemma 4.4 to the function f which coincides with g on OH
and which is zero on 0D, \ OH. Since Lemma 4.4 assumes smoothness of the boundary function, it
should be applied to a mollification g. of g, rather than g itself. Passing to the limit ¢ — 0 poses
no difficulties.

(ili) Let h be the difference of the functions on both sides of (4.21). Then h is a harmonic
function on D taking value 0 on Uf\il A; and on OH as well. By condition (4.20) and Lemma
3.1, lim,| 00 .ep M(2) = 0. Hence the maximum principle applies to h as in [17, p 9] and we can
conclude that h = 0.

Finally (4.22) follows from (4.21) by taking the periods around A; on both sides of (4.21) and
by noting (i) and the symmetry of GP. O

13



5 Green function and Poisson kernel of BMD

Since
P%(C* < oo, Z&_ € OH) > PY(¢° < o0, Z%_ € OH) >0, z € D,

Z* is transient. Denote by G* the 0-order resolvent of Z*:
oo
616 2| [ rzga]. sep, reo.
0

Lemma 5.1 For any Borel measurable function f > 0 on D*, G*f(z) = [, G*(2,¢)f({)m(d]),
where

G*(2,0) = G%2,¢) 4+ 20(2) A" ®(O)" 2e D*, CeD. (5.1)

Here ®(2) = (oM (2), -+ ,9WN)(2)), A is an N x N-matriz whose (i, j)-component a;; is the period
of ) around A;, 1 <1i,j < N, and the superscript “tr” denotes vector transpose.

Proof. Let f € Co(D). Then G*f € F* is Z*-harmonic in D* \ supp[f] and

N
G f(2) =G f(2) + > _ e (2)\i, where A = G*f(a).
1=1

By Theorem 3.4, we have for a smooth simple curve «; surrounding A;

N
! 1 [ 9Gf() -
2z 1L aGY Q) e
2;%]}\1 Q/Y 8n< dS(C), 1 <1, _N

Since the right hand side in the above equals (¢), f) in view of the symmetry of G°, and Theorem
3.5(i), it suffices to solve the above linear equation in A;, 1 <1i < N. O

We call G*(z,(), z € D*,{ € D, of Lemma 5.1 the Green function of Z*. One can deduce the
symmetry of the matrix A from the symmetry of the Green functions of Z° and Z*. We now define
the Poisson kernel of Z* by

* o 10 * *
Note that w 9
* - _-_ 2 0 _ -1 ¥ tr *
K(210) = =5 505 0) = @A™ 5 #(0)", 2 € D, (€ 0B (5.2)

Thus for each ¢ € 0H, z — K*(z,() is a Z*-harmonic function of z on D*.

Lemma 5.2 (i) For any closed interval J C OH, K*(z,() can be uniquely extended to a jointly
continuous function on (H\ J) x J.

(ii) For any g € bC'(0H), the integral

H*g(z) = - K*(z,0)g(Q)ds(C), =z € D",
gives a well defined bounded Z*-harmonic function on D* and

ng?ep H*g(z) = g(¢), ¢ € OH. (5.3)

14



(iii) It holds that

lim K*(z,{) =0 wuniformly in ¢ on any compact interval of JH. (5.4)

25500
(iv) It holds for any g € bC'(0H) that
E} [9(Z5 )] = H*g(z), =€ D* (5.5)
where * denotes the lifetime of Z*.

Proof. (i) Note that every point in C; (resp. OH) is a regular point for C; (resp. OH). Thus
GO(-,¢) extends to be a continuous function on H \ {¢} by taking values 0 on dH U K, and ¢*)
extends to be a continuous function on H by taking value d;; on 4; and 0 on OH. Since G°(z, () and
cp(k)(C ), 1 <k < N, are, as functions of ¢, harmonic in D and vanish on 0H, they admit harmonic
extensions across 0H by the Schwarz reflection. Now by the integral representation of harmonic
functions in balls in terms of Poisson kernels, the right hand side of (5.2) is jointly continuous on
the desired set. _

(ii) Since ¢*) vanishes on OH, %}M
g on OH, we have by (4.19) and (5.2)

‘y:O > 0 for every z € R. For every non-negative function

N % 9 (z + 4
H*g(z) = E? {Q(Zgo_)] -I—% Z (P(Z)(Z)(A_l>z’j/_ W|yog(m)da:.

ij=1

So it suffices to show that

> 9p®) (x4 iy
/_OO (gy)}yodx < 200 (4y). (5.6)

To verify (5.6), consider the ABM ZH0 = (ZEH’O,IP)IZEH’O) on the upper half-plane H and let
PR (2) = IP’I,EI’O(UA,C < o0), z€ H, 1<k < N. The function ¢*) is a 0-order equilibrium potential
of the compact set Ai. So by Corollary 3.4.3 and the 0-order version of Lemma 2.3.10 of [5], there
is a finite positive measure v(*) concentrated on Ay, so that

P®)(2) = GOz, Ndv® (), zeH.
Ay
Here GH-0(z, 2') is the Green function of Z%0 given by (4.7).

The measure v*) is called the 0-order equilibrium measure of Ay, relative to Z%9, and u(k)(Ak)
is the (0-order) capacity of Ay in H (cf. [5]). Since p®) < 4*) we have

0™ (z + iy) 2 y' ) (gt
gprlrrw) 2 d
0y 0<% /A FEFIEE o

which yields (5.6).
(iii) In view of the domination G%(z,¢) < G™0(z,¢) and (4.7), we have for z = z +iy € D, ( =
&40 € OH,

10

_- 2.0 <

Y

[ >0

3| -
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Hence the first term of the expression (5.2) of K*(z,() converges to 0 as z — oo uniformly in ¢ on
any compact interval of OH, and so does its second term on account of (4.9) and the continuity of

%L(Q in ¢ € OH for every 1 < j < N. Thus we get (5.4).
(iv) It is enough to prove (5.5) for a continuous function g on OH with compact support. Both
sides of (5.5) are Z*-harmonic functions with the same boundary value g(¢), ¢ € 0H. As z — o,
EX[g(Z;._)] tends to 0 by (5.4) and so does H*g in view of (4.9), (4.10) and (5.2). Hence (5.5)

holds by the maximum principle. O

6 Complex Poisson kernel of BMD and chordal Komatu-Loewner
equation

For z € C and r > 0, we use either B,.(z) or B(z,7) to denote the open ball with radius r centered
at z.

6.1 Complex Poisson kernel of BMD on a slit domain

Let D = H\{C4,---,Cn} be a standard slit domain and K*(z,(), z € D*, ( € 0H, be the Poisson
kernel (5.2) of the BMD on D*. As K*(z,() is BMD-harmonic in z € D for each fixed ¢ € 0H, by
Corollary 3.6 there is an analytic function ¥(z, (), unique up to an additive real constant, having
K*(z,() as its imaginary part.

Lemma 6.1 (i) The limit lim,_, V(z,() exists and is real-valued. Furthermore
limsup,_, ., sup¢ey [W(2, ()| < oo for any compact interval J C OH.
(ii) ¥(z,() is determined uniquely by the normalization condition

Zlggo U(z,() =0. (6.1)
U(z,() is then jointly continuous in (z,¢) on (DU (UYL (C;"UC;)) U(OH\ J)) x J. Here J is
any compact subinterval of OH and C; (resp. C;) denotes the upper (resp. lower) side of the
(closed) slit C; equipped with the topology induced from the path distance in D.

Proof. (i) By (5.7), we have

10 9 11

“2ayanc o =T .

which combined with the expression (5.2) and (5.6) implies that for any interval I C OH containing

¢
/BH\I

Since z — ¥(z,() is an analytic function on D whose imaginary part vanishes on 0H \ ¢ by
(5.2) and (5.7), it can be extended to an analytic function on E = C\ (UN_, Cy) U (UN_, 7 (Ci)) \ {¢}
by the reflection principle, where 7 denotes the reflection with respect to OH. Denote the extended
analytic function z — U(z,() as u(z) + iv(z) with v(z) = K*(z,(). The real part u can then be
evaluated by

OK*(z + 1y, ()
dy

dx is finite and continuous in ¢ € I. (6.3)
y=0

u(z) — u(zo) = /C oy — vedy <_ - aU(Z/)ds(z’)> (6.4)

C 8nzx
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where C' is any smooth simple curve connecting zg with z in D. We fix an arbitrary compact
interval J C OH and take ( € J, zp € OH \ J. Choose ¢y > 0 with J C (—£o, ), Uf\ilci C Ry,.

On account of (5.4), we see that v(z) = K*(z,() is bounded on H \ Ry, uniformly in ( € J.
Therefore by Lemma 4.3,

/ OK*(

sup 7)d < o0.

ceqe>2,Jy, ! On,

For z € H \ Ry, let £ > 2{y be such that z € ¥; and C' be a smooth simple curve connecting
ov(z")

ds(z') along a closed Jordan

zp to z in D. By the zero period property of v, the integral of 3
n,

curve consisting of C, a part of ¥y and a part of x-axis vanishes. Hence we can deduce from Lemma
4.3 and (6.3) that u(z) is bounded near oo uniformly in ¢ € J. This combined with (5.4) yields the
second assertion of (i).

In particular, the analytic function \I'(%) is uniformly bounded near the origin 0, which is
therefore a removable singularity of this analytic function near 0, yielding the first assertion of (i).

(ii) Write ¥(z,¢) = u(z,¢) + iK*(2,(). By Lemma 5.2(i), K*(z,() is continuous in (z,¢) on [C \
U]kvzl(Ck UnCy) \ J] x J, and so are %K*(z, ¢) and %K(z, ¢) because K*(z,() is harmonic in z.
Fix some zgp = xg + 10 € OH \ J located to the right of J. As lim,_,. u(z +140,¢) = 0 by (6.1), we
see from (6.4) that u(z,(), z € DU (OH\ J), ¢ € J, is determined by

u(z,¢) = /—K*xw O+ 3K (@ + 9, 0) dy+/ fK*<:c+io,c>dx

for any smooth simple curve C' connecting zp to z in D U (OH \ J). Consequently, for any z1, z9 €
DU (0H\ J),

u(ensO) — u(e1,0) = [ LK @iy, Qo — K o+ iy, C)dy (6
c Oy ox
for a smooth simple curve C joining z; to zo through D U (OH \ J). The joint continuity of u(x, ()
on (DUJH\ J) x J follows from these two formulae and (6.3).

Since, as a function of z, K*(z,() takes a constant boundary value on each slit Cj, it can be
extended to be harmonic function and hence a smooth function across C and Cj_ except at the end
points for every j = 1,..., N. It follows from the above that u(z,() can be extended continuously
to C;T and C'j_ except at the end points for every j = 1,..., N. We next show that u(z, () can also
be extended to the end points of C;. Let 21 be the left endpoint of C;. Take € > 0 small so that it
is less than one half of the length of C; and that B(z1,¢) \ C; C D. Then t(z) = (z — 21)"/? maps

B(z1,¢)\ C;j conformally onto B(0, f)ﬂH Clearly f(z,() := K*(22+21, () is a harmonic function
in z € B(0,+/¢)NH that is continuous up to B(0, /) NOH and takes a constant value there. Hence
by Schwarz reflection principle, f(z,() can be extended to a harmonic function in z € B(0, /) and
so is smooth there. Moreover, by the integral representation of harmonic functions in disks using
Poisson kernels, V, f(z,() is in fact jointly continuous in (z,() € B(0,+/¢) x 0H. This combined
with (6.5) shows that z — wu(z, () can be extended continuously to z; and the resulting function is
jointly continuous in (z,(). The case for the right endpoint of C; can be dealt with analogously.
This completes the proof of the lemma. O

We call ¥(z,(), z € D, ¢ € 0H, subjected to the normalization condition (6.1) the complex
Poisson kernel of BMD for the standard slit domain D.
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6.2 The map g, and an expression of a; — a;

We are in a position to consider a fixed standard slit domain D = H\ {C1,--- ,Cn} together with
a Jordan arc B
7:00,¢,] = D, ~(0) € 0H, ~(0,¢,] C D. (6.6)

For each t € [0,t,], let g; be a conformal map from D \ ¥(0,¢] onto a standard slit domain D,
satisfying the condition

gt(2) =2+ % + o(i), z — 00. (6.7)

||
a; is then a real-valued function of ¢.
The unique existence of such a map g; can be seen as follows. Let

