SECOND FLIP IN THE HASSETT-KEEL PROGRAM: PROJECTIVITY
JAROD ALPER, MAKSYM FEDORCHUK, AND DAVID ISHII SMYTH

ABSTRACT. For the moduli stacks of a-stable curves introduced in [AFSv15], we prove nefness
of natural log canonical divisors generalizing a well-known result of Cornalba and Harris for the
moduli stack of Deligne-Mumford stable curves. We then deduce the projectivity of the good
moduli spaces of a-stable curves and identify these moduli spaces with the log canonical models
of My, appearing in the Hassett-Keel program.

1. INTRODUCTION

This is the final part of the trilogy (see also [AFSv15, AFS16]) in which we construct the
second flip in the Hassett-Keel program for M, ,,. In [AFSv15], we construct the moduli stacks
Mg (a) of a-stable curves (see Definition 2.6). In [AFS16], we prove that the moduli stacks
ﬂg,n(a) admit proper good moduli spaces, as defined by the first author in [Alp13]. The main
result of this paper is that the good moduli spaces of ﬂg,n(a) are projective and constitute
steps in the Hassett-Keel program for ﬂg,n. Namely, for a@ > 2/3—¢, let Mgm(a) be the good
moduli space of M, (), which exists as a proper algebraic space by [AFS16, Theorem 1.1].
Consider the following log canonical models of M, ,:

(1.1) My,n(a) :=Proj @ H (Mg, [m(Kyg,  +ad+ (1—a)y))).

m>0
We prove that the two independently defined objects, My ,(a) and M, (), are in fact the
same:

Theorem 1.1. For o > 2/3—¢, the following statements hold:
(1) The line bundle K3, o(a) TQ0+ (1 —a)y descends to an ample line bundle on Mg, (c).
(2) There is an isomorphism Mgy ,(a) ~ Mg pn(c).

In particular, the algebraic stack Hg,n(a) has a projective good moduli space for every o > 2/3—e.

The key ingredient in the proof of Theorem 1.1 is a positivity result for certain line bundles
on M, (a) generalizing the following well-known result of Cornalba and Harris (N.B. we use
~ to denote numerical proportionality with a positive scalar).

Theorem ([CH88]). The line bundle
9 2
K+ —0+ =Y ~1IA—¢
R t 10T TV Y
is nef on Mgm for all (g,m), and has degree O precisely on the families whose only non-isotrivial
components are Ai-attached elliptic tails.
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By using the above result, Cornalba proved that 12\ — ¢ + % is in fact ample on My, and
thus obtained a direct intersection-theoretic proof of the projectivity of M, [Cor93]. In the
introduction to [Cor93], the author says that “... it is hard to see how [these techniques] could
be extended to other situations.” In what follows, we do precisely that in giving intersection-
theoretic proofs of the projectivity for My, (7/10—¢), My, (2/3), and My, (2/3—¢) by proving
the following positivity result:

Theorem 1.2 (Positivity of log canonical divisors).
(a) The line bundle
Ky ! 0 5 10A—6
Mn@/11-9 T 750 T ¥ ~10A—0+9¢

is nef on My, (9/11 — €), and, if (g,n) # (2,0), has degree O precisely on the families
whose only non-isotrivial components are Ay /Ai-attached elliptic bridges. It is trivial if
(9,n) = (2,0).

(b) The line bundle

2.1 39
ng,n('?/l()—e) + 56 + 51/1 ~ Z)\ — 5+ 0

is nef on ﬂg,n(7/10 —€), and has degree O precisely on the families whose only non-
isotrivial components are Aq-attached Weierstrass chains.

Our proof of the above theorem is inspired by [Cor93]. We also refer the reader to [ACGI11,
Chapter 14] for an excellent exposition of Cornalba’s original argument and a comprehensive
treatment of intersection-theoretic approaches to the projectivity of M, ,, many of which make
appearance in this paper.

1.1. Connections with the earlier works. In the case of unpointed curves, the stacks
M(7/10) and My(7/10 —€) were defined in a seminal paper of Hassett and Hyeon constructing
the first flip of ﬂg [HH13], which largely motivates the present trilogy of papers on the second
flip. Hassett and Hyeon construct the good moduli space M, (7/10), respectively M, (7/10—¢),
as a GIT quotient parameterizing Chow, respectively Hilbert, semistable bicanonical curves. As
we show in §5.4, Part (a) of Theorem 1.2 is readily deduced from Hassett and Hyeon’s results.
However, as explained in the introduction to [AFSv15], the present trilogy constructs the moduli
stacks of a-stable curves and establishes the projectivity of their moduli spaces for all « > 2/3—¢
independently of the earlier GIT constructions for a > 7/10 — € and n = 0 (namely those of
[Sch91, HH09, HH13]). In particular, this work gives a new proof of one of the main results of
[HH13], which is Theorem 1.1 for a > 7/10 — € and n = 0. To preserve this independence, we
include our intersection-theoretic proof of Theorem 1.2(a).

A major reason for our desire to avoid GIT as much as possible is the expectation that the
GIT construction of M,(2/3) will necessitate the stability analysis of the 6" Hilbert points of
bicanonical curves [Mor09], something that seems completely out of reach at the moment. At
the same time, our stack-theoretic methods have a hope of being pushed further for at least the
next several steps in the Hassett-Keel program.

There appears no feasible way to deduce the results of Part (b) of Theorem 1.2, for a general
(g,n), from the existing GIT results. We do note that Theorem 1.2(b) was established in
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[HL14, Section 3] for g = 4 using an assortment of GIT results. In particular, Hyeon and
Lee’s proof in genus 4 makes use of a complete analysis of Chow stability for canonical genus 4
curves obtained in [CMJL12, Kim13], which is greatly simplified by the fact that My has only
3 boundary divisors. The Chow stability of higher genus canonical curves (especially for points
corresponding to the generic points of the boundary divisors in M) has not been analyzed as
of this writing. Nevertheless, our proof of Theorem 1.2(b) is fundamentally similar to that of
[HL14]. Namely, we do use Chow stability of smooth canonical curves in the guise of Cornalba-
Harris inequality (Proposition 4.1). For families with generically singular fibers, we are able to
ultimately reduce to the generically smooth case. We refer to Section 6 for details.

1.2. Roadmap. Our proof of Theorems 1.1 and 1.2 is organized as follows. We recall the nec-
essary notions and definitions in Section 2. In Section 3, we develop a theory of simultaneous
normalization for families of at-worst tacnodal curves. By tracking how the relevant divisor
classes change under normalization, we can reduce Theorem 1.2 to proving a (more compli-
cated) positivity result for families of generically smooth curves. In Section 4, we collect several
preliminary positivity results, stemming from three sources: the Cornalba-Harris inequality, the
Hodge Index Theorem, and an effectivity result on My ,. In Sections 5 and 6, we combine these
ingredients to prove parts (a) and (b) of Theorem 1.2, respectively. Finally, in Section 7, we
apply Theorem 1.2 to obtain Theorem 1.1.

2. PRELIMINARIES ON LINE BUNDLES ON M, ,(c)

The following terminology will be in force throughout the paper. We let Z]g(Aoo) denote
the stack of connected curves of arithmetic genus g with only A-singularities, and let ng (Ay) C
Zj{g (Ao ) be the open substack parameterizing curves with at worst Ay, k < ¢, singularities. Since
ag(Aoo) is smooth, we may freely alternate between line bundles and divisor classes on Zjlg(Aoo).
In addition, any relation between divisor classes on L~{9(Aoo) that holds on the open substack
of at-worst nodal curves extends to Hg(Aoo), because the locus of worse-than-nodal curves has
codimension 2.

Let m: & — L~{9(AOO) be the universal family. We define the Hodge class as A := ci(mwr)
and the kappa class as k := .(c1(wy)?). The divisor parameterizing singular curves in Z/N{g(Aoo)
is denoted §. It can be further decomposed as § = dir + Ored, Where dreq 1S the closed locus
of curves with disconnecting nodes. (The fact that d,.q is closed follows, for example, from
[AFSv15, Corollary 2.11)).

By the preceding remarks, Mumford’s relation x = 12\ — ¢ holds on Z/~{g (Aso). Note that for
m > 2, the higher Hodge bundles 7, (w}") are well-defined on the open locus in L?Q(AOO) of curves
with nef dualizing sheaf, the complement of the closed substack of curves with rational tails. If
we restrict to this open locus, the Grothendieck-Riemann-Roch formula gives

m2—m

(2.1) c1(me(wy’)) = A+ —y

Now let C — B be a family of curves in LN{g(Aoo). If 0: B — C is any section of the family,
we define 9, := 0*we/p. We say that o is smooth if it avoids the relative singular locus of C /B.
From now on, we work only with families C — B over a smooth and proper curve B. If
o: B — C is generically smooth and the only singularities of fibers that o(B) passes through
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are nodes, then o(B) is a Q-Cartier divisor on C, and we define the index of o to be
(2.2) (o) == (we/p +0) - 0.

