Let I" be a Jordan curve and p a positive measure on I'. We say that p satisfies condition
(D) if there is a constant C' such that u(I) < Cu(J) whenever I and J are adjacent arcs
with diam(/) = diam(J). We will say that p satisfies condition (M) if there is a constant
C such that diam(I) < Cdiam(J) whenever I and J are adjacent arcs with p(I) = p(J).
The following examples show that (M) does not imply (D) in general. For set functions f
and g, we will write f(I) ~ g(J) when there exists a constant ¢ > 0 independent of I and

f()
J such that 1/c < Sy S

Example 1. Let n > 0 be an integer and for £ = 0,1,---,n set z4 = %,
Z4k+1 = % + 1, Z4kto = Sfljj + ¢ and zyp43 = gzii Let ~, be the polygonal line
connecting 2o = 0, 21, -+, 24n+3 = 1 in this order with horizontal and vertical line seg-

ments. Set o = [1,1++/2] and let u be the arc length measure on 7, Uco. The next picture
shows the curve y3 U o.
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Let I,J be adjacent arcs on 7, Uo with u(I) = p(J). Note that if p(l) < 2 then
diam(I) ~ u(I). On the other hand, if u(I) > 2, we have that 1 < diam(/) < v/2. This
shows that

diam(7)

Tom()) =2 1)



Moreover we have that diam(y,) = diam(c) while

w(vn) _ 2n+3
o) = va @

Observe that if we scale v, U o by a factor ¢ > 0 and u by a factor d > 0, then (1) and (2)

. . diam(cl) _ diam(I) du(cl) _ p(l)
remain true since Fam(c)) = dam()) and dZ(cJ) = %

Example 2. Let T, = 27" (7, Uo) +2(1++v2)(1 —27") and T = (Upso Tn) UT where 7 is
the polygonal line connecting 2(1 + v/2), 4(1 + v/2) 4(1 ++/2) — 4, —i and 0, in this order,
with horizontal or vertical line segments. Observe that I' is a closed Jordan curve.
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The curve T.

For £ C T, let E* be the vertical projection of E onto R and define a measure p on I'
by
S INT,
pry =3 LT gy
= Tl

where | - | denotes arc length.
Now let I be an arc on I' such that T,, C I but T,,_1 SZ I. Because

wTn) = Tl = (| Tr) =27 (1 +V2),
k>n



we have that p(I) ~ max(|T;|,|I U T|). Moreover, we have that
diam(J) ~ max(diam(7},), diam(Z N 7),
because

max(diam(7},), diam(I N 7) < diam(]) < Z diam(7}) + diam(Z N 7).
j>n—1

We conclude that if I and J are two adjacent arcs on I' with p(/) = p(J) and such that
T, CI, T, ¢ I for some n, then diam(I) ~ diam(.J).

If both I and J are included in some T5,, then diam(/) ~ diam(.J) by the proof of example
1. If I meets only T,,_1 and T,, but does not contain either, then by considering the cases
diam(J) > 27" and diam(J) < 27" it is not hard to see that we must have diam(I) ~
diam(J). This shows that p satisfies condition (M).

Finally note that u does not satisfy condition (D) since the adjacent arcs I, = 27", +
2(1++/2)(1 =27 and J,, = 270 + 2(1 + v/2)(1 — 277) satisfy diam(I,) = diam(J,,) and
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