N
G =C\ [ J(Crun(@)\ (1[0, Um(4[0,1]))
k=1

where 7 is the mirror reflection map with respect to 9H. If g; satisfies the above mentioned proper-
ties, then it sends OH \ {7(0)} onto OH minus a compact interval homeomorphically so that g; can
be extended by the Schwarz reflection to a conformal map ¢g; from G onto C\ U?ivfrl ¢; for some
mutually disjoint horizontal line segments {¢;} satisfying the condition (6.7) for some complex a;.
As is well known (e.g. [19, Theorem IX.23]), g; with the stated properties is unique and so is its
restriction g; to D \ 7(0,t]. The existence of a map f = g on G with the stated properties is also
well known (e.g. [19, Theorem IX 22]). Since the map f defined by f(z) = f(%), z € G, has the
same properties as f, we have f = ]?and in particular f sends real to real. So f| D\A[04] gives the
desired map g.
For 0 < s <t < t,, define

gt,s = Js © gt_lu (68)
which is a conformal map from D; onto Ds \ gs(7[s, t]). We can then deduce from (6.7) that
s — 1
gs(z) =2+ 2" o(),  z- oo (6.9)
z 2|
Define
§(t) = g:(v(1)(= lim 9:(2))- (6.10)

z—(t),z€ D\7[0,t]

By the well-known boundary correspondence for g; (cf. [6]), £(t) € OH. Furthermore, by that for
Gt,s, there exist unique points (¢, s) € OH and Si(t,s) € OH such that

50(13 S) < f(t) < 51 (ta S)’ gt,s(ﬁ(}(ta 3)) = gt,s(ﬁl (ta 5)) = 5(5)7 (6'11)
and it holds that

oS . =0 :EG@H\(B (t,s),ﬂ (t,S)),
saeri00{ 2 0 STy (612)
We let
N
Dy=H\JCik, lrs = [Bo(t,s), Bu(t, s)|(C OH).
k=1

Because of (6.12), ¢ s extends by the Schwarz reflection to an analytic function on

N
C\Ty, where Ty=|J(CrrUm(Cir)) Ules. (6.13)
k=1
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In what follows, we may and will assume that 0 ¢ ¢ ;.

P

Let ft = Ufj:l(@’;g Un(Cig)) U Zt,s be the image of I'; under the inversion w = 1/z. Then
g1,s(1/w) is analytic on C\ I'; \ {0}, and so is f(w) = (gs,s(1/w) — L) /w. Since (6.9) implies

lim f(w) = lim Z{gt,s(z) - Z} = Qs — g,
w—0 2—00

0 is a removable singularity of f and f extends to an analytic function on C \ ft with
0eC\Ty, f(0)=as—a. (6.14)

We note that lim¢_,o f(¢) = lim, 0 2{gs,s(2) — 2} = 0 and so
limp_s00 f‘ =R @d{ = 0. Therefore we have from (6.14) and Cauchy’s integral formula

1
as — ap = / &dg, (6.15)
2miJupN s ¢
where 71, -+, YN (resp. Ani1,- - ,72n) are analytic contours surrounding @,1, e ,5,57]\/ (resp.
©(C1), -+ ,m(Ct,n)) and Fan41 is an analytic contour surrounding Eftvs They are disjoint and of

clockwise orientation, and 0 is located outside all of them.

Lemma 6.2 It holds for 0 < s <t <t that

1 ,81(1‘,,8)
ar — Qg = / Sgt,s(x + 10+)dx. (6.16)
™ o(t,s)

Proof. From (6.15) and a change of variables of the line integral,

1 1
1 Gts\F) — ¢
o—a - L 9a() = ¢y,
2mi Jypvyts, o ¢
1

= —— (Qt,s(n) - 7]) dn,

271 UM
where 7y, is the image of 3, under n = L for 1 < k < 2N+1. Hence vy, - -+, yn (resp. YN41,- - »72N)
are analytic contours surrounding Cy1,--- ,Cy n (resp. m(Ci1),--- ,7(Cyn)) and yan 41 is an ana-
lytic contour surrounding ¢; ,, all oriented clockwise.

Since Jgy,s(n) is constant on Cy i, g¢ s(n) admits analytic extensions across Cy j, from both sides.
Hence the integral [. (g:,s() —n)dn equals fCt,k(gtvS(n) —n)dn for 1 <k < N and fﬂ(ct‘k)(gt’s(n) —
n)dn for N +1 < k < 2N, the integral on Cyj, (and on 7(Cyy)) being understood to be the sum
of the integral along its upper side and lower side with clockwise orientation. Taking as yan41 a
rectangle with width 2e surrounding /; s, we then have

N
|
as—a = —5— (gt,5(n) —mn) dn
! 2mi ; CkUﬂ’(Ck)
1 B1(t,s) -
—lim — / ((gt,s(x +ie) —x —ie) — (grs(z+ie) —x + ZE)) dz.
el0 271 Bo(t,s)

19



Since as — ay is real, we conclude that as — a; equals

1%/ S (ges(n) — ) d 1/“’”0 (e +i04)d
T o S \Gts\) —n)an — — Ry x +10+)dzx.
2m = Jowun(cy) ™ Jpo(t.s)

But (g,s(n) — 1) takes the same constant value from both sides of each Cj and of each 7(Cy) so
that the sum in the above vanishes. This establishes (6.16). O

Corollary 6.3 a; is a strictly increasing left-continuous function in t > 0 with ag = 0.

Proof. a; is strictly increasing in view of (6.12) and (6.16). Denote by 77, 7, the points
of ‘both sides’ of the arc v corresponding to vs. As s 1 ¢, 75 — v (resp. 75 — ) so that

Bo(t,s) = ge(7s) T ge(ye) = & (vesp. Bi(t,s) = g:(v) 4 ge(ve) = &). az is thus left continuous.
Since go(z) = 2z, z € D, on account of the uniqueness of gy and (6.7), we have ag = 0. O

6.3 Chordal Komatu-Loewner differential equation

Keeping the setting of the preceding subsection, we now derive the Komatu-Loewner differential
equation (1.3), but with its left hand side being replaced by the left derivative 87897(;(2) with respect
to the strictly increasing left continuous function a; studied in the preceding subsection.

Let Z%* be the BMD on the standard slit domain D; and Wy(z,¢), z € Dy, ¢ € OH, be the

complex Poisson kernel of Z%* namely, an analytic function on D; with imaginary part being the
Poisson kernel Kj(z,() of Z%* subject to the normalization (6.1).

Theorem 6.4 The map g; satisfies the following chordal Komatu-Loewner differential equation:
fort € (0,t,] and z € D, gi(2) is left differentiable with respect to a; and

0~ gt(2)
3at

= —mU(9:(2),€(1)),  go(2) = 2. (6.17)

Proof. We proceed along the same line as in the proof of Theorem 3.1 in Bauer and Friedrich [3],
but with several modifications stated in §1.
We consider the analytic function

F(z) = g1,5(2) — 2, z € Dy,

which satisfies
s — Qg

F(z)= ~ +o(1/]z]). (6.18)

Then, f(z) := SF(z) is harmonic on D; and takes a constant, say f; on each slit C;. As
lim, o f(2) = 0 by (6.18), the formula (4.21) holds: for z € Dy,

N 0 P
1) =3 i) -5 [ PR (o), (6.19)
k=1

where {gol(ti)} is the harmonic basis and GY(z,() is the Green function of the ABM on the domain
N
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Since f is the imaginary part of the analytic function F) its period around Cy; vanishes and we
have from (4.22)

N i)
0——g;ﬂ%m—ém&Z£OﬂO®K% (6.20)

for every 1 <14 < N, where a; ; denotes the period of @EZ) around the slit Cy .

Denote by A; the symmetric matrix with (7, j)-component a;;; and by ¢ ;; the (4, j)-component
of A; . Multiply both sides of (6.20) by Z;V:1 ng)(z)qt,ji and add up in 4, and finally add the
resulting identity to (6.19). We are then left with

f(z) = [ K(2,¢)f(()ds(C),

OH

in view of the expression (5.2) of the Poisson kernel K}(z,() of Zb*. Since f vanishes on OH \
[Bo(t,s),Bi(t, s)], we have

Bi(t,s)
6= [ Ko,
Bo(t,s)
and accordingly,
ﬁl(tvs)
Gts(2) —z = / Uy (z,2)gt,s(x)dz + c, (6.21)
ﬁo(t,s)
for some real constant c¢. By taking the normalization (6.8) and Lemma 6.1 into account, we let
z — 00 in (6.21) to get ¢ = 0. We then substitute z = g;(w) to obtain

B1(t,s)

gs(z)—gt(z):/ﬁ(t | Ui (g:(2), )9t s(x)d. (6.22)

By Lemma 6.1 (ii), V¢(2,() = w(2,¢) + iK}(2,() is continuous in ¢ € OH for each z € D,
and consequently (6.16), (6.22) and the mean value theorem of integration imply that, for some

o, x" e (Bol(t,s), Bi(t,s)),

9s(2) — 9:(2)

= —mu(g¢(2), 7)) —ir KX (gi(2), 2"). (6.23)

If we let s 1 ¢, then both Sy(¢,s) and Si(¢,s) converge to £(t) as was observed in the proof of
Corollary 6.3, and we arrive at the desired equation (6.17). O

7 A probabilistic representation of ¢,

For the conformal map ¢; studied in the preceding two subsections, we shall give in this section a
probabilistic representation of Jg; in terms of the absorbing Brownian motion (ABM in abbrevi-
ation) on H and the BMD on (H\ UY, Ci) U {c},--- ¢y} This representation will readily yield
basic properties of the family {Sg;} that will be utilized in the next section.

More generally we start with an (N + 1)-connected domain (see §3.3)

N
D=H\K with K=|]A. (7.1)
=1
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We call a set F' C H a compact H-hull if F is a compact continuum, F = F NH and ]HI\F is simply
connected. We consider a compact H-hull F satisfying F C D. Denote by Z% = (Z}1, PH) the ABM
on H and by ZB* = (Z** PE*) the BMD on D* = DUK* with K* = {a}, - - ,ay } obtained from
ZH" by regarding each compact continuum A; as one point a;.

Forr>0,let I, ={z=x+iy:y=r} and

v*(2) := lim - P2*(op, < 0p), z€ D*\F. (7.2)

r—00

Theorem 7.1 (i) The function v* on D* \ F is well defined and is Z*-harmonic on D* \ F.
Furthermore

N
v (2) = v(z) + Z]P’EI (aK <op, ZEIK € Aj) v*(aj), 2 € D\ F, (7.3)
j=1
where
v(z) = 3z — EX {%ZEIFU}(; oFuK < oo] (>0), (7.4)
N
M;
v*(ay) = 4 / 2)vj(dz), 1<i<N. (7.5)
1 - Ry,
Here n1,--- ,nn are mutually disjoz'nt smooth Jordan curve surrounding Ay,--- , AN, respectively,
uxdazng*(zﬂjecm), 1<i<N, (7.6)
R::/ ]P’EI <0K<O'F, ZEHK GAZ') ui(dz), 1<i<N, (7.7)

i
and M;j is the (i,j)-entry of the matriz M = 2 ((Q*)" for a matriz Q* with entries

PH*,* . < ,Zo-’*: * 1 - R* if g .7
q%:{ of (Oxe <o, Zol = aj) /(1= BY) i 1<i,j<N. (7.8)

0 if § = j,
(ii) v*}D admits a unique harmonic conjugate u* such that f(z) = u*(z)+iv*(2), z € D, is analytic
on D and ]
a
f(z) :z+;+o(7), zZ — 00 (7.9)

z
for some positive constant a.

A proof of this theorem will be given in Appendix 1 by a series of lemmas. We remark that
the way of constructing v* in the above theorem is due to G. Lawler [14] where ERBM on the
N-connected domain was utilized in place of the current BMD.

Theorem 7.2 The analytic function f of Theorem 7.1 is a conformal mapping from H\ (F'U K)
onto H \ U 1 C’ where CZ, 1 <1t < N, are mutually disjoint horizontal line segments in H.