Notice that the index ¢(o) is non-negative, and if ¢ is smooth, then ¢(c) = 0. We also have the
following standard result:

Lemma 2.1. Suppose C — B is a generically smooth family of curves in Z/~{g(AOO).

(1) Suppose g > 1, the family C — B is not isotrivial, and o: B — C is a smooth section.
Then o? < 0.

(2) If g=0 and 0,0',0": B — C are 3 smooth sections such that o is disjoint from o' and
o, then o2 < 0.

Proof. In the positive genus case, the nodal reduction does not change o? and passing to the
relative minimal model only increases o2. The claim now follows from the well-known fact that
any section of a non-isotrivial generically smooth family of Deligne-Mumford semistable curves
has a negative self-intersection; see e.g., [Ara7l, p.1291].

In the genus 0 case, we can consider the relative minimal model of C/B that is isomorphic to C
around o. The claim then follows from the fact that on a geometrically ruled surface any section
that is disjoint from two other distinct sections must have a non-positive self-intersection.  [J

Let C — B be a one-parameter family of curves in gg(Aoo). If p € C is a node of its fiber, then
the local equation of C at p is xy = t¢, for some e € Z called the indez of p and denoted index(p).
A rational tail (resp., a rational bridge) of a fiber is a P! meeting the rest of the fiber in exactly

one (resp., two) nodes. If £ C C} is a rational tail and p = E N (Cy \ E), then the index of E
is defined to be index(p). Similarly, if £ C C} is a rational bridge and {p,q} = EN (Cy \ E),
then the index of F is defined to be min{index(p), index(q)}. We also denote the index of E by

index(F). We say that a rational bridge £ C C is balanced if index(p) = index(q).

2.1. a-stability. For the reader’s convenience, we recall the definition of a-stability and the
accompanying definitions of elliptic and Weierstrass tails and chains. The following definitions
are taken almost verbatim from [AFSv15, Section 2.1].

Definition 2.2.

(1) An elliptic tail is a 1-pointed curve (F,q) of arithmetic genus 1 which admits a finite
degree 2 map ¢: E — P! ramified at g¢.

(2) An elliptic bridge is a 2-pointed curve (E, g1, q2) of arithmetic genus 1 which admits a
finite degree 2 map ¢: E — P! such that ¢~!({oc}) = {q1 + 2}

(3) A Weierstrass genus 2 tail is a 1-pointed curve (F, q) of arithmetic genus 2 which admits
a finite degree 2 map ¢: E — P! ramified at g¢.

Recall that a gluing morphism ~v: (E,{¢;}!",) = (C,{pi}}_,) between two pointed curves is
a finite morphism E — C, which is an open immersion when restricted to E — {q1, ..., ¢n}. We
do not require the points {7y(g;)}" to be distinct, or to be marked points of C.
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Definition 2.3. An elliptic chain of length r is a 2-pointed curve (E,pi,p2) which admits a
surjective gluing morphism

T
vi (B 21, q2i) = (E.p1,p2)
i=1

such that:
(1) (Ei, q2i—1,q2;) is an elliptic bridge for i = 1,...,r.
(2) v(q2i) = Y(q2i+1) is an As-singularity of E fori=1,...,r — 1.
(3) v(q1) = p1 and (g2r) = p2.
A Weierstrass chain of length r is a 1-pointed curve (E,p) which admits a surjective gluing

morphism
r—1
v [1En 21, a20) [[(Brs a201) = (B p)
i=1
such that:
(1) (Ei, q2i—1,q2;) is an elliptic bridge for ¢ = 1,...,7 — 1, and (FE,, g2,—1) is a Weierstrass
tail.
(2) v(q2i) = Y(q2i+1) is an As-singularity of E for i =1,...,r — 1.
(3) (@) =p.

An elliptic (resp., Weierstrass) chain of length 1 is an elliptic bridge (resp., Weierstrass tail).

Definition 2.4. Let (C,{p;}!'_;) be an n-pointed curve. We say that (C, {p;}?_;) has

(1) Ag-attached elliptic tail if there is a gluing morphism ~v: (E,q) — (C, {p;}}_;) such that
(a) (E,q) is an elliptic tail.
(b) v(q) is an Ag-singularity of C, or if k = 1 we allow v(q) to be a marked point.

(2) Ag, /Ag,-attached elliptic chain if there is a gluing morphism v: (E, ¢1,¢2) = (C, {pi}~;)
such that
(a) (E,q1,q2) is an elliptic chain.
(b) v(¢:) is an Ag,-singularity of C, or if k; = 1 we allow 7(¢;) to be a marked point

(i=1,2).

(3) Ag-attached Weierstrass chain if there is a gluing morphism v: (E,q) — (C,{pi}};)
such that
(a) (F,q) is a Weierstrass chain.
(b) v(q) is an Ag-singularity of C, or if k = 1 we allow 7(¢) to be a marked point.

This definition entails an essential, systematic abuse of notation: when we say that a curve has
an Aj-attached tail or chain, we always allow the Aj-attachment points to be marked points.

Definition 2.5. We say that (R,71,72) is a rosary of length ¢ if there exists a surjective gluing

morphism
y4
v (R, q2i-1, q2i) — (R, 71,72)
i=1
satisfying:
(1) (Ri,q2i-1,42:) is a 2-pointed smooth rational curve for i =1,..., ¢.

(2) v(g2i) = v(q2i+1) is an As-singularity of R for i =1,...,¢ — 1.
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(3) v(q1) = r1 and v(q2¢) = 7.

We say that (C,{p;}}'_;) has an Ay, /Ay,-attached rosary of length ¢ if there exists a gluing
morphism v: (R,71,72) — (C,{pi}I,) such that

(a) (R,r1,72) is a rosary of length £.
(b) For j = 1,2, y(r;) is an Ay;-singularity of C, or if k; = 1 we allow y(r;) to be a marked
point of (C,{pi}i~,).
We say that C'is a closed rosary of length ¢ if C has As/As-attached rosary v: (R,r1,r2) — C
of length ¢ such that v(r1) = y(r2) is an As-singularity of C.

Definition 2.6 (a-stability). For a € (2/3—¢, 1], we say that an n-pointed curve (C, {p;}I,) is
a-stable if we (X' p;) is ample and:

For a € (9/11,1): C has only A;-singularities.
For o = 9/11: C has only A;, As-singularities.
For a € (7/10,9/11): C has only A;, As-singularities, and does not contain:
e Aj-attached elliptic tails.
For o = 7/10: C has only A;, As, As-singularities, and does not contain:
o A, As-attached elliptic tails.
For a € (2/3,7/10): C has only A;, Ay, As-singularities, and does not contain:
e Ay, As-attached elliptic tails,
e A;/Aj-attached elliptic chains.
For o = 2/3: C has only Ay, As, A3, Ay-singularities, and does not contain:
o Ay, A3, As-attached elliptic tails,
o Aj/A1, A1 /Ay, Ay Ay-attached elliptic chains.
For o € (2/3—¢,2/3): C has only Aj, As, Az, As-singularities, and does not contain:
o Ay, A3, As-attached elliptic tails,
o Ay/Ay, A1/Ay, Ay/Ay-attached elliptic chains,
e Aj-attached Weierstrass chains.

A family of a-stable curves is a flat and proper family whose geometric fibers are a-stable. We
let M, () denote the stack of n-pointed a-stable curves of arithmetic genus g. By [AFSv15,
Theorem 2.7], we know that M, ,(«) is an algebraic stack of finite type over C. Since M, ()
parameterizes unobstructed curves, it is a smooth algebraic stack and thus has a canonical divisor
K34, () 10 addition, the universal sections {0}, of the universal family 7: C — M, ()
give rise to the total -class:

¢ = Z lbo“
=1

where the individual 1)-classes are defined as before by v, = o} (wc Mg O[)). For brevity, we
often write 9; to denote v,.

Because non-nodal curves in M, ,,(«) form a closed substack of codimension 2, the standard
relation on M, ,, (cf. [Log03, Theorem 2.6]) gives

Kﬂg,n(a) - 13)\ - 25 + w-
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Since A, d, and 1 are defined on every M, , (), we have the following formula

Kﬂg’n(aci€) = Km977l(a6)|ﬂg,n(acie)
for all a. € {2/3,7/10,9/11}.

3. DEGENERATIONS AND SIMULTANEOUS NORMALIZATION

Our first goal is to develop a theory of simultaneous (partial) normalization along generic
singularities in families of at-worst tacnodal curves. In contrast to the situation for nodal
curves, where normalization along a nodal section can always be performed because a node is
not allowed to degenerate to a worse singularity, we must now deal with families where a node
degenerates to a cusp or a tacnode, where two nodes degenerate to a tacnode, or where a cusp
degenerates to a tacnode.

Recall the following definition from [AFSv15]:

Definition 3.1 (Inner/Outer Singularities). We say that an Ag-singularity p € C is outer if
it lies on two distinct irreducible components of C, and inner if it lies on a single irreducible
component. (N.B. If k is even, then any Ag-singularity is necessarily inner.)

