Lens chains and the geodesic algorithm for conformal mapping

Donald E. MaurshaulﬂL

Abstract. We describe a modification of the geodesic algorithm for the numerical com-
putation of conformal maps. This modification while improving the accuracy also allows

us to give a simpler proof than in Marshall and Rohde [MR] of convergence for C*! curves.

0. Introduction.

A variant of the zipper algorithm for the numerical computation of conformal maps is described
in Marshall and Rohde[MR]. Briefly, if zo, ..., 2, are distinct points in the plane C, then a closed
curve 7. is constructed passing through zg, ..., 2, such that if 7, denotes the portion of the curve
from zg to zx, then 511 \ & is the hyperbolic geodesic in C \ v from zx to zgy1, for k=1,...,n,
where z,4+1 = 2z9. The initial arc vy is a straight line segment. The conformal maps from the
upper and lower half planes to the interior and exterior (respectively) of 7. are then computed
as a composition of finitely many explicit elementary maps. This variant is called the geodesic
algorithm in [MR].

Given a Jordan curve « and a sequence of points {zj } on -, the conformal maps to the interior
and exterior of v are approximated by the conformal maps to the interior and exterior of the curve
e, given by the goedesic algorithm. How close these conformal maps are depends on how close the
curves 7 and 7, are (see [MR]). In other words, we need to understand the behaviour of . between
the data points {zj}. It is proved in [MR], for example, that if { Dy} is a sequence of disjoint open
disks with 0Dy_; tangent to 0Dy, at zi, then

Yi+1 \ V& C Dy,

for k =1,...,n. This result was deduced rather easily using an old result of Jgrgensen [J], which
says that disks are convex in the hyperbolic geometry of a region. Given a sequence of points {z},
it is in fact rare that such a sequence of pairwise tangential disks can be found. The emphasis in
[MR] for the application of this result was rather on finding points z1,...,2, on or near a given
curve so that such disks can be found. As a result, the algorithm computes a curve close to the

given curve.
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For smooth curves a much more complicated argument in [MR] located the geodesics vx+1 \ Y&
in smaller regions. This allowed us to prove C'! convergence of a sequence of computed curves ’y((;n)

to the given C' curve, as the mesh size max; |Z](-:L_)1 —

z](-n)| decreases to zero.

In this article we describe a modification of the geodesic algorithm that allows us to locate the
hyperbolic geodesics vx+1 \ 7% in smaller regions called lenses with a simple geometric description,
and with a simpler proof relying only on Jgrgensen’s theorem as in the disk case. The modification

also improves the numerical accuracy of the geodesic algorithm.

1. The geodesic algorithm.

For the convenience of the reader we give a short description of the geodesic algorithm. For
more details see [MR].

The geodesic algorithm constructs a Jordan curve through a collection of (distinct) points
20, - - -, 2 in C. We will describe the algorithm using the right half plane H* = {2 : Rez > 0} instead
of the traditional upper half plane because because of the usual convention that —% < arg/z < 7.
Using the right half plane will avoid errors due to choosing the wrong branch of the square root,
as several people have encountered when programming the algorithm. See the end of this section
for more details.

If ¢ = a+ibe H then
(654
L —
<) =10

with ¢ = a/(a® + b?) > 0 and d = b/(a® + b?) € R is a conformal map of the right half plane H*
onto H with L¢(0) =0 and L(¢) = 1. The map

is then a conformal map of HT \ ¢ onto H", where o is the circular arc from 0 to ¢ which is
orthogonal to the imaginary axis iR at 0.
The complement in the extended plane of the line segment from zy to z; can be mapped onto

H* with the map
zZ— 21

(,01(2') - Z — 20

and ¢1(21) =0 and ¢1(z9) = 00. Set (2 = ¢1(22) and w2 = f¢,. Repeating this process, define

Ck = Pr—10Pr—20...0p1(2k)
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and
ok = fei-

for k = 2,...,n. Map the inside and outside of half-disc to the upper and lower half planes by
letting

Cnt1 =@no...0p1(20) ER

be the image of zy and setting

2
z
i1 =+ ——
ontl (1—Z/Cn+1>

The + sign is chosen in the definition of ¢, if the data points have negative winding number

(clockwise) around an interior point of 0€2, and otherwise the — sign is chosen. Set

P=Pnt1°Pn©...0P200

and

-1 _ —1 -1 -1
Y =P 9Py ©...0P,.