Proof. Since v* = 0 on (H \ F), by Schwarz reflection we can extend f to an analytic map from

Dy =C\(FUKUnr(FUK)) (7.10)
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into C, which satisfies
1
f(2) :z—i-g—i-o(m), z — 00. (7.11)
Let Dy = C\ f(8D1), where f(0D;) is defined in the sense of (11.1). Since Sf = v*(a?) on A; and

Sf=0onF, ’
fODy) c{z=2+iyecC:y= +v*(aj) for j=1,--- ,N or y=0}. (7.12)
This implies that the complement of Ds has empty interior and so
f(OD1) = 0Ds. (7.13)

We next show that oo is an interior point of Ds. Since f has multiplicity 1 near infinity, this will
then imply by Theorem 11.2 that f is a conformal mapping from D; to Do. To this end, it suffices
to show that f maps F' and each A; (understood in the sense the limit points (11.1)) into a bounded
subset in C.

Let ¢ be the conformal map of H \ F onto H that satisfies the hydrodynamic normalization
(7.11) at infinity (but with a possibly different constant a), and set g = f o ¢~ 1. Clearly, g is well-
defined and analytic in H. Let O be an open neighborhood of the interval I = ¢(F') (understood
in the sense of limit points) that is disjoint from ¢(K). The imaginary part of g(z) tends to 0 as
y =2 — 0in ONH. Thus g extends analytically across the real line to be an analytic function
in the disk O. In particular, g is bounded in every compact subset O. This in particular implies
that f(F') is bounded.

Similarly, for each j = 1,..., N, since A; is a compact continuum, there is a conformal map ¢;
of the complement of the interval [0,1] in C onto the complement of A;. Let O; be a relatively
compact open neighborhood of A; that is disjoint from the other boundary components. Then
5j = gb;l(Oj) is an open neighborhood of [0, 1], and g; = fo¢; is analytic in 6j. Since ¢;(z) = A
as z — [0,1], the imaginary part Sg;(2) = v*(¢j(2) — v*(aj) as z — [0,1]. By the argument
similar to that in the previous paragraph, g; is bounded on every compact subset of O; and so
f=gjo (bj_l is bounded near A;.

In view of the above, we conclude from (7.11) that the pre-image of oo € Dy under f is co with
multiplicity 1. Theorem 11.2 together with (7.12) implies that f is conformal from D; onto Ds.
As f is a topological homeomorphism between D; and Dg, Do has to be (2N + 1)-connected as
well. Thus D, is a slit domain with 2V + 1 disjoint horizontal line segments symmetric relative to
OH. None of them degenerates to a single point. In fact, if one of them reduces to a point p, then,
due to (7.11), p is not a pole nor an essential singularity of the analytic function f~! so that p is
removable, contradicting the assumption that the boundary components of D; are continua. O

Let us return to the setting in the last two sections: D = H \ K is a standard slit domain with
K=UY,Cand v = {4(t), 0 <t <t} is a Jordan arc satisfying condition (6.6). For each fixed
t € [0,t,], let g¢ be the unique conformal map from D\ (0, ¢] onto a standard slit domain satisfying
property (6.7) at infinity. go is the identity map. Z%* = (ZiH[’*, IP’EH’*) will denote the BMD on
D = DU K* with K* = {c,*,--+ , ¢k} obtained from the ABM Z¥ by regarding each slit C; as a
point c;.

For each t € [0,t,], we let F; = [0, t]. The functions v*, v and the quantities R}, q;; specified
by Theorem 7.1 but for Cj, ¢f, 1 <i < N, and F; in place of A;, a}, 1 <i < N, and F will be
designated by v;, v, and R} (1), gj;(t), respectively.

By virtue of Theorem 7.2, it then holds that

vy (2) = Sge(2), z € D\ F,. (7.14)
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Proposition 7.3 The function v{(z) can be continuously extended to K UOH\ {v(0)} as a jointly
continuous function in [0,s] x (H\ 7[0,s]) for each s € (0,t,]. Moreover,

0< nf_ _ of(c) < sup of(ef) < oo, 7.15
t€[0,t,], 1<k<N t(ck) 0], k<N ¢ (ck) (7.15)

and for every e > 0,

ltiﬂ)lvf(z) =uvy(z) =8z, ze€H\~0,¢]. (7.16)
Proof. Since any one-point set is polar with respect to the planar Brownian motion, we have by
the continuity of Brownian motion and the curve v that for every z € H,

pH (EE%UFS - aFt> =1, P (1513 oR.uK = aptuK) =1 (7.17)
Similarly it holds that
PPEL* (151311: oF, = aFt> =1 for every z € D*. (7.18)
7.17) implies that h(z,t) = EH[SZE  opux < oo] is continuous in t € [0,s] for each z €
z OF UK t

H \ [0, s]. Since h(z,t) is harmonic in z € H \ [0, s] and taking a constant value on each slit Cj,
we get the joint continuity of vy(2) in (¢,2) € [0,s] x (H\ ~[0, s]).
On the other hand, in view of (7.18), R}(t) is a decreasing continuous function in ¢. For each
1<i<N,
P (oK < 0Ry, Zog #C5)
> @) =— R : (7.19)
i i

which by (7.18) is continuous in ¢ and so

\ = (t) < 1.
x> i)
Jij#

It follows that M;;(t) < 1+1/(1-X) <2/(1-A) for every t € [0,1,] and that M;;(t) is continuous in
t. One concludes from (7.5) and the joint continuity of v;(z) that v;(c}) is a continuous function in ¢
for every 1 <4 < N. This and (7.3) yield the joint continuity of v; (z) in (¢, 2) € [0, s] x (H \ [0, s]),
as well as (7.15) and (7.16). O

In the remainder of this paper, for a Borel set A C H, we use 9,A to denote the boundary of
A with respect to the topology induced by the path distance in H \ A. For instance, when A(C H)
is a horizontal line segment, d,A consists of the upper part A" and the lower part A~ of the line
segment A.

Theorem 7.4 For each t > 0, the conformal map gi(z) extends continuously to 0,K. Moreover,
{9s(2);s € [0,t]} are locally equi-continuous and locally uniformly bounded in z € DU 0, K U0,(H\

700,]).

Proof. Let F; = v[0,] Um(~[0,]), where, as before, 7 denotes the mirror reflection with respect
to OH. By the Schwarz reflection principle, for each ¢t > 0, we can extend ¢;(z) to be an analytic
function in C\ (K Um(K)U ﬁt) Let uf(z) = Rg(2) and vy (2) = Jge(2). We note that, owing
to Proposition 7.3, l);f(z) is continuously extendable in z to C\ F, to be jointly continuous in
(s,2) € [0,t] x (C\ Fp).
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Since for each s > 0, v¥(z) is harmonic in z € C\ (K Un(K) U E), it follows from the integral
representation for harmonic functions in disks in terms of Poisson kernels that V,v}(z) is jointly
continuous in (s,z) € [0,¢] x (C\ (K Un(K)U ﬁt)) Hence by Cauchy-Riemann equation, so is
V.u}(z). This implies that {u}(z);s € [0,¢]} are locally equi-continuous in z € C\ (K Ur(K) Uﬁt).
On the other hand, it follows from (6.23) that for each fixed z € D, t — uj(z) is bounded in
t € (0,t,]. These together with Proposition 7.3 yield that {gs(z);s € [0,t]} are locally equi-
continuous and locally uniformly bounded in z € D U 0H \ [0, ¢].

We next show that {gs(z);s € [0,¢]} are in fact locally equi-continuous and locally uniformly
bounded in z € D U J,K Udp(H \ 7[0,t]). Since Jgs(z) takes constant value on each slit 9C},
by Schwarz reflection principle, gs(2) = u}(z) + iv¥(z) can be extended to be an analytic function
across C;f (resp. C;) except at the two endpoints of Cj. As the harmonic function v(z) is jointly
continuous in (s, z), the same argument as above applies and we conclude that {gs(z);s € [0,¢]} are
locally equi-continuous and locally uniformly bounded in a neighborhood of every point in C;T U Cj_
with the two endpoints removed.

For the left endpoint z; of the slit Cj, take e > 0 small so that it is less than one half of the
length of C;j and that B(z1,£)\C; C D. Then ¢(z) = (2—21)"/? maps B(z1,¢)\C; conformally onto
B(0, /) N H. Consequently, g5 0 ¢~ (2) = gs(2% + 21) is an analytic function in 2z € B(0,/z) N H
that is continuous up to B(0,/z) NOH \ {0} and v}(2? + 21) = Jgs(2% + 21) takes constant value
there. By Schwarz reflection, gs(2?+21) extends to B(0,+/2)\ {0}. Thus 0 is an isolated singularity
of gs(2%+21). Since Sgs(2% + 21) is bounded near the origin, it has to be a removable singularity. It
follows that gs(2?+21) can be extended to be analytic in z € B(0, /€) and Sgs(22+21) = v} (22+21)
is jointly continuous in (s, z). Thus the same argument as above is applicable again in concluding
that {gs(z);s € [0,t]} are equi-continuous and uniformly bounded in B(z1,e/2) N (D U 9,K). The
case for the right endpoint of C; can be dealt with analogously.

The same argument with trivial modification establishes the analogous assertion with [0, ¢] in
place of C;. By an obvious covering argument, we arrive at the desired conclusion of the theorem.
O

We will show in Theorem 8.3 below that for every ¢ € (0,t,], gs(2) is in fact jointly continuous
in (s,2) € [0,t] x (DU 9,K UJH \ v(0,1]).

8 Continuity of ¢;, a;, D; and ()

Throughout this section, we maintain the setting of §6.2 and §6.3. Let g,(z) be the conformal
map from D \ v(0,t] onto a standard slit domain D; satisfying the hydrodynamic normalization
condition (6.7) at infinity. The goal of this section is to show, using Proposition 7.3 and Theorem
7.4, the continuity of g;(z) in ¢ with certain uniformity in z, and thereby derive the continuity of
the function a; in (6.7), the standard slit domain D; and the position £(¢t) € OH defined in (6.10).

Recall the conformal map g;s = gs 0 g; ! defined in §6.2 for 0 < s < t < t-, which sends D;
onto Ds \ gs(7[s,t]). Denote by C’;; (resp. C;;) the upper (resp. lower) side of the slit Cy;, and
Op Ky = U;VZI(C;- U C’; ;). In the proof of the next proposition, we will use the following identity
that follows from (6.21) with ¢ = 0, Lemma 6.1 and Theorem 7.4:

Grs(2) —z= / Uy (2, 2)Sges(x)dx for s <tand z € Dy U0,K; UJH. (8.1)
Zt,s

Here ¢; s denotes the interval (By(t, s), B1(t, s))(C OH).
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Theorem 8.1 For a fized t € (0,t,], liglgt,s(z) = z uniformly in z on each compact subset of
S

D, U0,K U (OH \ {£(¢)}).
Proof. We let M, = supcjo,) 37(t). We have by (7.3), (7.4) and (7.15),

sup sup Sgrs(z) = sup sup Sgs(v(s')) = sup sup vi(y(s))

0<s<taeclis 0<s<t s<s'<t 0<s'<t 0<s<s’
N
< M,+ E sup v;(cj) =: My < oo. (8.2)
T3 0s<t,

For any compact subset L of Dy U 9,K; U (OH \ {{(t)}), choose ¢ > 0 and 6 > 0 such that
LNB.(&(t)) =0 and 445 C B-(£(t)). We then see from Lemma 6.1(ii) that My = sup{|¥:(z, ()| :
z €L, ¢ € lyy_s} is finite. Hence (8.1) implies that, for any s € (t — d,t), sup,cy, |9:,s(2) — 2| <
M1M2|€t7s‘ < 2M M €. O

The inverse g, L =giog;! of gt,s is a conformal map from D; \ gs(7]s, t]) onto the standard slit
domain Dy satisfying

at — a

1
. +0(7)7 as ‘Z| — 00, 0§5<t§t7 (83)

-1 o
gt,s (Z) =z+ P Z’

By the Schwarz reflection, g, 31, 0 < s <t <ty, extends to a conformal map from C\ A, onto C\ I’
still satisfying (8.3), where

N
As = (Cs . UT(Cs 1)) U gs(V[s,t]) Un(gs(v[s U (Cep Un(Crr)) ULy s.