We begin by describing all possible degenerations of singularities in one-parameter families of
tacnodal curves:

Proposition 3.2. Suppose C — A is a family of at-worst tacnodal curves over A, the spectrum
of a DVR. Denote by Cjy the geometric generic fiber and by Co the central fiber. Then the only
possible limits in Cq of the singularities of Cy are the following:
(1) A limit of a tacnode of Cy is necessarily a tacnode of Cy. Moreover, a limit of an outer
tacnode is necessarily an outer tacnode.
(2) A limit of a cusp of Cy is either a cusp or a tacnode of Cy.
(3) A limit of an inner node of Cy is either a node, a cusp, or a tacnode of Cy.
(4) A limit of an outer node of Cy is either an outer node of Co or an outer tacnode of Cy.
Moreover, if an outer tacnode of Cy is a limit of an outer node, it must be a limit of two
outer nodes, necessarily joining the same components.

Proof. By deformation theory of A-singularities, a cusp deforms only to a node, a tacnode
deforms only either to a cusp, or to a node, or to two nodes. Given this, the result follows
directly from [AFSv15, Proposition 2.10]. O

We describe the operation of normalization along the generic singularities for each of the
following degenerations:

(A) Inner nodes degenerate to cusps and tacnodes (see Proposition 3.4).
(B) Outer nodes degenerate to tacnodes (see Proposition 3.5).
(C) Cusps degenerate to tacnodes (see Proposition 3.6).

We begin with a preliminary result concerning normalization along a collection of generic
nodes. Suppose m: X — B is a family in ng(Aw) with sections {o;}¥_, such that o;(b) are
distinct nodes of X}, for a generic b € B and such that {o;(B) le do not meet any other generic
singularities. (The last condition will be automatically satisfied when 7: X — B is a family
in Z/N{g(Ag) and {o;}%_, is the collection of all inner or all outer nodes.) Let v: J — X be the
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normalization of X' along U¥_,0;(B). Denote by {n;",n; } the two preimages of o; (which exist
after a base change). Let R : 1.0y — OBy (resp., R : vxOy — O, (p)) be the morphisms
of sheaves on X induced by pushing forward the restriction maps Oy — Om;t( B) and composing
with the natural isomorphisms V*(Omi ( B)) ~ Oy, p)- We let R; := R} — R; be the difference
map, and set

R = @;‘clei: V*Oy — @ﬁzloo—i(B)'

In this notation, we have the following result.

Lemma 3.3. There is an exact sequence

(3.1) 0= Ox L5 1,0y L5 5,0, 5 — K =0,

where K is supported on the finitely many points of X at which the generic nodes {o;(B)}F_,
degenerate to worse singularities. Consequently,

)‘X/B = A:))/B + length(w*lC)

Proof. Away from finitely many points on X where the generic nodes degenerate, we have
im (v#) = ker(R) and R is surjective. Consider now a point p € X where a generic nodes
coalesce to an A,,-singularity. A local chart of X around p can be taken to be

SpecCllz, y, 8]/ (v* — (x = s1(8))* -+ (x = sa(t))* f (2, 1)),

where x = s;(t) are the equations of generic nodes. By assumption on the generic nodes, f(x,t)
is a square-free polynomial. Hence

Y= SpecC[[m,u,t]]/(u2 - f(as,t))

and the normalization map is given by

Y uH(x — si(t))
=1

Without loss of generality, the equation of 0" is u = 4w;(t), where v;(t)? = f(si(t),t). It
follows that R;: C[[z,u,t]]/(u® — f(z,t)) — C[[t]] is given by

Ri(g(x,u,t)) = g(si(t),vi(t),t) — g(si(t), —vi(t), t).

Write C[[x, u, t]]/(u? — f(z,t)) = Cl[z,t] + uC[[z, ]] Clearly, Cl[z,t]] C ker(R) Nim (v7). Note
that ug(z,t) € ker(R) if and only if R; (ug x,t) ) = si(t),t) =0 for every i = 1,...,a if
and only if g(x,t) € (x — s;(t)) for every i = 1,...,a. Slnce the generic nodes are distinct, we
conclude that ug(z,t) € ker(R) if and only if [, (x — s;(t)) | g(z,t) if and only if ug(z,t) €
yC[[z,t]] C im (v*). The exactness of (3.1) follows.

Pushing forward (3.1) to B and noting that c;((7 0 v).Oy) = c1(m:Ox) = 1(7O04,(B)) = 0,
we obtain

Cl(Rl(’]T o I/)*Oy) = Cl(Rlﬂ'*Ox) + Cl(ﬂ'*K).

The formula relating Hodge classes now follows by relative Serre duality. O
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Proposition 3.4 (Type A degeneration). Suppose X /B is a family in Z/~{g(A3) with sections
{o:}%_, such that o;(b) are the inner nodes of Xy for a generic b € B, degenerating to cusps and
tacnodes over a finite set of points of B. Denote by Y the normalization of X along US_,0;(B)
and by {n;",n;} the two preimages of ;. Then {nli} are sections of Y/ B satisfying:
(1) If 0;(b) is a cusp of Xy, then n; (b) = n; (b) is a smooth point of V.
(2) If ;(b) is a tacnode of Xy and o(b) # o;(b) for all j # i, then n;"(b) = n; (b) is a node
of Yy and n;r +mn, is Cartier at b.
(3) If 0;(b) = oj(b) is a tacnode of X, for some i # j, then (up to £) ni(b) = n;-r(b) and
n; (b) =mn; (b) are smooth and distinct points of Vy.

Set n; = 771‘+ +n; and Yy, == wy/p N = 1/177; + 1#”;. Define

k k
¢inne7‘ = Z wm‘, 5tacn = Z(nz : nj)7 and 5i7mer = Z(WZL : 771_)
i1 it i1

Then we have the following formulae:

k
1
)\X/B = )‘y/B + iémcn + (5inner + 25(7’/;—)7
1=
k

5X/B = 53}/3 — Yinner + 4dtaen + 100inner + 10 Z L(ﬂ;_)-
=1

A pair of sections {nj, n; } arising from the normalization of a generic inner node will be called
an inner nodal pair and n;t will be called inner nodal transforms.

Proof. The formula for the Hodge class follows from Lemma 3.3, whose notation we keep, once
we analyze the torsion sheaf K on X'. Consider the following loci in X':

(a) Cu is the locus of cusps in X' /B which are limits of generic inner nodes.
(b) Tny is the locus of tacnodes in X' /B which are limits of a single generic inner node.
(c) Tng is the locus of tacnodes in X'/B which are limits of two generic inner nodes.

(a) A local chart of X around a point p € Cu can be taken to be
Spec Cllz,y, 1]/ (y* — (x — )% (w +2t°™)),

where z = ™ is the equation of the generic node o degenerating to the cusp p. Then ) =
Spec C[[z, u, t]]/(u* — x — 2¢t*™) and the normalization map is y + u(z — ¢t*™). The preimages
n* and 1~ of the generic node o have equations u = V3t™ and u = —/3t™. Note that Y is
smooth and the intersection multiplicity of n™ and 1~ at the preimage of p is m. It follows that
the contribution of p to d;nner is M.

The elements of C[[z,u,t]]/(u* — x — 2t*™) that do not lie in ker(R) are of the form ug(z,t)
and we have R(ug(z,t)) = 2v/3t™g(t*™,t). It follows that im (R) = (t™) C C[[¢]]. Hence
K, = C[[t]]/im (R) has length m.

(b) A local chart of X around a point p € Tn; can be taken to be

Spec Cllz, y, 1))/ (y* — (z — t™)*(2® + %)),
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where x = t™ is the equation of the generic node o degenerating to the tacnode p. Then
Y = SpecCllw, u, 1))/ (u? — 2% — %)

is a normal surface with As._1-singularity at the preimage of p, and the normalization map is
given by

y = u(x —t™).
The preimage of ¢ is the bi-section given by the equation u? = t*™ + ¢2¢, which splits into two
sections given by the equations u = £v(t), where the valuation of v(t) is equal to min{m, c}. The
map R: C[[x,u,t]]/(u? —x? —t*¢) — C[[t]] sends an element of the form ug(x,t) to 2v(t)g(t™,t)
and all elements of C[[z,t]] to 0. We conclude that K, = C[[t]]/im (R) has length min{m, c}.

It remains to show that the contribution of p to (™ -7~ 4 ¢(n")) is min{m, c}. There are
two cases to consider. First, suppose ¢ < m. Then the equations of n* and n~ are u = ot¢ and
u = —at® where o is a unit in C[[t]]. The minimal resolution h: J — Y has the exceptional
divisor

EiU---UEy. 1,

which is a chain of (—2)-curves. The strict transforms 777 and 77~ meet the central (—2)-curve

E. at two distinct points. Clearly, h*wy g = w3 B and a straightforward computation shows
that
c—1
Wt +nT) =0t +5 + ) i(Ei + Baey) + B
i=1
It follows that the contribution of p to (n* -5~ + (")) = (wy,p+ 0T +77) T is c.
Suppose now that ¢ > m. Then the equations of n™ and = are u = at™ and u = —at™,

respectively, where « is a unit in C[[t]]. The exceptional divisor of the minimal resolution
h: Y — Y is still a chain of (—2)-curves of length 2¢ — 1. However, 77T and 77~ now meet E,
and Eoc_pm, respectively. It follows that the contribution of p to (n™ -5~ + «(n™)) is m.