Then ¢~ ! is a conformal map of H* onto a region €2, such that 2 €Ye=00:,7=0,...,n.
If ~; denotes the subarc of 7, from 2y to zj, then the portion ;41 \ v, of 7. between z; and z;41
is the image of the arc of a circle in the right half plane by the analytic map gofl 0...0 90;1 and
thus a geodesic in the hyperbolic geometry of C \ ~;.

As an aside, we make a few comments. The curve 7, is piecewise analytic. A curve is called C*
if the arc length parameterization has a continuous first derivative. In other words, the direction of
the unit tangent vector is continuous. It is easy to see that . is also C'! since the inverse of the basic
map fe doubles angles at 0 and halves angles at c. Actually it is shown in [MR] that v, € C 3
Note also that ¢! is a conformal map of the lower half plane onto the region complementary to
Q..

Branching difficulties occur when, through round-off error or analytic continuation, the map
V22 — 1 is applied to points with Rez < 0. This function should have positive imaginary part when
Imz > 0. For example if z = —¢ + 2i with € > 0, then Imz? < 0 so that Imv/22 — 1 < 0 if the usual
branch cut along the negative reals is used (as is the case in most programming languages). This

difficulty can be avoided by adding a simple test: Set
w=+22-1

If (Imw)(Imz) < 0, then replace w with —w.



2. Lenses

If DT and D~ are open disks with b,c € DT NOD~, then L = DT N D~ is called a lens with

vertices b and c.

/ c
Figure 1. A lens with vertices b and c and lens angle ¢ =t + ¢~

Let et denote the angle between the segment [b, ¢] and the tangent to DT at b with 0 < et <
Z. Similarly e~ denotes the angle between [b,c] and 9D~ at b with 0 < e~ < 5. Note that 9D
and 0D~ form the same angles with [b,c] at c. The angle ¢ = ¢t + &~ is called the angle of the

lens at b and c.

If zg,..., 2, are points in C such that the polygonal curve through these points is Jordan, we
define an e-tangential lens chain for zo, ..., 2, to be a sequence of lenses L; = 8D;f N E?D; with
vertices z; and z;4; such that the tangents to 8Dj and E?Dj_ at z; are also tangent to E?Dj__l and
E?Dj_l. All of the lens angles of an e-tangential lens chain are equal and ¢ will denote this common
angle. The lens L; contains the segment [z;, z;41]. If the polygonal curve is closed, in other words

Zn+1 = 2o then we do not require the last lens L,, to have the same tangents at zy as L.
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Figure 2. An e-tangential lens chain.

A hyperbolic geodesic in the unit disk D is an arc of a circle orthogonal to the unit circle 0.
Hyperbolic geodesics in a simply connected domain €2 are images of hyperbolic geodesics in D by
a conformal map of D onto €. The following is just an application of the proof of Theorem X.X in

[MR] to lenses.

Theorem 1. Suppose {L;} is an e-tangential lens chain with vertices 2y, . .., zn4+1 With 2,11 = 20,
and suppose 7. Is a curve containing {z;} such that y;41 \ v is a hyperbolic geodesic in C \ vy,

where 7y, is the portion of 7y from zy to zy and 7y is the line segment [z, z1]. Then

n
v C U Lj U {Zj}?zlv
=0

provided the associated disks D;+ and Dj_ do not intersect any of the previous lenses:
(D} UD))N{LHL = 0,

forj=1,...,n.

Proof. The hyperbolic geodesic ;41 \ 7; must intersect 7; at z; with angle 7. This can be seen
either by direct observation of the construction of +; in the geodesic algorithm, or by an appeal to
Theorem V.5.5 in [GM] after applying a square root map at z;. In other words, v is a C! curve.
By construction 79 C Lo. Suppose that v; C U{;%)Lk. Write L; = Dj+ N D; . Since the tangent to
(‘?Dj+ at z; is also tangent to L;_; and since 7; \ vj_1 C L;j_1, we conclude that 7,41 \ 7; enters
D;f at z;. By assumption Dj N Uf;g L; = 0 and hence Dj C C\ ;. Jorgensen [J] proved that
disks in a simply connected region are convex in the hyperbolic geometry of the region. Thus the
hyperbolic geodesic 741 \ 7; is contained in D;f. Similarly ;41\ 7; is contained in D;". Theorem

1 then follows by induction. O



The proof of Theorem 1 shows why we chose the lenses to form a tangential chain. The
inductive assumption is that v;_; is contained in the union of the first j — 1 lenses. The proof
requires first that the two disks Dji do not intersect the previous lenses, so that the lens at stage
J cannot be made any bigger than the tangential lens L;. Secondly the proof requires that a
geodesic beginning at z; forming an angle of 7 at z; with ; must enter the subsequent lens, so the

subsequent lens cannot be any smaller than the tangential lens L;.