=

k=1

Theorem 8.2 For a fized s € [0,t,), ltiimgfsl(z) = z uniformly in z on each compact subset of
S b

D5 UGpKs U (OH N\ {£(5)})-

Proof. Without loss of generality, we may assume that s = 0 and so g, 51 =gt Forany0 <e < R
with B(y(0),e) N K =0, K C B(v(0),R), let A. g = ((H\ K) N (B(7(0), R) \ B(v(0),¢))) UdpK
and take 6 > 0 such that [0,6] C B(y(0),e). In view of Theorem 7.4, the family {g:(z) =
uf(z) +ivy(2);0 <t < §} is uniformly bounded and equi-continuous in z € A, r. Therefore, every
sequence t, | 0 admits a subsequence still denoted as ¢, such that g, (z) := g, (2) — z converges
uniformly on A. g, as n — oo, to a function f, which is analytic on D N (B(v(0), R) \ B(7(0),¢)).
It follows from (7.16) that Jf(z) = 0 and so f is a constant.

To show this constant is zero, extend g; by Schwarz reflection as before. Since g; is a conformal
map from C \ B(y(0), R) to the outside of g;(0B(7(0), R)), it easily follows that g;(z) — 2 also
converges uniformly (with respect to the spherical metric) on C\ B(v(0), R), to an analytic function
that extends f. Near oo the Laurent series of g; begins with ¢;(z) = z + O(1/z) so that f(z) — 0
as z — 00. O

Theorems 8.1-8.2 together with Theorem 7.4 immediately yield the following.
Theorem 8.3 For every 0 < s < t,, gi(z) is jointly continuous in (t,z) € [0,s] x ((D x 0pK U
OH) \ 7[0, s]).
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Theorem 8.2 in particular implies that, for a fixed s € [0,¢,],

ltlfn Jis !(2) = 2 uniformly on each compact subset of C\ A, (8.4)
S

for AQ = Up_ (Csp Um(Cs 1)) U {€(s)}. This immediately leads us to the right continuity of a; in
the following manner.

We may assume that £(s) # 0. Let A = U,C 1( sk U 77(/\/)) U {5( )} be the image of A?
under the inversion w = 1. Then h; (w) = L (gt7s (£) — 1) is analytic on C \ A%\ {0}. Just as
(6.15), we can then get from (8.3) the integral formula

1 ht S(C)

ar — g = — ——22d(, s<t, 8.5

t s 2711 Uigf‘l - C C ( )

where 71, -+ ,Jn (resp. An41,---,72n) are analytic contours surrounding CA’S;, e ,5;; (resp.

7(Cs1),--- ,m(Cs.n)) and Jon11 is an analytic contour containing {£(s)} inside such that 0 ¢
N ~

Ul .
By virtue of (8.4), h¢s(¢) converges to 0 as t | s uniformly in ¢ on each 7y, 1 <k <2N 41,
and consequently we get lim;| s a; = as from (8.5). This together with Corollary 6.3 yields

Theorem 8.4 a; is a strictly increasing continuous function in t € [0,t,] with ag = 0.

We next denote by D the collection of ’labeled (ordered)’ standard slit domains. For instance,
H\{C1,C2,Cs,--- ,Cn} and H\ {Co,C1,C5,--- ,Cn} are considered as different elements of D in
general although they correspond to the same subset H \ UZ]\; 1 C; of H. For D, De D, define their
distance d(D, D) by

d(D,D) = max, (|zs — Zi| + |21 — ZL)), (8.6)

where, for D = H \ {C1,C%,---,Cn}, z (resp. zj) denotes the left (resp. right) end point of
Ci, 1<i<N.Z%, z, 1 <1< N, are the corresponding points to D. {D;:0<t<ty}is aone
parameter subfamily of D.

The following theorem follows immediate from Theorems 8.1-8.2.

Theorem 8.5 {D;:0 <t <t,} is continuous in t in the sense that, for any € > 0, there exists
d > 0 such that, for any s with |t — s| < 0, d(Dy, D) < €.

Theorem 8.6 £(t) is continuous in t € [0,t,]. Moreover

1&1 Bo(t, s) = &(s), 153 Pilt, s) = &(s). (8.7)

Just as in Duren [9, p85], the left continuity of £(¢) follows from Theorem 8.1, while its right
continuity as well as (8.7) follow from Theorem 8.2. So the proof of Theorem 8.6 is omitted.

9 Lipschitz continuity of ¥ and differentiability of ¢

The goal of this section is to establish the following theorem, which combined with theorems
obtained in the preceding section will enable us to derive the Komatu-Loewner differential equation
(1.4) for the map ¢:(z) but with the left derivative %—; being replaced by the derivative %.
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Recall the distance d defined by (8.6) on the space D of all "labeled’ standard slit domains. For
each D € D, the associated BMD-complex Poisson kernel ¥(z,(), (z,{) € D x 0H, is well defined
as in §6.1. Recall also that, for D =H\ K, K = Ufil C;, Ci (vesp. C;) denotes the upper (resp.

(2

lower) side of the slit C;, and J,K denotes the set Ufil(Cf U C;") with topology induced from the
path distance on H \ K. By Lemma 6.1, ¥(z,() can be extended to be a continuous function on
(DUO,K U (OH \ J)) x J for any compact interval J C OH.

Theorem 9.1 The correspondence D+ W(z,() is Lipschitz continuous in the following sense:
Let Uj, V;, 1 <35 < N, be any relatively compact open subsets of H with

UjcV,cV;CcH and V;NVyp=0 forj+#k. (9.1)
We fix any a > 0 and b > 0 so that the subcollection Dy of D defined by
DO:{H\ULC} ED:Cj CUj, |Zj—Z;-| > a, diSt(Cj,an) > b, 1SJSN} (9.2)

is non-empty. There exists ¢g > 0 such that for any € € (0,e0) and for any D € Dy and DeD
with d(D, D) < g, there exists a diffeomorphism f. from H onto H satisfying
(i) f- is sending D onto D, linear on Ujvzl U; and the identity map on H \ Ujvzl Vj;

(ii) for some positive constant Ly independent of € € (0,20), D € Dy and D eD,

2 — fo(2)] < Lie, z€H; (9.3)
(iii) for any compact subset Q of H containing Ujvzl Uj and for any compact subset J of OH,

’\I/(Z,C) - Ej(.ﬁ('Z%C)’ < LQ,J t &, KAS (Q\K> UaPK7 C € J7 (94)

where U denotes the BMD-complex Poisson kernel for D and Lq,; is a positive constant
independent of € € (0,e0), D € Dy and D € D.

The proof of Theorem 9.1 will be carried out through Lemmas 9.2, 9.5 and 9.7.

Let U; and Vj be as in the statement of Theorem 9.1. For any € > 0 and any D € Dy, take any
D € D with d(D, D) < e. The quantities associated with D will be designated with ~. For each
1<j<N,let 0; € R, bj € C be constants that are uniquely determined by

{Ej —Z; = (Sij + bj,

=1 ! ) .

where z; = ;1 +izj2 (resp. zj =z +1i2},) is the left (vesp. right) end point of the slit C;. Since

5. = @z +H(h )
=

and |b;| < |Zj — 2| +19;l|24], we have

le—a:;1
0; 2 b; 2M
u < -, u <1+ —, where M= sup |z|. (9.5)
c a < a zeUN,U;
Define a linear map
1 .
Fie(z) = Z(6j2 +b)), 1<G<N, (9.6)
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whose coefficients are bounded uniformly in € > 0, D € Dy and D € D by (9.5). Choose a smooth
function q(z1,x2), z = x1 + ize € H, taking value in [0, 1] such that

: ) 1 if 1 +izg €U;, 1<j<N,
q\r1,T2) = 0 1f:L‘1+Z£L'2€H\U§V:1V

and define a map f; by

{f;(z) = z+eF.(x1,22), where

N . (9.7)
Fe(z1,22) = q(z1,22) D521 v, (2) Fje(2), 2 = 21 +izo.

Lemma 9.2 There eists eg > 0 such that, for any € € (0,e0) and for any D € Dy and DeD
with d(D, D) < g, the map f‘E defined by (9.7) is a diffeomorphism from H onto H satisfying the
properties (i) and (ii) of Theorem 9.1.

Proof. In view of (9.5), (9.6) and (9.7), F.(z1,72) and its derivatives are bounded on H uniformly
ine >0, D € Dyand D € D. So we can find £; > 0 independent of D € Dy such that (9.7)
defines a continuous one-to-one map f8 from H into H for any ¢ € (0 £1). fE is linear on each
Uj, sends C; onto C for 1 < j < N, and an identity map on H \ Uj:1 Vj. Further, it satisfies
(9.3) for a constant L; independent of ¢ > 0, D € Dy and D € D. In what follows, we write
fe(z) =2, z=x1 +ixe, Z =1 +iT2. We then have

o(x1,72) | 1+ eL(x1,x2) if 1 +ix9 € U VJ,
O(wy,z2) | 1 1fﬂ:1+zx2€H\U

where L(x1,x2) is a uniformly bounded function on U;VZI Vjine >0, D € Dy and D € D. Hence
% > 0 for 1 + ixo € H, and f; is an open map for any € € (0,e3) for some e independent
of D € Dy. We let g = €1 A eg. For € € (0,¢9), U = f;(H) is a connected open subset of H. On
the other hand, note that f. is an identity map on the relative closure of H \ U;V:1 V; in H. Since

U;V:l V; is a compact subset of H, its image under f- is also compact. It follows that

U

f(H) = (HNH\ UL, V;) U (UL V5)
is relatively closed in H. Hence U = H. a
We remark that F; in (9.7) depends on € > 0, D and D, while Garabedian [11, §15.1] treated

a case for a fixed map from D independent of ¢ > 0.

We denote by G(z,w) the Green function of the domain D defined by (4.8) but with the
superscript ? dropped. The Green function of D is denoted by G(Z,w) and we define

9(z,w,€) = G(fo(2), Je(w)), zwe D. (98)
We introduce a second order self-adjoint elliptic differential operator A, by

2

d e 0
(Acu)(z1,22) = Z oz (A,(d)a;) where

M= (9.9)
A = 10@1,72) 5~ O Oy
K2 0(x, 0) = 0% 0%’ -
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Proposition 9.3 (i) g(z,w,¢) is a fundamental solution of A. in the sense that
A(g9:f)(z) = —f(2), z€D (9.10)
for any f € C.(D), where (g-f)(2) = [, 9(z,w,¢) f(w)dwidws,.

(i) A. = %A + B, where

)
(&) — k¢
B Z by, axk 5o, Z T 89&4 (9.11)

k=1

Here b,(;), 1 <k, ¢ <2, are smooth functions on H with b,(fg) = bﬁ) vanishing on (IHI\U?:1 ViU
(UX, Ui) that together with their derivatives are uniformly bounded on H in e € (0,e),
D €Dy and D € D.

(iii) Put F = Uj\;l(% \ U;). Then for any ¢ € H\ F and w € H,
9(Cw,e) — G(¢,w) = 5/ BgE)G(z,C)g(z,w,s)dwld@, z =z +1ix9, € € (0,80). (9.12)
F
(iv) There exists £y € (0,0 independent of D € Dy such that for any ¢ € H\ F and w € H

9(Cw,e) — G(¢,w) = afleg‘E)G(z,C)(G(z,w) +en'®(z,w))dzydry, €€ (0,8), (9.13)

whergn(e) is a continuous function on H x H that is uniformly bounded in ¢ € (0,20), D € Dy
and D € D.

v) For each compact J C , the function 5—bB; Z, 18 boundea wn (z,() € x J that 1s
F h J C OH, the f ) 3?1<B(E)G C) is bounded @ ¢ F x J that @
uniform in ¢ € (0,e0), D € Dy and D € D.

(vi) For each 1 <i < N, BY 0O (2) is bounded in z on F that is uniform in e € (0,20), D € Dy
and D € D. Here (p(z)( ) =P ok < oo, Z €C),z€D, and K = uszlcj.