(c) A local chart of X around a point p € Tna can be taken to be

Spec C[[z, y, t]]/(y2 — (z —t™)*(x + tm)2),

where x = t" and # = —t™ are the equations of the generic nodes {01,092} coalescing to the
tacnode p. Then

Y = SpecC[[z,u, t]]/(u® — 1)

is a union of two smooth sheets, and the normalization map is given by
y = u(z —t")(z+t™).

The preimages 1" and 7, of the generic node o7 have equations {u = 1,z = ™} and {u =
—1,7 = t™}. The preimages n; and 7, of the generic node o9 have equations {u = 1,z = —t™}
and {u = —1,z = —t"}. In particular, n;-t are smooth sections, with nfr meeting 17;, and 1y
meeting 7, , each with intersection multiplicity m. It follows that the contribution of p to d¢gen
is 2m.

The elements of C[[x,u,t]]/(u* — 1) that do not lie in ker(R) are of the form ug(x,t) and we
have R(ug(z,t)) = (2g9(t™,t),2g(—t™,t)) € C][t]] x C][[t]]. It follows that

im (R) = ((1,1), (¢, 8), ..., @™ L™ ) 4 (¢™) x (t™) < C[[t]] x C[[¢]].
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Hence K, = (C[[t]] x C[[t]])/im (R) has length m.
It remains to prove the formula for the boundary classes. To begin, note that v*wy,p =
wy/B (Zf:l(n;|r + 772_)) Therefore,

k k
kg =ryp+2 > (0 +07)-(f +07)) +2wy/p- > (0F +07) + > (0 +n;)?
1<i<j<k i—1 i—1
k k k
= Ky/p+20tacn+wy/ Y (0 074> (wyys - mt + )7 +wyp -+ 7)) 42> ()
=1 =1 =1

k
= Ry/B + 25tacn + winner +2 Z L(??;’—) + 25inner-

i=1

Using Mumford’s relation £ = 12\ — ¢ and the already established relation between Ay,p and
Ay/p, we obtain the desired relation between dy,p and dy/p. O

Proposition 3.5 (Type B degeneration). Suppose X /B is a family in Zj{g(Ag) with sections
{0}, such that o;(b) are outer nodes of Xy, for a generic b € B, degenerating to outer tacnodes
over a finite set of points of B. Denote by Y the normalization of X along Uleai(B) and by
{¢H, ¢} the two preimages of o;. Then {Cf k_| are smooth sections of Y such that ¢ oand ¢
lie on different irreducible components of Y. Setting

5tacn = Z(Cj_ + Cz_) ' (C;- + Cj_>a
i#]

we have the following formulae:

1
Ax/B=Ay/B+ §5mcm
k

Ox/B = 0y/B — Z(Qﬁcj + =) + 4dtacn.
i=1

The sections {C;", ¢}, will be called outer nodal transforms.

Proof. By Proposition 3.2, outer nodes can degenerate only to outer tacnodes. Moreover, an
outer tacnode which is a limit of one outer node is a limit of two outer nodes. The statement
now follows by repeating verbatim the proof of Proposition 3.4 (Part (c)), and using Lemma
3.3. O

Proposition 3.6 (Type C degeneration). Suppose X /B is a family in ng(Ag) with sections
{o:}8_, such that o;(b) is a cusp of Xy for a generic b € B, degenerating to a tacnode over a
finite set of points in B. Denote by Y the normalization of X along Uleai(B) and by &; the
preimage of o;. Then &; is a section of /B such that &;(b) is a node of YV, whenever o;(b) is a
tacnode of Xy, and &;(b) is a smooth point of Yy, otherwise. Moreover, 2§; is Cartier and we have
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the following formulae:

k k
Ax/B=Ay/B — ngi +2 Z u(&i),

i=1 i=1
k k
5;{/3 = 53;/3 —12 ZT[)& + 202 1(&).
i=1 i=1
The sections & will be called cuspidal transforms.
Proof. The proof of this proposition is easier than the previous two results because a generic
cusp cannot collide with another generic singularity. In particular, we can consider the case of a

single generic cusp o. Let v: ) — X be the normalization along o. Suppose o(b) is a tacnode.
Then the local equation of X around o(b) is

v’ = (z —a(t))*(z + 3a(t),
where z = a(t) is the equation of the generic cusp. It follows that ) has local equation u? =
(x—a(t))(x+3a(t)) and v is given by y — u(x —a(t)). The preimage of o is a section £&: B — )
given by z — a(t) = u = 0. Note that {(b) = {x = u = ¢t = 0} is a node of )}, and consequently
€ is not Cartier at £(b).
Clearly, v*wy/p = wy/p(2§) and by duality theory for singular curves

mwx /B = (7o v)«(wy/p(28)).
Therefore,
kx/B = (Wy/B + 2¢)% = (Wy/B)2 +4(82+¢- wy/B) = ky/p + 4u(§),
and by Grothendieck-Riemann-Roch formula
Ax/g = c1((mov)u(wy p(26))) = Ay — e + 2u(8).
The claim follows. 0

4. ASSORTED POSITIVITY RESULTS

4.1. Cornalba-Harris inequality. We generalize a well-known Cornalba-Harris result on pos-
itivity of divisor classes for generically smooth families of Deligne-Mumford curves to the case
of tacnodal curves.

Proposition 4.1 (Cornalba-Harris inequality). Let g > 2. Suppose f: C — B is a generically
smooth family in Uy(Asz), over a smooth and proper curve B, with we/p relatively nef. Then

4
<8+ g> )\0/3 — (5C/B > 0.

Moreover, if the general fiber of C/B is non-hyperelliptic and C/B is non-isotrivial, then the
inequality is strict.

Remark. When the total space C is smooth, this result was proved in [Xia87] and [Sto08, Theorem
2.1], with no restrictions on fiber singularities.
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Proof of Proposition j.1 in the non-hyperelliptic case: As in [Sto08, Theorem 2.1], if the general
fiber of C/B is non-hyperelliptic, the result is obtained by the original argument of Cornalba
and Harris [CH88], which we now recall.

Suppose Cp for some b € B is a non-hyperelliptic curve of genus g > 3. After a finite base
change, we can assume that A\ € Pic(B) is g-divisible. Then the line bundle £ := we/p® f*(=A/g)
on C satisfies the following conditions:

(1) det(f«(L)) ~ Op.

(2) f«(L™) is a vector bundle of rank (2m — 1)(g — 1) for all m > 2.

(3) Sym™ f.(L) — f«(L™) is generically surjective for all m > 1.
For m > 2 and general b € B, the map Sym™ H%(Cy,w¢,) — H°(C, wgy, ) defines the m'" Hilbert
point of Cjy. Since the canonical embedding of Cy has a stable m‘* Hilbert point for some m > 0

by [Mor09, Lemma 14], the proof of [CH88, Theorem 1.1] gives ¢1(f(£L™)) > 0. Using (2.1), we
obtain

4 2(g—1) 2 >
4.1 8+ — — + A—0=ci(fi(L™)) > 0.
1) < g gm gm(m — 1) (ul£7))
To conclude we note that § > 0, and if § = 0, then A\ > 0 for any non-isotrivial family by the
existence of the Torelli morphism My, — A,. We conclude that (8 +4/g) A —d > 0. O

4.1.1. Families of 2g + 2-pointed rational curves. Suppose that (Y/B, {Ui}?ﬂ_Q) is a family of
(29 + 2)-pointed at-worst nodal rational curves where o; are smooth sections, wy/ B(Z?ﬂf 0;)
is relatively nef, and no more than 4 sections meet at a point. We say that an irreducible
component F in the fiber Y, of J/B is an odd bridge if the following conditions hold:

(1) E meets the rest of the fiber Y} \ E in two nodes of equal index,
(2) B 2 0 =2,
(3) the degree of Z?ff? o; on each of the two connected components of Y3, \ £ is odd.

Suppose h: Y — Z is a blow-down of some collection of odd bridges. The image of Zfi? op

in Z will be denoted by . Note that while the individual images of ¢;’s are not Cartier on Z
along the image of blown-down odd bridges, the total class of ¥ is Cartier on Z. We say that a
node p € Z, (resp., p € Y3) is an odd node if the degree of ¥ (resp., 2123{2 0;) on each of the
connected component of the normalization of Z; (resp., Y3) at p is odd. We denote by doqq the

Cartier divisor on B associated to all odd nodes of Z/B (resp., J/B).