Figure 3 illustrates the difficulty in creating successive lenses. The bend angle at z; for the

polygonal line through z, ..., z, is given by

4 — 2
5] — arg <M) .
Zj — Zj—1
For an e-tangential lens chain, the lens angle ¢; = Ej +e; satisfies

g =¢j_1t+96;

and

Figure 3. A lens chain that cannot be extended to z;,,.

Applying this argument once more we obtain
E;Zrl = E;il + (5]‘ — (5j+1.

So if the bend angles are alternating in sign, the upper angles are increasing every two steps but
bounded by ¢, potentially leading to the impossibility of extending the lens chain. Indeed in Figure 3

we can’t find a lens with vertices z;41 and zj4 having the same angles at z; 1 as Lj;.
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This difficulty was overcome in [MR] by proving that the hyperbolic geodesic 7,11 \ 7; is
actually contained in a smaller region than a lens. The important point is that the region has a
smaller angle at the vertex z;,, than at z;, allowing for a bend, albeit small, in the polygon at the
next data point z;,;. Proving this result required a much more complicated argument than just
using induction and Jgrgensen’s theorem.

We can also overcome this difficulty by altering the algorithm slightly so that additional points
are occasionally added to the sequence {z;}. For example, in the situation illustrated in Figure 3,
where sj_l is too large, we can add an additional point z} = %(zj_l + z;j) and replace the geodesic
Y5 \ Vj-1 from 2z;_1 to z; by a geodesic v} in C\ ;-1 from z;_; to 2} followed by a geodesic 7} in
C\ (7j-1U~;) from 2} to z;. The lens L;_; is replaced by two lenses where the “lower” angle ¢

at z; is now smaller than a;tl and hence &?j will be larger and Ej_ will be smaller.

j
% Zj+2

Figure 4. Extending a lens chain with an extra step.

We can do this systematically by keeping both angles sji between £/2 and 3¢/2 as follows:

Given € > 0, suppose {z; 8*1 are the vertices of a closed Jordan polygon with bend angles d;

satisfying
€
0] < <.
’ ]‘ 2
Construct a 2e-tangential lens chain as follows: Let Ly be the symmetric lens with vertices zg and
z1 and lens angle 2¢ = z—:ar + ¢, where sg = ¢, = €. Suppose we have constructed a 2e-tangential

lens chain from 2y to z;, with lens angles g5, = sz + ¢, satisfying

3
<< (1)

N ™

for k =0,...,j — 1. Note that (1) implies ¢, = 2¢ — EZ_ also satisfies

€ e < 3e
2 ="k = 97
Moreover, assume that z—:;r = 6;_1 —0; =2 — ej_l — 0; satisfies
€ 3e
—<efF <=, 2



If

€ _ 3¢
§§Ej— j+1§77 (3)
then let L; be the lens with vertices z; and z;; and lens angle 2e = z—:;r +¢; where sj =¢€;_1—0j

and €; = 2¢ — &?j. Note that ajﬂ =&, — dj41, so that by (3), the inequalities in (2) hold with j
replaced by j + 1. On the other hand, if

3e

_ € _
Ej—j+1<— or Ej_j+1>77

2

then let 27 = 2(2j + zj41) be the midpoint of the segment [z;,2;11], and let L} be the lens with
vertices z; and z; and lens angle 2¢ = sj +e¢; and let L; be the lens with vertices 2} and z;11 with
lens angle 2e = ¢; + E;r. Note that we have switched ;" and E;r for the lens L; since there is no
bend at 7. The lens L; will have the same tangents at z; as L’ and will satisfy (3) since |d;| < §
and since we switched the magnitudes of the two angles at z}. See Figure 4.

By induction we then create a 2e-tangential lens chain from zg to z,. At the very last step there
is no need to check the inequality (3) since the last lens does not need to have the same tangents
as the initial lens at zy. By the construction of the final map ¢, 1 in the geodesic algorithm, the

computed curve is C! at z.