(vil) For each compact set J C OH and for k = 1,2,

o) 82 0 82
su 1p(2 G((,z)|dxe, su / 1 ,2)| dzxq, 9.14
mleREEJ/O r(2) Orx0Cs (€. 2)| dr2 x2>oEeJ - r(e) 0x,0C GG 2)|dm, - (914)
are bounded in D € Dy.
(viii) Fiz 1 < j < N. It holds for k = 1,2 that
sup/ 17(2) a—gom(z) dzxo, sup/ 15(2) |=—¢Y)(2)| da1, (9.15)
z1eR Jo T, 2250 J —00 Oxy,

are bounded in D € Dy.
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In what follows, the constant £ in the statement of (iv) above will simply be denoted as gg. A
proof of this proposition will be given in Appendix 3 through a series of lemmas. We now proceed to
prove Theorem 9.1(iii) with f. defined by (9.7), using the perturbation formulae (9.12) and (9.13).

For a smooth function v on D U JH and a smooth simple curve v C D U 0H, define

Ou(w)

ony,

I{u;y) =

ds(w). (9.16)

The corresponding quantity for D is denoted by ( ).

Lemma 9.4 For a smooth simple curve v in D UOH of finite length and a smooth function u on
D U 8H, define v = fa( ). Then

I /Z A9 (w 2l (felw ))%fds(w). (9.17)

ow
Y k=1 k

Proof. (9.17) can be established by a direct computation via a change of variable. Here we
provide a different proof using Green’s first identity. Extend v to a smooth simple closed curve in
D U OH and denote its enclosed interior by U. Define U = f.(U). By Green’s first formula for the
self-adjoint operator A.,

e) Ov Ou )y Ou Oz
Z/ by 8xzdx1d$2+/UA w dridre = /6U ZA” Py 8nd

1,j=1 1,j=1

In view of the proof of Lemma 12.1 below, the left hand side equals

2
1 ov Ou 1 1 8u
— g —dz1d Audz1dz —ds.
2/(7, 83:J8~ 1 m2+2/1} uaras = 8n

Therefore the right hand sides of the above two identities coincide for any bounded smooth functions
v. A measure theoretical argument shows that they remain the same for any bounded Borel function
v on QU. Taking v to be the indicator function of ¥ establishes (9.17). 0

For a function ¢(z,¢) on ((H\ K)U8,K) x OH and a function ¢(z,¢,) on ((H\ K) U J,K) x
OH x (0,¢e9), we write

¢(2,¢) ~¥(2,¢e), z€(H\K)UJK, (€I,

if, for any compact set Q C H containing Ujvzl U; and any compact set J C OH, there exists a
positive constant L¢ ; independent of € € (0,¢¢), D € Dy and D = f.(D) € D such that

16(.Q) —(2.C. O < Loy e 2 € (Q\K)UGK, ¢ J, e € (0,2).

Using this notation, the third assertion of Theorem 9.1 can be simply expressed as ¥(z,() ~
U(fe(2),¢), z € (H\ K)UO9pK, ¢ € OH.

We also use the obvious analogous notations u(z) ~ v(z,¢), z € (H\ K) U §,K, for functions
on (H\ K)Ud,K, and on (H\ K)U9,K x (0,20), f(¢) ~ g(¢,e), ¢ € OH, for functions on OH and
on OH x (0,ep), and further a ~ (¢) for a constant and a function of € € (0, £¢).
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Recall from (5.2) the explicit formula for the BMD-Poisson kernel K*(z,() for D: for z €

D, ( € OH
K0 =12 a0 - aat L

> Onc o)™, (9.18)

ong
where ®(z) is the vector with entries p®(z), 1 < i < N, A is an N x N-matrix whose (i, )-
component a;; is the period of ©U) around the slit C;, 1 <1i,5 < N.
Lemma 9.5 It holds that

K*(2,¢) ~ K*(f-(2),¢), ze(H\K)Ud,K, (e dH. (9.19)

Proof. By taking the partial derivative in (2 at ¢ € OH on both sides of (9.13) and using the
symmetry of G, Proposition 9.3(v) as well as the property G < G, we have

0 o ~ ~ _
8—HCG(w, ¢) ~ 8—HCG(fg(w), ¢), we (@\K)UJK, C¢eodHl. (9.20)

Let ; C U; be a smooth Jordan curve surrounding C; for each 1 < i < N. By Theorem 4.5 (i),
0@ (w) = —2I(G(-,w);7;). On the other hand, since Al) = $A on U by Proposition 9.3, (9.17)
applied to u(-) = G(-, fo(w)) reads

B (Fow) = 5 1@ = 5 1(g(,w,):7%), 0.21)

where @(-) = G(-, f-(w)). By taking the period around C; with respect to ¢ on both sides of (9.13),
we have by Proposition 9.3(vi)

oD (w) ~ D (fo(w)), we (H\K)UdK, 1<i<N. (9.22)

In the rest of the proof, we will use (9.12) instead of (9.13). In both sides of (9.12), we take
the period around C; with respect to w and use (9.21) to obtain

P(Q) = D (f(0)) = 6/ BEG(z, Q)W (fo(2))dwrds. (9.23)

F

Keeping in mind that 0 < G(Z)(ﬁ(z)) < 1, we perform two operations in (9.23) with respect to (.
Firstly we take the partial derivative in (2 at ( € 9H and use Proposition 9.3 (v) to obtain

0 0

N O VAN~ (O 1 2] .
nc? O~ gp P UUC), (edH, 1<i<N. (9.24)

Secondly we take the period for the curve v; C U; surrounding C; and use (9.17) as well as
Proposition 9.3 (vi) again to have

aij — ai; = enii(e), 1<4,j<N, (9.25)

for n;j(¢) bounded uniformly in (0,&9), D € Dy and f-(D). This implies that a;j = a;j(D) is, as a
function of D € D, uniformly Lipschitz continuous on Dy and consequently

b ~bij, 1<i,j<N, (9.26)
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for (i, j)-component b;; (resp. 523) of A1 (resp. A™1). (9.19) follows from (9.18), (9.20), (9.22),
(9.24) and (9.26). 0

We write U(z,() = u(z,() +1K*(z,(), z € D, ¢ € OH. Fix a compact interval J C OH, take a
point zp = z¢ + 10 € OH on the right of J and consider the half line I' = {z € 0H : zyp < Rz} C OH.
For each z € D, let v(z) be any smooth simple curve in D joining z to zp. As we saw in the proof
of Theorem 6.1(ii), u(z,(), u € D, ¢ € J, can be evaluated as

u(z,¢) = I(K"(-,0);v(2)) + I(K*(-,(); 1), (9-27)

independent of the choice of the curve 7(z).

We let V = UN Vi, U= U] Uj so that F =V \ U. We make special choices of 2o and v(z)
so that the Stralght line through zq is parallel to the y-axis does not intersect with V, while v(2)
consists of at most two line segments 71 (starting at z9), 72 (ending at z) parallel to the y-axis and
one line segment 3 parallel to the z-axis through the slit domain D. Define 7( fs( ) = f-(7(2)).

Lemma 9.6 There exists a positive £, < £¢ independent of D € Dy such that, for any positive
e < g, and for any relatively compact open set Q with V. C Q C H,, the inequality

LG, F(2)):3(F(w)]| < Cr+ Colog, $1 (9.28)

_w1|

holds for any z = x1 +ixe € F, w = wy + iwy € Q with x; #w; fori=1,2, where Cy, Cy, C3 are
positive constants independent of € € (0,¢(), D € Dy and f.(D). Here log, a :=0Vloga fora > 0.

1
+ Czlog . 7|x2 ——

Proof. Let Q = (A1, B;1) x (0, Bz). By (9.17) and the definition (9.8) of g(-,-,¢), we have

TG, F(2)),3(Fow)) = / S A0 )20, v, 5>%%< ), (9.29)

“’ke1

which equals :71 + .72 + fg, where

=23 s A (W) guy (2,0, €)dwty, j=1,2,
I3 - 22]{: lf'yg A(‘E UJ/ gch(Z’wI,E)dw’l.

We show that |I5| admits a bound as (9.28). The bound for |I;] is the same but simpler, and

that for |5 is quite analogous. Let 8 > 0 be a uniform bound of |A,(:2 (w)], we H,1 <k, ¢ <2.
Then

B| < 28(]1 + o), for Jo = / oz, e) g(z, ', €)| dus,
Y2

~ 0
dwé, JQ :/ lp(w/) e
o ow),

/
ow) A

Notice that the integrand for Jo vanishes for w' € H \ F' because Aésl) = 0 there.
In view of (4.8),

~ 1

o', 2.6) = goog| ) = )P - o [ (G o= B 030)

where ﬁ(z ,+) is the exit distribution by the Brownian motion starting at E from D. Denote by
Fi(z1,72) and Fy(xy,z2) the first and second components of F;(z1,x2) defined by (9.7). They are
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Lipschitz continuous on H and we take M > 0 larger than their Lipschitz constants. We also take
M’ > 0 to be a uniform bound of |%E(m1,x2)\, 1 <4,k < 2.1t is then easy to see that, for any
positive € smaller than e; = (8M)~! A (M’)~! and for z,w' € H,

5 _|wy —a|+ |wh — x|

O oz w, s
27T 8'11)2} log’fé(w ) f&(z)‘ ~ (wi o xl)g + (wl2 — 1}2)2’ k 1,2

We take e, = g A e1. For € € (0,¢(), the contributions of the first term of the right hand side of
(9.30) to Ji, k = 1,2, are therefore less than (for w € Q, z € F, w; # 1)

) 10 1
5 + % ’log [((’U)]_ — 1'1)2 + (BQ — $2)2)((’U)1 — 1'1)2 + l’%)] } + ? 10g+ m

On the other hand, we have for € € (0,¢f)

log |z — f-(w)|?| < k1(Z,w') for Z€ 0D, w' € Q, where

(G ) 12|77 —w) —eFR(w)| 4+ 1p(w)|Zy — wh — e Fa(w')|
Z, W = — — po;
= (T —w| —eF(w))? + (Ta — wh — eFy(w'))?

For the constant b > 0 of (9.2), we define

bo =bA <1£r111<nN dist(0V, 8H)> (9.31)

and set Uy = UU{z € Q;0 < y < bo}. Denote gy A § A % A 4\/%(}\4,, by ¢ again for a uniform
bound M” of |Fi| and |F,| on H. Then, for 7 € D and w' € Q \ Uy, dist(Z,w') > by/2 and the
denominator of k1 (2, w’) is greater than b3/16 for ¢ € (0,¢f) so that ki (2, w')1g\y, (w') < My for
any Z € 9D and ¢ € (0,e) with constant M; depending only on ¢y, M” and Q. When v’ € U,
eF;(w') = §;w] +b;, i =1,2. By (9.5), 1 +6; > & for i = 1,2. Hence f032 k1(Z,w")dwh < 3 + M B
for z € dD. The integration with respect to in 2 yields the same bound for the contribution to
Jy of the second term of the right hand side of (9.30).

Similarly, we see that 5 ag, log |z — fe(w’)]Q‘ is dominated by ky(Z,w') for Z € dD, w' € Q,
2

where k2(Z,w') is obtained from k;(Z,w’) by interchanging the subscripts 1 and 2. Since F' C
Q \ Up, it follows that ka(2, w')1p(w’) admits a bound My like My as above in Z € 9D and so the
contribution to Jy of the second term of the right hand side of (9.30) has a bound M;Bs. O

The constant ¢(, in Lemma 9.6 will be designated by ey again.
Lemma 9.7 [t holds that
u(z,0) ~al(fo().0), z€ H\K)UGK, (edH. (9-32)

Proof. (a). Let L be a linear operator sending a smooth function f(w) on D to

2 N ow!
(Lf)(w) =2 /( S 40 @)W gty e p,

Y(w) o Ow;  On
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for the curve v(w) specified in the paragraph above Lemma 9.6. On both sides of (9.12), we take
the normal derivative at ¢ € J and apply the linear operator L in w. By virtue of (9.17) and (9.29),
we have forw e D, ( € J

H(Ge, (¢, 3(F-(w))) = TGy (€, ) v(w))
= & [ BOGEOaT(G(u(a). ) fw)) oy

2 2
—i—2z€z:/7 . 1F(w’)b](:)< )GCQw (¢, w dw2+252/ 1p(w )GCW (¢, w)dw].
1 2 k—1

k=1 3

This combined with Lemma 9.6 and Proposition 9.3 (ii), (v), (vii), yields
[(Ge (G )iy (w) ~ TG (&) F(fe(w),  we (H\K) UK, ¢ € IH. (9.33)

(b). As g(z,w,e) = G(fo(2),w) < GE(fo(2),w) for z € H and w € I[-]I\Uj\[:1 Vj,

S ~
Kol D) £ [ GEL () 0)],gtun =2
—o0
So we can use (9.12) and Proposition 9.3 (v) again to get

I(GCQ(<7 ');F)) NI(9C2(€7'75);F)7 < € OH.