Proof of Proposition 4.1 in the hyperelliptic case: Suppose now that C — B is a family of at-
worst tacnodal curves with a relatively nef we/p and a smooth hyperelliptic generic fiber. The
hyperelliptic involution on the generic fiber of f: C — B extends to all of C and realizes C/B as
a double cover of a family (Z/B,X) described in §4.1.1 in such a way that C — Z ramifies over
Y. Let doqq be the divisor of odd nodes of Z/B. We have the following standard formulae:

(52 +2wz/p + S — Goda)

)‘C/B: Z/B’

oc/B =

A 00|~

3
2 _|_w2/B Y+ 2&)2’7/3 — 250dd>
Z/B



14 ALPER, FEDORCHUK, AND SMYTH

Consider h: Y — Z. Then h*(X) = fofQ 0; + E, where E is a collection of odd bridges, and

h*wZ/B = Wwy/B- Set 77by/B = Wy/B - ZZQEJ{Q O3, Oinmer 1= Ziyéj(o-i . O'j)7 and e := —%E2. Then
1 1
/\C/B = <8(¢y/3 + 25inner - 5odd) + 2€> s
Y/B
1
6C/B = (25inner + 20even + 500dd + 56)

We obtain

4 2 1 1 2 3 1
(8 + > >\C/B - 5C/B = < g+ 7/] + *5inner + ( - 1) € — 26@1}671 - < + ) 6odd> .
g 29 g g 2 2 y/B

Multiplying by 2g, we reduce to proving that on ))/B we have
(29 + 1)¢ + 25inner - 4966ven - (39 + 1)(Sodd - (29 - 4)6 > 0.

Noting that for any family J’/B as in §4.1.1, we have

g+1
(29 + 1) + 20immer = > _ (29 + 2 — )3,
i=1
and using the inequality 2e < §,44, Wwe obtain the desired claim. ]

Hodge Index Theorem Inequalities. We apply a method of Harris [Har84] to obtain in-
equalities between the 1)-classes, indices of cuspidal and inner nodal transforms, and the x class.
In the following lemmas, we use the following variant of Hodge Index Theorem for singular
surfaces.

Lemma 4.2. Let S be a proper integral algebraic space of dimension 2. Suppose H is a Q-
Cartier divisor on S such that H?> > 0. Then the intersection pairing on any d-dimensional
subspace of NS(S) containing H has signature (1,d —1).

Proof. Let 7: S — S be the minimal desingularization of the normalization of S. Then S is
a smooth projective surface. Note that 7*: NS(S) — NS(§) is an injection preserving the
intersection pairing. The statement now follows from the Hodge Index Theorem for smooth
projective surfaces. O

Lemma 4.3. Suppose X /B is a family of Gorenstein curves of arithmetic genus g > 2 with a
section §. Assume X is irreducible. Let 1(§) = (§ +wx/p) - € be the index of £. Then

(g—1) K
g KQ+@@—D'

Proof. Apply the Hodge Index Theorem to the three divisor classes (F,{,wy/p), where F is the

(4.2) e >

fiber class. Since £+ kF' has positive self-intersection for k > 0, the determinant of the following
intersection pairing matrix is non-negative:

0 1 29 — 2
L =g +u(§) v
2g—2 Qﬂg K

The claim follows by expanding the determinant. ]
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Lemma 4.4. Suppose X /B is a family of Gorenstein curves of arithmetic genus g > 2 with a
pair of sections nT,n~. Assume X is irreducible. Then

(4.3) Pt + Py > 2(gg+_11)((77+ ) +un)) +

g?—1

Proof. Consider the three divisor classes (F,n = nt +n ,wy /B), Where F' is the fiber class.
Since 1+ kF has positive self-intersection for k£ > 0, the Hodge Index Theorem implies that the
determinant of the following intersection pairing matrix is non-negative:

0 2 29 — 2
2 _¢n+ - Qpn* + 2(77+ : 77_) + L(U+) + L(n_) ¢n+ + Qpn*
29 — 2 Ut + Pyy- K
The claim follows by expanding the determinant. O

Lemma 4.5. Suppose X/B is a family in Uy(As) with a smooth section 7. Assume X is
irreducible. Then

(4.4) 81 > k.

Moreover, if d;eq = 0, then the equality is satisfied if and only if (X /B, T) is a family of Weier-
strass genus 2 tails in Ma1(7/10 — €).

Proof. The inequality follows directly from Lemma 4.3 by taking g = 2. Moreover, the proof
of Lemma 4.3 shows that equality holds if and only if the intersection pairing on (F,7,wx/p)
is degenerate. Assuming §,.q = 0, there is a global hyperelliptic involution h: X — X. Hence
wx/B = T+h(T)+zF, for some x € Z. Observe that wy,p-7 = wy/p-h(7) and F-17 = F-h(7).
Since no combination of w and F' is in the kernel of the intersection pairing, we conclude that

™ =7-h(r).

However, the intersection number on the left is negative by Lemma 2.1 and the intersection
number on the right is non-negative whenever 7 # h(7). We conclude that equality holds if only
if h(7) = 7, that is 7 is a Weierstrass section. O

We will need special variants of Lemmas 4.3 and 4.4 for the case of relative genus 1 and 0.

Lemma 4.6. Let X/B be a family of Gorenstein curves of arithmetic genus 1 with a pair of
sections n™,n~, and suppose that n* and n~ are disjoint from N smooth pairwise disjoint section
of X/B. Assume X is irreducible. Then

<N+2

>~ W 5red .

(1) + 1) (s +6-) + 52

Proof. Let X be the sum of N pairwise disjoint smooth sections of X' /B disjoint from {n*,n~}.
Then (wx/p + 2%)% = w%(/B = k. Apply the Hodge Index Theorem to (F,n" +n~, wx/p + 2%),
where F' is the fiber class. The determinant of the matrix

0 2 2N
—1/177+ —%* +2(77+ '777) +L(77+) +L(777) 1/47* +w17*
2N @/J,fr + 'lbnf K
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is non-negative. Therefore
—4k + 8N(¢77+ + Q;Z)n—) + 4N2(¢77+ + ¢n—) > 8N2((77+ : 77_) + L(77+)),

which gives the desired inequality using K = —;eq- ]

Lemma 4.7. Let X/B be a family of Gorenstein curves of arithmetic genus 1 with a section
&, and suppose that £ is disjoint from N smooth pairwise disjoint sections of X. Assume X is

irreducible. Then

N+1 1
<

Furthermore, suppose N = 1, with T being a smooth section disjoint from &, and d.eq = 0. Then
equality holds if and only if 26 ~ 27.

5red .

Proof. Let ¥ be the collection of smooth sections of X'/B disjoint from £. By the Hodge Index
Theorem applied to (F,&§,wy/p + 2X), the determinant of the matrix

0 1 2N
1 —the+u(§) e
2N wg K
is non-negative. Therefore
1 1

4. < —ap — — k.
(4.5) (&) < e + wa 4N2H
This gives the desired inequality using Kk = —dyeq.

To prove the last assertion observe that because d,,q = 0 all fibers of X'/B are irreducible
curves of genus 1. In particular, wy,p = AF and it follows from the existence of the group
law on the set of sections of X'/B that there exists a section 7' such that 26 — 7 = 7. Since
TNE =0, we have 7' NE = &. If equality in (4.5) holds, then the intersection pairing matrix
on the classes (F,§, ) is degenerate. Hence some linear combination (z§ + y7 + zF') intersects
F,&, 7 trivially. Clearly, y # 0. Intersecting with 7, we obtain y(7 - 7) + z = 0; and intersecting

2

with 7/, we obtain y(7-7')+2 = 0. Hence 72 = 7-7/. This leads to a contradiction if 7 # 7. O

4.2. An inequality between divisor classes on MQ ~- The proof of Theorem 1.2 will require
the following effectivity result on Mg n.

Lemma 4.8. Suppose (C/B;{o;}Y.,) is a one-parameter family in Mo n with generically smooth

fibers.  Suppose {n;,m; Yo, is a subset of {o;}N1. Set Vinner = iy (wn* +¢n__) and
dinner 1= Zi:l 5{7];"7771—} If a > 2, then we have
(4.6)

Yinner > 4inner +4 Z Z 5{77;L,77;75} + 2 Z 6{772 N Z Z 5{771 . JI]

=1 gg{nt m; Yo, i=1 g

Proof. Since the generic point of B maps to the interior Moy C Mg n, it suffices to show that
the left-hand side of (4.6) is an effective combination of the boundary divisors on Mo y. To
do so, we apply the Effective Boundary Lemma [Fed14, Lemma 2.3.3]. Let V be the set of N
elements identified with the set {O‘i}i]\il. We define the following weighting on the edges of the
complete graph with vertices in V:
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(1) The edges joining n;t and n]j-E for 1 < i < j < a will have weight 1.
(2) The edge joining 7;" and n; will have weight —(a — 1).
(3) All other edges will have weight 0.

Using the terminology of [Fed14, Section 2.2], the flow through the vertex 77?[ is a — 1 for every
1 <% < a, and the flow through all other vertices is 0.

Suppose I LI.J = V is a partition with |I|,|J] > 2. Let  be the number of pairs {n;",n; }
such that n” € I and n; € J, or vice versa, and let y be the number of pairs {n;",n; }
contained entirely in I or J. Set z = a — 2z —y. Then the flow across I U J is w(I | J) =
((x+2y)(z+22) —x) — (a — 1)z = x(y + 2) + 4yz. We see that

(1) w(I | J) >0 for every I U J.