Suppose {E]}g is a chain of lens (not tangential) with vertices {z; }¢ such that Ej is symmetric
about the line segment [z, z;41] for each j, and such that each lens Zj has the same vertex angle
0. We call such a chain a d—symmetric lens chain. It is of course easier to construct symmetric
lens chains than to construct tangential chains. Part of the next theorem is that a J—symmetric
lens chain contains a d/3-tangential lens chain if

arg<u> ‘g 5 (4)

Zj — Zj—1

6 max
J

Theorem 2. Suppose § > 0 and set ¢ = §/3. If v is a C' Jordan curve and if {z;} are points on
~ together with midpoints whenever required in the modification described above and with mesh
size

po= i fzi - 2l

sufficiently small, then the geodesic algorithm constructs a C' curve

Ye C ULk U {Zk},
0
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where Ly, is the lens which is symmetric about the line segment [z, z;.4+1] with vertex angles equal
to 6. The algorithm simultaneously computes conformal maps of the interior and exterior regions
of 7. onto the upper and lower half planes (respectively) along with their inverse maps. Moreover,

if ( € 7. and if o € y with | — a| < p, then

|77C - 77Q| < 57 (5)

where n¢ and 1, are unit tangent vectors to 7. and vy at ¢ and « respectively.

Proof. Let {L;} denote the 2e-tangential lens chain constructed by the algorithm given in this
section. If the mesh size u is sufficiently small then (4) holds and thus

2 — 2z

— J+1 J

5; = arg(—)
Zj — Zj—1

satisfies [0;| < /2. Since § < &?j, e; < 3¢ the region D;r U D} will be small if |2;11 — z;] is small.
The region Dj U D; does not intersect L;_; by construction. Since v € O, the region Dj ubD;
will not meet any of the previous lenses if |z;41 — 2;| is sufficiently small. By Theorem 1, the
computed curve . lies in the union of the lenses and their vertices. Note that each of the lenses in
the 2e-tangential lens chain is contained in the corresponding symmetric lens Ej with vertex angle
d = 3¢, even if a midpoint (and therefore two lenses of the tangential chain) is added.

To prove the statement about tangent vectors, note that for each point ¢ € 7,41 \ 7;, we can
construct a lens with vertices z; and ¢ which has the same tangents as L;_; at z;. Moreover this
lens is contained in D;f uD;. The geodesic exits this new lens at ¢ and hence the tangent to
vi+1 \ v at ¢ differs from the direction of the line segment from z; to ¢ by at most 375 and hence
differs from the direction of the line segment from z; to z;4; by at most 3e. Since v € C 1 we can

then choose a sufficiently small mesh size u to guarantee that (5) holds. g

We remark that the computed curve ~. can be parameterized so that if p(¢) is the polygonal
curve through the data point {z,}, then

sup Ip(t) = 7e(t)| < pe,

where i is the mesh size, as in the statement of Theorem 2. The angle € can be taken to be bounded
by a constant times the modulus of continuity of the unit tangent vector to ~.
Since Jgrgensen’s theorem is a key component of the proof of the convergence of the geodesic

algorithm, we include a short self-contained proof.
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Theorem A.1 (Jorgensen). Suppose 2 is a simply connected domain. If A is an open disc

contained in ) and if 7y is a hyperbolic geodesic in §2, then v N A is connected.

Proof. Without loss of generality, {2 is bounded by a Jordan curve and A C Q. Let f be a conformal
map of Q onto H such that f(v) is the positive imaginary axis which we denote by I. If J is the
subinterval of the imaginary axis from 0 to ic, then the conformal map 7(z) = 22 + 2 of H\ J
onto H maps I\ J onto I. Replacing Q with f~1(H\ J), and replacing f with 7o f, we may suppose
that f~1(iy) — 21 € 902N A as y — 0. Similarly we may suppose that f~1(iy) — 2o € 90 N IA
as y — +o00. The points z; divide OA into two arcs a; and as. Then o; = f(«; ), for j = 1,2, are

arcs in H connecting 0 to co. We may suppose that o lies to the left of oy.

Qg

Figure 12. Proof of Jgrgensen’s theorem.

Let Q1 be the component of H\ o5 containing f(A). Let w; be the bounded harmonic function
in C\ ag such that
wi(z) > lasze f 1Y) —ad

and

wi(z) > 0asze€Q\ f1(2) — a3.

The function w; can be found explicitly using the conformal map of C* \ ay onto H. Then by
comparison of boundary values and the maximum principle, arg z < 7wy (f~1(z2)) for all z € Q;.
Since wy = 1 on af, we conclude

<7T
arg z —
8255
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on g1 NH. Similarly

7r
7r—argz<§

on oo NH. Thus f(A) D 1.
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