Since f.(z) = z near OH, we have .7(642(@ ;1) =1(g9¢, (¢, -,€); ') for ¢ € OH and

I(Gey(C,-):T) ~ I(Ge,y(¢,);T), ¢ € OHL (9.34)

(c). In (a), we replace the operation of taking the partial derivative with respect to (2 at ( € OH
by the operation of taking a period around C; in ¢ € v C U; and use (9.21). We then utilize
Proposition 9.3 (ii), (vi), (viii) as well as Lemma 9.6. We can also make the same replacement in
(b) and use Proposition 9.3 (vi). We thus arrive at

I y(w)) ~ T(ED;3(fo(w), we DUJK UIH and I(p®;T) ~I(;T).  (9.35)

(9.32) follows from (9.27), (9.33), (9.34), (9.35) combined with (9.24) and (9.26). O

Lemmas 9.5 and 9.7 yield Theorem 9.1(iii).

Finally we return to the setting of §6.2 and §6.3. That is, D = H \ K is a fixed standard slit
domain with K = UfV: 1 Ci, 7y is a Jordan arc satisfying (6.6), g¢, t € [0,%,], is a conformal map from
D\~|0, ] onto a standard slit domain D; = H\ K; with K; = Y., C;; satisfying (6.8), and (2, ¢)
is the complex Poisson kernel of BMD on D;. W(z,() is continuous in z € Dy U 0, K U (OH \ {¢})
for each (t,¢) € [0,t,] x OH.

By combining Theorem 9.1 with Lemma 6.1 and Theorem 8.5, we are led to

Theorem 9.8 V(z,() is jointly continuous in (t,z,().
Proof. Fix t* € [0,t,] and a compact interval J C OH. We shall apply Theorem 9.1 to the single

fixed Dy = H'\ ulecﬁ,j € Dy by choosing Uj, Vj as Cy+ ; C U; € V; € H, and a and b less than
the minimum of the width of Cy+ ; and the minimum of dist(Cy- j, 0Uj), respectively. Take any
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e € (0,g0) and any relatively compact open subset G of H such that, K~ C G and, if we define
Gy = U (G1)NH, G3 = U.(G2) NH, then G3N J = (. Here U.(G;) denotes the e-neighborhood of
Gy, 1 =1,2. We write Gy = G; \ Ky, t € [0,t,], 1 <4 < 3. By virtue of Lemma 6.1, there exists
0 > 0 such that

(Wi (27, 1) — U (23, )| < € (9.36)
for any 27, 23 € Ggu» U9, K= with |2] — 23| < ¢ and any (1, (2 € J with [(1 — (o < 6.
Ad
Let &' = 1E+ 5T (< e Ad). By virtue of Theorem 8.5, there exists dp > 0 such that
1

t € (t* = do,t" 4+ 60) N[0,t4] = d(Dy, D) <€, (9.37)

which particularly implies that K; C Ga whenever [t — t*| < .

Now take any tq, to € (t* — 0p, t* + 50) N [0, t,y], any 21 € G2,t1 U apKtl, 29 € G27t2 U 6pKt2 with
|21 — 22| < & and any (1, (2 € J with [(1 — (2| < &. Denote by f% the diffeomorphism sending D
onto Dy, that appears in Theorem 9.1, i = 1, 2. There exist unique z; € Dy« such that f!(2]) = z,
i =1,2. By (9.3), |zi — 27| < L1’ < € so that 2} € Gz U9pKy+, i = 1,2. We further have
|27 — 25| < |z1 — 27| + |22 — 25| + |21 — 22| < 2L1€’' + €’ = € A 4. Therefore we obtain from (9.4) and
(9.36) the following desired estimate

[Wey (21, C1) = Wiy (22, )| < Wy (21, C1) — W (27, Co)| + [Py (22, G2) — Wi (23, C2)
W (27, (1) — W (23, G|
< (2L + 1)e,

* — PR
where L* = LG3,J'

Theorem 9.9 The curve v can be reparametrized in a way that a; = 2t, t € [0,t,]. Under this
parametrization, g¢(z) is differentiable in t € [0,t,] for each z € (DU 0,K) \ v[0,t,] and satisfies
the Komatu-Loewner differential equation

0g4(2)
ot

= 21W(ge(2),&(t)), go(2) =2, 0<t<t,. (9.38)

Proof. The stated reparametrization of ~ is possible by Theorem 8.4. Under this parametrization,
the equation (6.17) in Theorem 6.4 is converted into (1.4). We notice that, in view of the proof
of Theorem 6.4, equation (6.17) remains valid for any z € (D U 0,K) \ 7[0,t,]. For a fixed z €
(DUOLK)\ 7[0,ty], ¥(g:(2),£&(t)) is continuous in t € [0,¢,] by virtue of Theorem 8.3, Theorem
8.6 and Theorem 9.8. Therefore (1.4) means that the left derivative of ¢:(z) in ¢ is continuous on
(0,t,] possessing a limit at ¢ = 0, and accordingly g¢(z) is differentiable in ¢ on (0,t,) and right
differentiable at 0 as well (see e.g. [15, Lemma 4.3]). Equation (9.38) is established. O

10 Appendix 1: Proof of Theorem 7.1

We prove Theorem 7.1 through a series of lemmas. We consider a strip H, = {z = z+iy : 0 < y < r}

and take a large > 0 so that H, D FFU K. We put D, = H, \ K. Then D, \ F = H, \ (FUK).
Recall that I'; :={z =z +iy: y =r}.
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Lemma 10.1 Let
vp\r(z) =PI (o1, < opuk), 2€ Dy \F. (10.1)

Then the limit
v(z) = hﬁm rvp\r(2), z€D, (10.2)

exists and admits the expression (7.4).

Proof. Obviously
v, (2) = PEI(ZUU < 00) = %, z=z+1y € H,.

By the strong Markov property of ZH,
— H H .
ve, (2) = vp,\r(z) + E; [UHT(ZUFUK% oruK < 0T,
Consequently the limit (10.2) exists and satisfies (7.4). O

Let E =H\ F. We consider the BMD Z* = (Z},P%) on E* = (E\ K)U{aj,--- ,a}} obtained
from the ABM on E by rendering each compact continuum A; C E into a one point a;, 1<j<N.
As we have observed in §3.1, Z* is nothing but the part process on E* of the BMD ZH* on
D* = (H\ K)U{a1,---ay}. In particular, v; and ¢;; defined by (7.6) and (7.8) can be rewritten in
terms of Z* as

mwang(@me@),1gi5N, (10.3)

P*, (o <00, Z%  =a)/(1—RY) ifi# ],
q;j:{ai(% 00, Z5,. =a;)/(1=R}) ifi#] 1<i,j<N, (10.4)

0 if i = 7,
where R}, 1 <1i < N, are defined in the same way as (7.7). Then 0 < R} < 1for 1 <¢ < N. Since

Pl ok < 0)yi(dz) — R
Z@ZQZ( &()Z<L1§KN7 (10.5)
Jii 1- K

I — @Q* admits the inverse M with positive entries

n=0

Lemma 10.2 The limit v*(z) in (7.2) exists for z € D* \ F and satisfies (7.3) with (7.4) and
(7.5).
Proof. Denote by (* be the lifetime of the BMD Z* on E* and let

vy (2) =P, (or, < (), ze€(D,\F)UK". (10.7)

Then v} (z) = P2 (or. < op) and, for z € (D, \ F)U K*,

N
vi(2) = vp\p(2) + Y Pi (ok+ < or,, Z3,., =a})vi(a)). (10.8)
j=1
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Since vy'(af) = [, vy (z) vi(dz), and
/ P; (ok+ <or,, Zy,.. = aj) vi(dz) =17, j#4,
i

where II7Y = P;. (UK* <or,, Zow. = a}‘-) , we get by integrating the both hand sides of (10.8)
with respect to v;(dz) that

<
*
—

)
*
S~—

I

/UDT\F vi(dz) + Y Tk (a}) + Ri*vr(a;). (10.9)
K j#i

where R} is defined by (7.7) with F'UT'; in place of F. Define for i # j, ¢;* := II]7 /(1 — R[*), and

fa) = g [ wpar@ud). 1<i<N.

Clearly ¢;* > 0 for i # j,

. f Pi(ok+ <or,)vi(dz) — R* »
Z qr = U s <1, 1<i<N, (10.10)

JigF#i

and the equation (10.9) can be rewritten as

=Y qivial) = fila]), 1<i<N. (10.11)
JiyFi

In view of (10.10), the equation (10.11) admits a unique solution
=> M fi(a}), 1<i<N. (10.12)

Here M;;, 1 <i,j < N, are the entries of the inverse of I — Q™ for the matrix Q™ with off-diagonal
elements ¢;, i 7 j and zero diagonal elements.

Observe that, as r T oo, Ri* for 1 < ¢ < N and IIY for 1 < 4,5 < N increase to R; and
IT%. ) respectively. Accordingly q’"* and M increase to qw and M, respectively. Furthermore by

Z]’ Zj’
Lemma 10.1,

1
; <7< N.
Tli%orfr(l) 1_R;/mv(z)l/l(dz), 1<i<N

Therefore we deduce from (10.12) that the limit v*(a}) := lim, o 70} (a}) exists and satisfies (7.5).
Moreover it follows from Lemma 10.1 and (10.8) that the limit v*(z) = lim, o 7v} (%) exists for
every z € D and satisfies (7.3). O

The next lemma concerns the behaviors of v*(z) when |z| gets large.

Lemma 10.3
v (x+iy) =y+o(l), y— oo, uniformlyin z € R. (10.13)
lim v;(:c +iy) =0 uniformly in z € R. (10.14)
y—
hm |v*(x +iy) —y| =0, uniformly in y > 0. (10.15)
z—+
lim |vy(x +4y) — 1| =0, uniformly in y > 0. (10.16)
T—rFo00
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Proof. (10.13) follows immediately from (7.3) and (7.4).

Take 79 > 0 such that H,, > F UK. Let p(§,n) = %ﬁ, n > 0, be the Poisson kernel of the
upper half plane for Brownian motion. In view of (7.3) and (7.4), v*(z) —y is a bounded harmonic
function in {z = z+iy : y > 1o} and so v*(z+iy) = y—l—ffooo p(x—& y—ro)(v*(§+irg)—ro)dE, y > 10.
We then get (10.14) from

2
(y — 7o)

Ipe(x — &,y —10)| < plx =&y —ro) for y>ro.

Choose ¢ > 0 such that FUK C {z=a +iy € H: |z| < ¢}. Let
N={z=zx+iyecH:z =1}

Note that it follows from (7.3) and (7.4) that h(z) := v*(z) — y is a bounded harmonic function on
{z =z + 1y € H: |z| > ¢}vanishing continuously on the z-axis and admitting the expression

P(z) =B [MZoy,)ion, < oo, |2l > L.

Combining this with (4.12), we get (10.15).
(10.16) follows from another expression of h given by (4.15) for ¢ in place of ;. O

The function v* on D* constructed in Lemma 7.3 is obviously Z*-harmonic. In view of Corollary
3.6, —v*‘ p admits a harmonic conjugate u* on D uniquely up to an additive constant so that
f(z) =u*(z) +iv*(2), z € D, is an analytic function.