(2) If I ={nS,n;}or J={n",n;,B}, where 8 ¢ {n,n; }%,, then z = 0 and y = 1, and
sow(I|J)=4(a—1).

(3) If I = {nF, nji} for i # j, then x =2 and y = 0, and so w(I | J) = 2(a — 2).

(4) IfI:{nj',ni_,njF} for j # 4, then x =1 and y = 1, and so w(I | J) = 5a — 9.

It follows that the left-hand side of (4.6) is an effective combination of the boundary divisors by
[Fed14, Lemma 2.3.3]. O

5. PROOF OF THEOREM 1.2(a)

In this section, we give an intersection-theoretic proof of Theorem 1.2(a). At the end of
the section, we also include a short argument deducing Theorem 1.2(a) from the results of
[HH09, HH13].

To begin, notice that 10\ — § + 1 = 0 on M3 (9/11 — €) by the standard relation 10\ =
Jirr + 20req that holds for all families in Us o(Axo)-

We now prove that 10\ —  + 1 is nef on ﬂg,n (9/11 — €) and has degree 0 precisely on families
whose only non-isotrivial components are A;/Aj-attached elliptic bridges, for all (g,n) # (2,0).
Let (C/B,{oi};) be a (9/11 — ¢)-stable family. The proof proceeds by normalizing C along
generic singularities to arrive at a family of generically smooth curves, where the Cornalba-
Harris inequality holds, or at a family of low genus curves, where the requisite inequality is
established by ad-hoc methods. Keeping in mind that generic outer nodes and generic cusps
of C/B do not degenerate, but generic inner nodes of C/B can degenerate to cusps, we begin
by normalizing generic outer nodes, then normalize generic cusps, and finally normalize generic
inner nodes.

5.1. Reduction 1: Normalization along generic outer nodes. Let X be the normalization
of C along generic outer nodes, marked by nodal transforms. By [AFSv15, Lemma 2.17], every
connected component of X'/B is a family of generically irreducible (9/11 — ¢€)-stable curves. By
Proposition 3.5, we have

(10X =0+ )/ = (10X =6 + ¥) x/B.

We have reduced to proving 10\ — ¢ + ¢ > 0 for a family with generically irreducible fibers.
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5.2. Reduction 2: Normalization along generic cusps. Suppose (X /B, {o;}}- ;) is a family
of (9/11 — €)-stable curves with generically irreducible fibers. Let ) be the normalization of X
along generic cusps. Denote by {&}§_; the cuspidal transforms on Y. Set theusp = Y i Ve,
and ¥y, p := Yx/B + Yeusp- Then by Proposition 3.6, we have

(10)\ -0+ w)X/B = (10)\ -0+ w))}/B + wcusp-

We have reduced to proving 10\ — 6 + ¢ + Yeysp > 0 for a family (V/B, {0} 1, {&}5_,), where

(1) The fibers are at-worst cuspidal and the generic fiber is irreducible and at-worst nodal.

(2) {oi}jy, {&}i=, are smooth sections and wy, (3 i, o7 + Y i &) is relatively ample.
(N.B. A priori only wy,g(> i, 07 +2 > i_; &) is relatively ample. However, a rational
tail cannot meet only a single cuspidal transform because the original family X' /B cannot
have cuspidal elliptic tails.)

5.3. Reduction 3: Normalization along generic inner nodes. Consider the family (V/B,{o;};,{&}{1)
as in Subsection 5.2. Let a be the number of generic inner nodes of /B. We let Z — ) be the

normalization and denote by nj and 7n; the inner nodal transforms of the it generic node. We

obtain a family

(2/B,{oi}ir, {n; Yo, {&}ia),
where

(1) The fibers are at-worst cuspidal curves and the generic fiber is smooth.

(2) The sections {o;}7;, {nF 1%, {& 15, are all smooth and pairwise disjoint, except that
n;r can intersect 7, for each i.

(3) wz/B (Z?Zl o + Z?Zl(n;r +n )+ Dy &-) is relatively ample.

By Proposition 3.4, we have that
(10)‘ -0+ w + 7vbcusp)y/B = (1O>‘ -6+ 1/] + 1/)cusp)Z/Bv

where Yeusp = D iy Ve, and Yz/p = Yy p + X (Y +,-)-

We let N = n+ 2a + ¢ be the total number of sections of Z/B, including cuspidal and inner
nodal transforms. Our proof that (10A — 3+t +cusp) z/p = 0 will depend on the relative genus
h of Z/B.

5.3.1. Suppose h > 2. Passing to the relative minimal model of Z/B only decreases the degree
of (10X — 6 + % + Peusp). Hence we will assume that wz/p is relatively nef. We still have N
smooth and distinct sections (which can now intersect pairwise). With wz,p relatively nef, we
can apply the Cornalba-Harris inequality:

e If h > 3, then 10 > 8 + 4/h and so 10A — § > 0 by Proposition 4.1. We also have
Y+ Peusp > 0, so we are done.

o If h = 2, then Proposition 4.1 gives 10\ — ¢ > 0. Lemma 2.1 gives 9 + cysp > 0 since
we must have N > 1 (if N = 0, then C/B was a family in M3(9/11 —€)). We are done.
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5.3.2. Suppose h = 1. Using relations on the stack on N-pointed Gorenstein genus 1 curves
inherited from standard relations in Pic(M; n) given by [AC98, Theorem 2.2], we have \ =
Oirr/12, and ¢ = Ny /12 + 3 ¢ [S]00,5 > NOirr /12 + 2604 If N > 3, we obtain

10X + 1/1 -0 > 105irr/12 + N(Sirr/12 + 26red — (5irr + 5red) > 0.

If N = 2, we obtain 10A—0+1 > dyeq > 0 and 9cysp > 0. We conclude that 10A—5+9+tpeysp > 0
with the equality holding if only if tcysp = 0reqa = 0. This is possible if and only if all fibers are
irreducible and there are no cuspidal transforms (by Lemma 2.1), which implies that X' /B =
Y/B is a family of A;/Aj-attached elliptic bridges.

5.3.3. Suppose h = 0. Then all fibers of Z/B are in fact at-worst nodal. Because A = 0, we
can write (10A — 6 + 9 + Yeusp) z/B = (¥ — § + Yeusp) z/p- Blow-up the points of intersection of
n; and 7; for each i. We obtain a family (W/B, {o:}7_, {n"}¢_ 1. {&}5;) in Mo,n. Setting
Sinner == D i1 6{77?,77;}, we have

(77/) -0+ wcusP)Z/B = (w — 0 — Oinner + wcusp)w/B :

If @ = 0, then 0,1 = 0 and we are done because ¥ — § > 0 for any family of Deligne-Mumford
stable rational curves, for example by [KM13, Lemma 3.6]. If a > 2, then by Lemma 4.8,
Z?Zl(wn;r + wnf) > 4dipner- In addition, 3y > 49 by a similar argument. It follows that
¥ > § 4 Oinner and so we are done.

Finally, if a = 1, then (y/B, {oi}? 4, {fi}le) obtained in Subsection 5.2 is a family of arith-
metic genus 1 (generically nodal) curves. The proof in §5.3.2 goes through without any modifi-
cations to show that (10A — 0 + 1 + Yeusp)y,p = 0 with the equality if and only if X/B =Y /B
is a (generically nodal) elliptic bridge.

5.4. A different proof. Theorem 1.2(a) also follows immediately from the results of Hassett
and Hyeon [HH09, HH13]. Namely, in the case of n = 0, [HH09, Lemma 4.1 and Proposition 4.2]
imply that ng ©9/11—0) T 1105 is nef. Alternatively, Hassett and Hyeon show that ng (9/11—e) T
1—705 is a pullback of an ample line bundle via a morphism to the GIT quotient of the Chow
variety of bicanonical curves [HH13, p.944]. The case of n > 1 follows from the observation that
ng+’Ln(g/11_E) + 1—705 pulls back to Kﬂg,n(9/11—e) + %5 + f’—ovﬁ under the morphism M, (9/11 —
€) = Mginn(9/11 —¢€) defined by attaching a fixed general curve of genus h > 3 to every marked
point.

6. PROOF OF THEOREM 1.2(b)

In the remaining part of the paper, we prove Theorem 1.2(b). Let (C/B,{o;} ) be a
(7/10—¢)-stable generically non-isotrivial family of curves. We begin by dealing with the case
when C/B has a generic rosary, or a generic A;/As or As/As-attached elliptic bridge. In both
cases, generic tacnodes come into play and we will repeatedly use the following result that
explains what happens under normalization of a generic tacnode:

Proposition 6.1. Suppose X /B is a family in Z]g(AOO) with a section T such that 7(b) is a
tacnode of X, for allb € B. Denote by Y the normalization of X along T and by 7+ and 7~ the
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+

preimages of T. Then 7= are smooth sections satisfying .+ = ¥,.— and we have the following

formulae:

1
)\X/B = )\y/B - §(¢T+ +¢T_)a
Sx/B = 0y/B — 6(Vr+ +1r-).