Further v* admits the expression as (6.4) in terms of v* up to a real additive constant indepen-
dently of a choice of a rectifiable curve C connecting zg with z. In particular, choosing C' = C7 + Cy
for a straight line segment C; (resp. C2) connecting zg = g + iyo (resp. x + iyg) with z = z + iyp
(resp. z = x +1iy), we get

x y
w(ootiy) — o i) = [ o€+ im)ds — [ vilatimdn, y >0 (10.17)

Zo Yo

The next lemma concerns behaviors of f(z) as |z| gets large.
Lemma 10.4 [t holds for each x € R,

flx +1y)

lim —= =1. (10.18)
y—oo X+ 1Yy

Furthermore
lim sup \M] <1 (10.19)
z2—00,26€D F

Proof. The real part of f(z +iy)/(x+iy) equals [zu*(z +iy) +yv*(x +iy)] /(2 +y?). Asy — oo,
the first term of this sum goes to zero in view of (10.14) and (10.17), while the second term goes
to 1 in view of (10.13). The imaginary part equals [—yu*(z + iy) + xv*(x + iy)]/(2? + y?), which
goes to zero as y — oo by the analogous observation. By (10.13) there exists, for any ¢ > 0, L > 0
U*(:ZJrin) < vi(etiy) o 1+ ¢, so that limsup V()
z7+y Y 2—00,2€D |Z’

On the other hand, (10.14) and (10.16) imply that, for any ¢ > 0, there exist yo > 0, £ > 0

such that

such that for any y > L and any x € R, <l+4e.

vi(x +1in)| <e for any z € R and for any n > o,
x
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lvy(§ +iyo)| < 1+e for any & with [£] > L.
Let M = supj¢|< |vy (€ +iyo)|- We get from (10.17) with zo =0

* * MY 1 —
) Wl Merblire) | ow,

2] 2] 2

* *
and so lim sup sup (2)] < 1+ 2¢e. Similarly we get lim sup sup [ (2)]
y—oo z€R |Z‘ x—£oo y>0 ’Z|

<1. O

Lemma 10.5 u* can be chosen uniquely in such a way that f = u* 4 v* satisfies (7.9).

Proof. Since v* =0 on §(H \ F), by reflection principle, f extends to be an analytic function on
C\ ((KUF)Ur(KUF)), which will still be denoted as f. Here 7(K U F) is the mirror reflection
of K UF with respect to the z-axis.

Let g(z) := zf(1/z). Then g is analytic on C\ {0} and bounded near 0 by (10.19). So 0 is a
removable singularity of g(z) and lim, g g(2) = ag exists. By (10.18) with x = 0, lim, ¢ g(—iy) = 1
so that ag = 1 and g can be expanded near zero as g(z) = 1 + ajz + agz? + - - - . Therefore

f(z):z—kal—i-%—i—"- near oo. (10.20)

Since Sf =0 on J(H\ F), a1, a9, -+ , are real. f satisfies (7.9) if and only if lim, o (f(2) —2) = 0.
The functions f and u* are uniquely determined by v* under this condition. O

The proof of Theorem 7.1 is now complete.

11 Appendix 2: Proper maps and the degree

Recall that a continuous map f : X — Y between topological spaces is called proper if pre-images of
compact sets are compact. Intuitively, if X and Y are subsets of larger spaces, this means that the
boundary of X maps into the boundary of Y (though it not required that f extends continuously
to the boundary). In rather general situations (for instance smooth orientation preserving maps
between manifolds with boundary, see e.g. [16]), such maps have the property that every y € Y
has the same number of pre-images x € X (counted according to multiplicity). In this section, we
formulate and prove a simple version of this principle, in the setting of analytic functions that is
suitable for our purpose. This is certainly standard, but lacking a reference we provide the details
for the sake of completeness. We allow co to be in the domain and in the range of f and adopt the
usual definition that a function f (defined in a neighborhood of co with f(oc0) = o0) is analytic if
1/f(1/%) is analytic in a neighborhood of 0.

Lemma 11.1 Let Dy, Doy be connected open subsets of the Riemann sphere C and f analytic in
Di. If f is a proper map between Dy and Dy (that is, if f(D1) C Dy and if f~1(K) is a compact
subset of D1 whenever K is a compact subset of Dy), then there is a finite number d such that every
w € Do has precisely d pre-images in D1, counting multiplicity.

Proof. Fix wg,w; € Ds. In order to show that they have the same number of pre-images under
f, we first assume that neither wy nor w; are critical values (that is, we assume f’ # 0 for every
pre-image of wg and wi). Then there is a simple curve v C Dy joining wy and w; that is disjoint
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from the set of critical values. For every pre-image zy of wq, the branch gg of the inverse function
=1 with go(wg) = 20, defined in a neighborhood of wg, can be analytically continued along v and
yields a branch g; of f~! near w;.

This is where both the assumption on the critical values, and the assumption on properness
are used: During the process of analytic continuation, the curve f~1(y(t)) cannot escape from Dy
by properness, and one can always analytically continue further because one does not meet critical
values. Formally, one considers the subset S = {s € [0,1] : g9 can be analytically continued along
v[0, s]} of the interval [0, 1] and shows that it is both open and closed.

Conversely, continuing g; along the reversed curve y~! leads us back to go. Thus we have a
bijection between the sets f~1(wg) and f~!(wy). If a pre-image zy (or 21) of wy (or wy) is a critical
point (so that the local degree of f at zy is more than 1), simply replace wg (or w;) by nearby
points w(, or w} and use the fact that the number of pre-images of w{ near zy equals the local
degree of f at zp. O

Now we will show that the assumption f(D;) C D can be removed if the degree is one and if
the complement of Dy has empty interior. For a function f and an open set D C C, we define by

f(oD)= (] F(D\K) (11.1)

KeD

the set of limit points of f as z approaches 0D (the intersection is over all compact subsets of D).
It is easy to see that any proper map f from D onto Ds satisfies f(0D;1) = 0D2. The next theorem
goes in the opposite direction. Notice that we do not assume a priori that f(D;) C Ds.

Theorem 11.2 Let Dy, Dy be connected open subsets of the Riemann sphere C and f analytic in
Dy. Assume that the complement of Dy has empty interior, that

£(dDy) = 0D, (11.2)

and that there is one point wo € Do that has precisely one pre-image zo under f (counting multi-
plicity). Then f is a conformal map from Dy onto Ds.

Proof. Let D C D; be a connected component of f~!(Ds). Then f : D — D is proper.

To see this, suppose K is a compact subset of Dy and 2z, € f~'(K) N D. We need to show
that every subsequential limit of z, is in D. Assume to the contrary that z, converges to a point
z € 0D. Then if z € Dy, it follows that f(z) € Dy and thus a neighborhood of z belongs to D,
a contradiction. If z € 0D;, then every limit point of {f(z,)} belongs to f(0D1) = 0D, which
contradicts the assumption that K is a compact subset of Ds.

Now Lemma 11.1 implies that every w € Ds has the same number of pre-images in D. This
number is trivially at least one, and it is at most one by assumption on wg. Thus the degree of f
on D equals one, and there is only one such component D. In particular, f is a conformal bijection
between D and Ds. It remains to show that D = D;. If not, there is a point z; € D1 N 9D, and
it follows that wy = f(z1) € dD;. By the assumption f(0D1) = 0D, there is a sequence z, € Dy
converging to a boundary point such that f(z,) — wj. Since f is an open mapping and since the
complement of Dy has empty interior, there are z/, € Dy so that f(z],) — wy and that f(z]) € Da,
in particular z/, € D. Since the equation f(z) = f(z/,) has another solution near z1, we obtain a
contradiction to the injectivity of f on D. O

Notice that the last claim D = D; is not true if the degree is more than one, as for instance
the map f(z) = 2% with D; = Dy = C\ [0, 1] shows: Here D = C \ [-1, 1].
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12 Appendix 3: Proof of Proposition 9.3
The assertions (i) and (ii) of Proposition 9.3 will be proved by the next lemma.

Lemma 12.1 g(z,w,¢) is a fundamental solution of A. in the sense of (9.10). The coefficients
Al g) of A; admit expressions

1
Al = Jouet ety 1<hke<2, (12.1)

where bgfz), 1 < k, ¢ <2, are smooth functions on H with bl(;) = b(k) vanishing on (H\ UN., Vi) U
(UZ_ U) which together with their derivatives are uniformly bounded in ¢ € (0,g9), D € Dy and
D = f.(D) € D.

Proof. Denote the Jacobian determinant % of the map fe by J = J(z1,x2). Let £ and A be

the Dirichlet form and the L*-generator on L*(D) of the ABM on D, , respectively. Then u € D(A)
and At = f € L2(D) if and only if 4 € HO(D) and (U, ) = —3% fvdxldxg It follows from

2
= 1 v Ou
E(u,v) = 2/5 E &cj oz, ——dz1dT
2

B o0v Oz, Ou Oxy
= / Z Z Txka—m]a—xeax] J(xl,xg)dxldarg

Jj=1kJl=1

= —/ 'ﬁ(xl,xg)Aaﬂ(xl,xg)dxldxg (12.2)
D

and [7 fodzdEy = fD (21, 2)0(x1, 22)J (x1, T2)daw1dzy for every & € CL(D) that
(AT)(z1, x9) = J L Ati(21, 22). (12.3)

On the other hand, if we define Gf(2) = fD @) f(@)dw, then
Gi) = /D 9z, w, &) (F7) (w)dwdws =: g:(F7)(2).

Since A(Gf)(3) = —z(%), we have by (12.3) that J A, - g.(fJ)(z) = —f(z). This establishes
(9.10) by taking f = fJ.

The stated expression and properties of coefficients of A, follow from (9.7), (9.9) and the uniform
boundedness of the coefficients of the linear map (9.6). In particular, bg}), 1 < k,¢ < N, vanish on

H\ UZ]\L 1 Vi because f; is an identity map there, and on each U; as well because it is an analytic
(actually linear) map there. O

To derive the perturbation formulae (9.12) and (9.13), we first construct an appropriate parametrix
for the elliptic differential operator A. by following an interior variation method presented in section
15.1 of Garabedian’s book [11].

Denote by a(®) = ((Il(fe))lgk’ggg the inverse matrix of A(€) = (A,(;))ISWSQ. Since det A) = %, we
have

ag‘sl) =2+ 4£b§2), agz) =2+ 46b§51), agaz) = agal) = —456552). (12.4)
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Define )
I(,() = % S a (@i~ ) —G), 2 =1 tim, (=G + ik (12.5)
i,j=1

—% logI'(z, () has the same singularity as the fundamental solution g(z,(,e) of the elliptic differ-
ential operator A, (cf. [11, (5.80)]).

Recall the constant by defined in (9.31). We fix an arbitrary ¢y € (0, by] and consider a smooth
non-positive real function «(t), t € R, with

a(0) = —1/(27), a(t)=0 if t¢ (—202). (12.6)
{Ps(zv C) = a(‘z - C‘Q) IOgF(Z, C)v o (12'7)
Po(Z,C):Oé(|Z—C|2)1Og|Z—<|2, ZaCEHa Z#C

For a function u(z,(,¢), z,{ € DUJH, z # (, € € (0,e0), we write u(z,(,e) = O(e/r), r = |z — (|
if

[u(z,¢,0)| < s‘fi,

for positive constants My, My independent of € € (0,g¢), D € Dy and D= J?E(D) eD.
In what follows, the set Ui]il(vi \ U;) will be denoted by F.

+eMsy, =z, (€ DUOH, (12.8)

Lemma 12.2 G(z,() — Py(2,() + P:(z,() is a parametriz of the operator A. = A, . in a specific
sense that

Ac2(G(2,C) — Po(2,C) + Pe(2,¢)) = O(e/r), r=]2—(| (12.9)

Proof. It suffices to show that
APA(,0) — SAPy = Oe/r), v =1z~ (12.10)
(A~ 58)(G ~ Po) = O(e/r), r=]z—(l (12.11)

Note that they imply (12.9) because A,G(z,() = 0 for z # (. Designating AZ(-;) by A;j, the left
hand side of (12.10) can be rewritten as I, + II. + I11. + IV, + V, with

I = a(lz = ¢1*) 33—y Ay (2) (108 T (2, 0)asa

11 = 327 ;) Ay (2)[a(|z = () log T(2, Q)]s

111 = 327 allz = (P)ae,[Ai(2) log T(2,¢) — 5 log |2 = (]
IVz = 4o/ (|2 = ()27 o1 Ay (2) (25 — Gi) (108 T (2, €))a, — 1]
Ve = Zi;éj AZ](Z)O‘(’Z - C‘2>Iﬂj logI'(z, ),

where the function I'(z, () is defined by (12.5). The sum Z?jzl Aij(2)(logI'(2,¢)) 2z, equals

Zij:l Aij(2)aij (O (2, ¢) — Z?,jzl A;j(2)T, (2, O, (2, ) .