Proof. This is [Smy11, Proposition 3.4] (although it is stated there only in the case of g =1). O

6.1. Reduction 1: The case of generic rosaries. Let C be the geometric generic fiber of
C/B and consider a maximal length rosary R = R; U --- U Ry of C (see Definition 2.5). Since
C/B is non-isotrivial, the rosary cannot be closed. Let T := m The point T'N Ry (resp.,
T N Ry) is either an outer node or an outer tacnode, so its limit in every fiber is the same
singularity by [AFSv15, Proposition 2.10]. Similarly, the limits of the tacnodes R; N R;y1, for
i=1,...,£—1, remain tacnodes in every fiber. We then have that C = T UR1U---URy, where
the geometric generic fiber of R; and T is R; and T respectively. Let yi (resp., x2) be the nodal
or tacnodal section along which 7 and R (resp., Ry) meet. Let 7;, for i = 1,...,¢ — 1, be the
tacnodal section along which R; and R;y1 meet. In the rest of the proof we use the fact that
self-intersections of 2 disjoint smooth sections on a P'-bundle over B are equal of opposite signs.
Together with Proposition 6.1, this gives

(Vx)R1/B = —(Wr)ry B = —(r))RoyB = (Wr)Ray5 = (1) (Wr ) )my/m = (=1 (¥y0) Ry -

In what follows, we set 17/p = Yo Yo, by + Yy, = Ye/B + Uy + Uxa-
Case 1: R is Aj/A1-attached rosary. An A;/A;-attached rosary of even length is an elliptic
chain and thus cannot appear in an a-stable curve for a < 7/10—e. Hence £ must be odd. By

39 39
<4/\_5+¢> :(4/\—5+1/z> .
¢/B T/B

Since (7, {03} 1, x1, x2) is (7/10—¢)-stable and R /B is isotrivial, we reduce to proving Theorem
1.2(b) for (T,{oi}_1, X1, x2), which has one less generic rosary than (C/B, {o;}}_;).
Case 2: R is Aj/As-attached rosary. Suppose xi is a nodal section and y2 is a tacnodal

Proposition 6.1, we obtain

section. By the maximality assumption on R, the irreducible component of T' meeting Ry is not
a 2-pointed smooth rational curve. It follows by Lemma 2.1 that (¢y,)7 > 0. By Proposition
6.1, we have

39 39 5 9!
N5+ ) =<A—6+ > + ()R /B + = (Wxa)Ry/B + = )R-
<4 (G o 1 G i (Uxi)riyB + 4 (Uxa)re/B 4;@ )R

If ¢ is odd, then Zf;ll (¢r;)g, = 0 and ¢y, = —1by,. We thus obtain:

39 39 1 39
(4)\—64—1,[)) = <4A—5+¢> + (W) 78 2 <4A—5+¢>
¢/B /B /B

Noting that 1)y, = 0 only if R/B is isotrivial, we again reduce to proving Theorem 1.2(b) for
(7.7 {0-2'}?:17 X1, X?)



SECOND FLIP IN THE HASSETT-KEEL PROGRAM: PROJECTIVITY 21

If ¢ is even, then v, =1, and Zf:(wn)m + 1y, = 0, so that

39 39
<4>\5+¢> :<4)\6+w> .
c/B T/B

Furthermore, we observe that R/B is isotrivial and we reduce to proving Theorem 1.2(b) for
(T {oiticy, X1, x2)-

Case 3: R is As/As-attached rosary. By the maximality assumption on R, neither 7' N
R1 nor T' N Ry lies on a 2-pointed rational component of 7. It follows by Lemma 2.1 that
(Yy )T (Vys)7 > 0. However, ¥, = (—1)%th,,. Therefore, either ¥, = 1, = 0, in which case
R /B is an isotrivial family, or £ is even and 1, = 1, > 0. In either case, Proposition 6.1 gives

39 39 1 39
<4A—5+¢) - (4A—6+w) 1 W)rs > <4A—6+¢> |
¢/B T/B T/B

and the inequality is strict if R is not isotrivial. Thus we reduce to proving Theorem 1.2(b) for

(T7 {Ui}?zla X1, XQ)

6.2. Reduction 2: The case of generic A;/A3 or As/As-attached elliptic bridges. Sup-
pose the geometric generic fiber of C/B can be written as C = T3 U E U Ty, where E is an
A1 /As-attached elliptic bridge. Let ¢y = T3 N E be a node and g2 = T N E be a tacnode. By
[AFSv15, Proposition 2.10], the limit of g; (resp., ¢2) remains a node (resp., a tacnode) in every
fiber. Thus we can write C = (71, 79) U (€, 71, 72) U (T2, 73), where 79 ~ 71 are glued nodally and
To ~ T3 are glued tacnodally. Since A;/Aj-attached elliptic bridges are disallowed, fibers of £
have no separating nodes and so (€, 71, 72) is a family of elliptic bridges. By [AFSv15, Lemma
2.16], (71, 70) is (7/10 — €)-stable. Also, (72, 73) is (7/10 — €)-stable because 73 cannot lie on an
Ajp-attached elliptic tail in 7s.

Set ¢" = (T1,70) U (T2, 73), where we glue by 79 ~ 73 nodally. Then (C'/B,{o;}~,) is a
(7/10 — €)-stable family by [AFSv15, Lemma 2.17]. By Proposition 6.1, we have

39 39 39 5 39
<4)\—5—|—1/)> :<4A—6+w> +<4A_5+wn+4wm> +<4/\—5+w>
C/B Ti/B £/B T2/B

39 39 39
:<A—5+w> +<A—5+¢> :<A—5+¢> ;
4 T1/B 4 T2/B 4 C'/B

where we have used relations (Y, )e/p = (¥ry)e/B = Ag/p and dg/p = 12)¢/p, both of which
hold because (0red)s/p = 0.

Note that (£/B, 71, 72) is trivial if and only if ¢, = ¢, = 0. Thus we have reduced to
proving Theorem 1.2(b) for the family C’/B with one less generic Ay /As-attached elliptic bridge.
Moreover, the equality for C'/B holds if and only if the equality for C/B holds and C'/B is
obtained by replacing a generic node of C’ by a family of elliptic bridges A;/As-attached along
the nodal transforms.

Similarly, if the generic fiber of C/B has an As/As-attached elliptic bridge, then we can
remove the bridge and recrimp the two remaining components of C along a generic tacnode.
The calculation similar to the above shows that the degree of (%)\ -0+ @ZJ) does not change
under this operation.
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Observe that replacing an attaching node of a Weierstrass chain of length ¢ by an A;/As-
attached elliptic bridge in a way that preserves (7/10 — €)-stability gives a Weierstrass chain of
length ¢ + 1. Similarly, replacing a tacnode in a Weierstrass chain of length ¢ by an As/As-
attached elliptic bridge gives a Weierstrass chain of length £ + 1. In what follows, we will prove
that for a non-isotrivial (7/10—e¢)-stable family (C/B, {o;}"_;) with no generic A;/As or As/As-
attached elliptic bridges, we have (%)\ -0+ 1/1)6/3 > 0 and equality holds if and only if C/B is
a family of Weierstrass genus 2 tails. By the preceding observation, this implies that for every
non-isotrivial (7/10—e)-stable family (C/B, {o;}?_,), we have (22X — 6 + v))
holds if and only if C/B is a family of Weierstrass chains!

/B > 0 and equality

6.3. Reduction 3: Normalization along generic tacnodes. Consider a family (C/B, {o;}! ;)
of (7/10 — €)-stable curves with no generic rosaries and no generic A;/As or As/As-attached el-
liptic bridges. Let X be the normalization of C along generic tacnodes. Denote by {T,L-:t le the
preimages of the generic tacnodes, and call them tacnodal transforms. Set Vigen := Z?:1(¢T+ +
1/1T;) and Yy, p = Yc/B + Ytacn- Applying Proposition 6.1 we have l

39 39 1
(A—6+w> =<A—6+¢+WMQ |
4 ¢/B 4 8 X/B

If we now treat each tacnodal transform 7'ii as a marked section, then every connected com-
ponent of X is a generically (7/10 — €)-stable family (because there are no generic A;/As
or As/As-attached elliptic bridges). Blowing-down all rational tails meeting a single tacn-
odal transform and no other marked sections does not change (%)\ -4 +w) X/B but makes
(X/B, {0}y, {m"}4 ) into a (7/10 — €)-stable family. We still have e, > 0 by Lemma
2.1, with strict inequality if d > 1. Thus, we have reduced to proving Theorem 1.2(b) for a
(7/10 — €)-stable family with no generic tacnodes.