NENAL (12.12)
Since )
Aij(2) = Aij(Q) + £ Ci (2, O — G, (12.13)
k=1
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for C; ;1. involving only derivatives of b;;, and

I'(z,¢) = |z = (> (1 + em(z,Q)) (12.14)

for 71 uniformly bounded in & > 0, D € Dy and f.(D) on account of (12.4), we see that (12.12)
can be written as

na(, Ol — (I0(= €)= my(= )z — ¢ i
: I(. P =em(= 0

for my, 2 < k < 4, uniformly bounded in e > 0, D € Dy and f.(D) yielding that I, = O(e/r).

All other terms I'I, I11., IV, and V. can also be verified to satisfy (12.8) on account of (12.13),
(12.14), Lemma 12.1 and (12.4), yielding (12.10).

By Lemma 12.1, A, — %A is equal to eB©) for the differential operator B(®) defined by (9.11).
Using (4.7) and (12.24) below, the left hand side of (12.11) can be written as EBgs)u(z,C) —
eB,gE)S(z,C) for

€)= 5ol = € = (alls = )+ - ) togle — GP

s

and for the function S(z, () defined by (12.24). By taking (12.6) into account, we can readily verify

that eBge)u(z, ¢) = O(g/r). 8(C,2) depends on D. Since the coefficients of B(¢) are supported by
F' however,
|B§€)S(§,z)| < M]P’[CHI(JK <o) < MIP’?I(JU?;VJ, <), (¢e€H,

where M = sup{\ng)GH(w,z)] czeF, wek,ee (0,5), De Dy, De D} which is finite by
(9.2) and Lemma 12.1. Hence eBgs)S(C, z) = O0(g/r). O

The ¢p-neighborhood of F' will be denoted by W, .
Lemma 12.3 For any w,( € D, w # (, it holds that

g(CanE) - G(’LU,C) - P()(’LU,C) + Pa(w7C)
—i—/ 9(z,w,e)A. ;|G — Py + P.|(2, ¢)dz1dzs. (12.15)
Wy,

0

Proof. According to [11, (15.14)], the self-adjoint elliptic differential operator A, admits Green’s
second formula

/(vAau— uA.v)dx;dxs —/ Ac[u,v]ds, (12.16)
E OE
where F is a bounded domain in H with smooth boundary 0F and
2
ou Oxy ov Oxyp
Acfu,o) = 3 A8 (o 220 T2 12.17
] g_:l b\ "0z, o0~ "0y, on (12.17)

Here n is the unit outward normal at OE.
We fix w,{ € D, w # (. We then take a large ¢ > 0 such that the rectangle Ry = {z1 + iz2 €
H: |zi1] < ¢, 0 < zp < £} contains the points w, ¢ and the set Wy, as well. For each 1 < ¢ < N,
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we choose a smooth Jordan curve v; surrounding C; in such a way that v; C U; \ Wy, and that its
enclosure does not contain w nor . We apply the identity (12.16) to

E =R\ (UL, insv:) \ Bs(w) \ Bs(C),
u(z) - G(Zv C) - P0(27 C) + Ps(zﬁ C):
v(z) = g(z,w,e).

for a sufficiently small § > 0.
By Lemma 12.1, A.v =0 on E. We can further observe the implication

ze E\W,, = u(z) =G(2,(), Acu(z)=0. (12.18)

Indeed, if ¢ € F, 2z € H\W,,, then |z—(| > {y so that a(|z—(|?) = 0 and u(z) = G(2,¢). If ¢ € H\F,
then by Lemma 12.1 and (12.4) al(;)(g“) = 20,5 so that P.(z,() = Po(2,() and u(z) = G(z,(). Since

A,(:g) = 160 on H\ F in view of Lemma 12.1, we obtain from (12.16) and (12.17) the identity

1 ou Ov 1 ou Ov
/WZO v(z)Au(z)dxidry = 5 /Ee <U(9n - anu> ds + 3 Zz;/% (Uan - (9nu> ds
+/ Ac[u,v]ds + / A[u,v]ds, (12.19)
OBs(w) 9B5(¢)

where ¥, = OR, \ OH.

Along ¥y, u(z) = G(z,(), v(z) = g(z,w,e), and both are harmonic and converge to 0 when
|z| = 0o as they are dominated by G of (4.7). Hence we can use Lemma 4.3 to conclude that
the first integral on the right hand side of (12.19) tends to 0 as £ — oo. Along ;, we again have
u(z) = G(#,(), v(z) = g(z,w,¢), and both are harmonic and converge to 0 as z — C;, 1 <i < N.
Therefore, in the same way as in the proof of Theorem 4.5, the second term on the right hand side
of (12.19) can be seen to converge to 0 as we take 7; to be the level curve of u shrinking to C;.

Recall the function I'(z,w) defined in (12.5). As for the third term, we can replace v(z) =
g(z,w,e) by g(z,w) = —5-logI'(z,w) of the same singularity at w to conclude that it tends to
—u(w) = —G(w, () + Py(w, () — P-(w,() as § | 0. As for the forth term, replacing u(z) = G(z,() —
Py(z,¢) + P-(z,¢) by g(z,¢) of the same singularity at ¢, we see that it tends to v(¢) = g(¢, w,¢)
as § J 0. O

If we write N
{Ka@, 2) = Ac2[G — Py + P (2,0)
Gs(Caw) = G(w, C) - P()(w, C) + PE(w7 C>7

then the identity (12.15) is converted into a Fredholm type integral equation:

g(¢,w,e) = G=(¢, w) + K.(C,2)g(z,w,e)dwidxs. (12.20)
We,

In view of (12.4) and (12.7), we have

[P.(w,€) = Po(w, Q)] < —2ea(fw — %) (67 ()] + 6§ ()] + 163 (©)1)

so that
Po(w,C) — Po(w,¢) = en'\P(w,¢), w, ¢, (12.21)
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where n&a) (w,¢) a continuous function on H x H bounded uniformly in ¢ € (0,&0), D € Dy and

J-(D).

For a function u(C, ) (,w € DUOJH, we let ||u||OO = SUpP¢ e pusn [W(C, w)|. If we write
(K G.) = fW 2)Ge(z,w)dx1dxse, then |(K G.)(Cw)| < fWeo |K€(C,z)|(GH(z7w) +
| P-(z, w) Po(z w)])dmldmg, and we have from Lemma 12.2 and (12.21)

HIA{EGEHOO <e(Cy for C} independent of ¢ € (0,20), D € Dy and f;(D)

From Lemma 12.2, we also have, for a constant Cy > 0 independent of ¢ € (0,e9), D € Dy
and f.(D fW |K.(C, 2)|dardny < eCy for any ¢ € D U JH. Hence HK( 'G. oo < €2C1Cy for

Kg2)GE(C, w) = E( -G:)(¢,w). Similarly, we have HKE GEHOO < e"CCyt for every n > 1.

Denote £ A (1/(2C3)) by &. For 0 < & < £, 350, | K Gelloe < 320, e"C1CP 1 < 22C) and
so the convergence

Zm” = en) (¢, w) (12:22)

is uniform on D U JH x D U JH, where 5772 (C ,w) is a continuous function there that is uniformly
bounded in ¢ € (0,5), D € Dy and f.(D). Moreover, using the bound g(z, w, ) < GE(f-(2), f-(w)),
the second term of one can check that the right hand side of (12.20) is bounded in {,w € D for
any ¢ € (0,2p) for some &y € (0, p].

Solving the equation (12.20) for g(¢,w, ) and setting () (¢, w) = 771 (w ) +772 (C, w), we get
the following from (12.21) and (12.22).

Lemma 12.4 For any {, w € D, ( # w,

g(C,w,E) = G(Ca ) + 677 (C? )7 €¢c (0750)7 (1223)

where n©) (¢, w) is a continuous function on DUOH x DUJH bounded there uniformly in e € (0, o),
D € Dy and D = f.(D) € D.

Let us take ¢ € H\ F in (12.15). By noting that P.(z,{) = Py(z,¢) and letting ¢y | 0, we
arrive at (9.12) as A, .G(z,() = nge)G(z, (), z € F. By substituting (12.23) into (9.12), we obtain
(9.13). The proof for assertions (iii) and (iv) of Proposition 9.3 is now complete.

We finally prove the assertions (v)-(viii) of Proposition 9.3.
(v): G can be expressed by the Green function G of the ABM Z as

G(¢,2) =GH(¢,2) — S(¢,2) where S(C,z2) = EH [GH(Z(]EIK, z);0K < 00l . (12.24)
By the expression (4.7) of G and Proposition 9.3(ii), Bga)GH(z, ()¢, is uniformly bounded on F' x J
ine € (0,e0), D € Dy and f.(D). Furthermore, for any € € (0,£¢), z € F and ¢ € H\ Ujvzl Vi,

M= sup IBEGH(w, )| < 0o and  |BE)S(2,¢)| < M PL (o7 < ),
e€(0,e0),weK,E€F,DEDy,DED

where U = Ujvzl U;. As was observed in the proof of Lemma 5.2(ii), Pgﬂ(ag < 00) = [ GH(¢, w)p(dw)
()

for a finite measure p concentrated on U. Since both B;
¢ € OH, we deduce from above that

S(z,¢) and P]éﬂ(aﬁ < 00) vanish when

0 0 —
B ' M —GH : :
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(vi): Let G®¥(z,¢) be the Green function of the ABM on D' = DU C;(=H\ (K \ C;)). Then

GHi(2,Q) = GF(=,0) —BE | GH(ZE, . 2): ove, < o0

TK\C;’

According to [5, Corollary 3.4.3], ¢ is the O-order equilibrium potential of the compact set Cj
with respect to the transient extended Sobolev space (H& (DY), lD) and it admits an expression

w(i)(z) = Gy, / Gz, O)v(dC)

for some finite positive measure v; concentrated on C; in view of the 0-order version of [5, Lemma
2.3.10] and [10, Exercise 4.2.2]. Hence

90(1)(2) = GHVZ( ) EH [GH(ZH Z); OR\C; < 0| . (12.25)

OK\C;’
Consequently, we have for the same constant M as in the proof of (v),
|BE o) (2)| < 2M v5(Cy), €€ (0,e0), z € F. (12.26)

For an open set G C H, denote by Cap(B;G) the 0-order capacity of B C G relative to
(H&E(G), D). It increases as B increases or G decreases. Moreover, we have Cap(C;, DY) = 1;(C;)
(cf. [10]). Hence (12.26) leads us to a uniform bound

1BE o (2)] < 2M Cap(Uy; H\ (UpsiVi)), €€ (0,6), 2 € F. (12.27)

(vii): Choose A1, By, B2 and ¢y as in the proof of Lemma 9.6. F' is a subset of (A1, B1) x ({o, B2).
By (4.7), we see that the first integral in (9.14) for k = 1,2 evaluated for G™ (¢, 2) in place of G((, z)

2 — 2
is bounded by 7\%'1—51’2 nd ——, respectively. The second integral evaluated for G (¢, z)
m(xy — ()% + I by’
4
is bounded by — and —, respectively.
4 by’

On the other hand, we have for ( € H and z1 € R or z9 > 0,

— <1 — <2 12.2
/0 83:1G (¢, z1 +ixe)|dae <1, /_OO 8372G ({1 +ixe) | dry < (12.28)
Since |z — ¢| > b for (z,() € F x K, we have for any ¢ € K,
/001 () |-2-GH(e ) day < 2 (Br — A1) /001 () |2 GH (e ) dws < 2 B2, (12.29)
- F 8$1 ) 1> 7Tb2 1 1) > 0 F ax2 ) 2 > 7Tb2 92 .

Denote by ¢ the maximum of the constants in (12.29) and 2. Then each of the four integrals in
(9.14) evaluated for the function S in (12.24) admits a bound ¢ gz PH(UU < o0), which is in turn
dominated by

0 _
GH(¢, .
Cwe%T‘ZeJ 3G (¢, w) p(U)

as in the proof of (v) above.

(viii): By virtue of (12.25), (12.28) and (12.29), we see that each of the four integrals in (9.15) is
dominated by B B
ZCVJ'(CJ') < 2¢Cap (Uj;H\ (Uk#Vk)) .
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