6.4. Reduction 4: Normalization along generic outer nodes. Consider a (7/10—¢)-stable
family (X/B,{o;}l";) with no generic tacnodes. Let ) be the normalization of X along the
generic outer nodes and let {C:r G }le be the transforms of the generic outer nodes. Set
Otacn = Z#j(g‘ii . C]i) and Yy p 1= Yy g + Z?Zl(@bgr + 1/14;). Then by Proposition 3.5, we
have

39 39 7
(Gr-s4v) = (Fr-ssv fum) .
1 vp \4 8 VB

6.5. Reduction 5: Normalization along generic cusps. Let ) be as in Subsection 6.4 and
let Z be the normalization of (a connected component of) Y along generic cusps and let {&;}¢_;
be the cuspidal transforms on Z. Then the family (Z/B, {o;}";,{¢: Y., {&}5,) satisfies the
following properties:

(1) The generic fiber is irreducible and at-worst nodal.
(2) The sections {o;}?_, are smooth, pairwise non-intersecting and disjoint from {¢;}%_,.
(3) The sections {(;}°_, are smooth and at most two of them can meet at any given point

of Z.
(4) The sections {&;}¢_, are pairwise non-intersecting and disjoint from {¢;}°_; and {o;}7,.
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Set ¢(B) := 23, 1(&), where (&) is the index of the cuspidal transform &;, and eysp =
> i 1 e, Then we have by Proposition 3.6

(6.1) (%fx Sy gatm> (349)\ 54+ Meusp — 7e(B) + ;(stm) .
Y/B Z/B
Our goal for the rest of the section is to prove that the expression on the right-hand side of
(6.1) is non-negative and equals 0 if and only if the only non-isotrivial components of the family
X /B from Subsection 6.4 are Aj-attached Weierstrass genus 2 tails.
Let h be the geometric genus of the generic fiber of Z and let a be the number of generic
inner nodes of Z. Our further analysis breaks down according to the following possibilities:

(A) h > 3; see §6.5.1.
(B) h=2, or (h,a) = (1,1), or (h,a
(C) h=1and a# 1, or (h,a) = (0,
(D) h=0and a >3, or (h,a) = (

= (0,2); see §6.5.2.
); see §6.5.3.
0,0); see §6.5.4.

—_ —

6.5.1. Case A: Relative geometric genus h > 3. Suppose Z/B is a family as in Subsection 6.5.
Let W be the normalization of Z along the generic inner nodes. Let {77;r ,M; }i—q be the inner
nodal transforms on W. Then (W/B, {oi}y, {nF o1, {GY,, {&1)5,) satisfies the following
properties:

(1) The generic fiber is a smooth curve of genus h > 3.

(2) Sections {o;}7, are smooth, non-intersecting, and disjoint from {n;"}¢_,, {¢;}2_,, and
{&itizt-

(3) Inner nodal transforms {n;"}¢_, are disjoint from {¢;}’_, and {&}¢_,. Their properties
are described by Prop081t10n 3 4.

(4) Outer nodal transforms {(;}°_, are disjoint from {&}¢_,. Their properties are described
by Proposition 3.5.

(5) Cuspidal transforms {¢;}¢_; have properties described by Proposition 3.6.

We let ¢y p = Yz 5 + 221 (Vyr +¢,-) and (Sacn)w/p = (Stacn) z/5 + Sz (0 M), We
set Sinner = Y o1 (i -n;7) and n(B) := Y0, ¢(n;"), where ¢(n;") is the index of the inner nodal
transform 771'+ . Then by Proposition 3.4:

39 5 1 7
2 —\— — — —¢(B —
(6 ) ( 4 A—0+ ¢ + 4¢cusp 40( ) + 85tacn>Z/B

1 1 5 7
7”(3) - 7C(B) + chusp + 85tacn>

39 1
< )\ 6 + ¢ znner - 4 4

w/B

Passing to the relative minimal model of W/B does not increase the degree of the divisor
on the right-hand side of (6.2). Hence we will assume that wyy,/p is relatively nef. Then by
Proposition 4.1, we have (8 +4/h)A —§ > 0. Since h > 3 and § > 0, we obtain %)\ —6>0
(when 6 = 0, we have A\ > 0 by the existence of the Torelli morphism). We proceed to estimate
the remaining terms of the right-hand side of (6.2). Clearly, dt4cn, > 0. Since h > 3 and
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k= 12X — § > 0, the inequalities of Lemmas 4.3 and 4.4 give

— - (h_l) - ) R _h—l K 1
‘bcusp_;%iz h ZL(EZ)+C4h(h—1)_ on B eqmm > 398

=1

- 2(h—1) &
Dy + 1) 2 (h+1) (0 07) + 00)) + a5 > Gianer +(B).

i=1 =1

Summarizing, we conclude that the right-hand side of (6.2) is strictly positive.

6.5.2. Case B: Relative genus 2. Suppose Z/B is a family as in 6.5 with relative geometric genus
h = 2. Let W be the normalization of Z along the generic inner nodes. As in §6.5.1, we reduce
to proving that

1 1 5 7

- - - = - >
471(3) C(B) + 4¢cusp + 85tacn> W/B - 07

(63) <39)‘ 5 + w 1 znner - 4

under the assumption that wyy,p is relatively nef.
For any family W/B of arithmetic genus 2 curves with a relatively nef wyy /g, we have

(6.4) 10A = Girr + 20red.

This relation implies that § < 10X for any generically irreducible family and, consequently,
Kk = 12X — § > 2\, with the equality achieved only if §,eq = 0, i.e., if there are no fibers where
two genus 1 components meet at a node. It follows that %)\ — 9 > —\/4, with the equality only
if 6yeq = 0.

By Lemma 4.4, we have

a

D0+ 2 = Ginner + n(B)) + %
By Lemma 4.3, we have
Veusp > %c(B) + cg.
Putting these inequalities together and using x > 2\, we obtain
¢@w+z: T Yy ?Wm+imm+idm+(?+iDA

If a + ¢ > 1, we obtain a strict inequality in (6.3) at once. Suppose a = ¢ = 0. So far, we have

that
C?A—5+%> >§:¢m+§:wg——x
W/B

i=1
We now invoke Lemma 4.5 that gives

ZT/)@?LZ@Z)Q_ n+b RZ (nl—b))\‘

Since n+b > 1 (otherwise, W/ B is an unpointed family of genus 2 curves, which is impossible),
we conclude that Y7 | 1, + Zle e, — A/4 > 0 and that equality is achieved if and only if
n+b=1, deq = 0, and equality is achieved in Lemma 4.5. This is precisely the situation when
Y/B =W/B is a family of A;j-attached Weierstrass genus 2 tails.
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Finally, if (h,a) = (1,1) or (h,a) = (0,2), we proceed exactly as above but without normal-
izing the inner nodes: For a family (Z/B, {0}, {G 1} 1, {&}¢.,) as in Subsection 6.5, where
the relative arithmetic genus of Z/B is 2, we need to prove

7

(B) + 5tacn> Z 0.
8 z/B

39 5 1
<4A -0+ (s chusp - ZC

Applying (6.4) to estimate ¢, Lemma 4.3 to estimate tcysp, and Lemma 4.5 to estimate

n b
PRSI
i=1 i=1
(all of which apply even if the total space Z is not normal), we obtain

1 7 1. 4dn+4b+9. 5
Se(B) + L6 > N PRI O
16B) + gaen 2 = A+ 16 *16¢

Moreover, equality is achieved if and only if d,.q = 0, ¢ = 0, and n+b = 1, which is precisely the

39 5 7
_ — — — — > .
1 A=0+1+ 41/qusp (B) + 85mcn >0

situation when V/B = Z/B is a family of Aj-attached (generically nodal) Weierstrass genus 2
tails.

6.5.3. Case C: Relative genus 1. Suppose Z/B is a family as in Subsection 6.5 of relative genus
1 and with a generic inner nodes, where a # 1. We consider the case a > 2 first. Let W be the
family obtained from Z by the following operations:

(1) Normalize Z along all generic inner nodes to obtain inner nodal pairs {77:r M i1

(2) Blow-up all cuspidal and inner nodal transforms to make them Cartier divisors.

(3) Blow-up points of nii N n]j-[ for all i # j.

(4) Blow-up points of ¢; N (; for all i # j.
As a result, the sections of W/B do not intersect pairwise with the only possible exception that
77Z-+ is allowed to meet 7, . A node of Z through which ; passes is replaced in W by a balanced
rational bridge meeting the strict transform of &;, which we continue to denote by &;. We say
that such a bridge is a cuspidal bridge associated to &. Moreover, if we let ¢(&;) be the sum of
the indices of all bridges associated to &;, then

2u(&i)z/B = c(&i)wyB-
Suppose {n;",n; } is an inner nodal pair of Z/B. Then a node of Z through which 5 and n;"
both pass is replaced in W by a balanced rational bridge meeting the strict transforms of 771'+
and 7, , which we continue to denote by 77;r and n; . We say that such a bridge is an inner nodal
bridge associated to {n;",n; }. Moreover, if we let n(1;) be the sum of the indices of all bridges
associated to {n;",n; }, then

((nf - m7) + e )z = (0 - 07) +nlm)wys.
On W/B, we define

a

Oinmer 1= Z(UT i) Otaen = Z Oo,tnE ¥y T Z 00,{¢1.¢5}
i=1 i T i
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and let n(B) (resp., ¢(B)) be the sum of the indices of all inner nodal (resp., cuspidal) bridges.
We reduce to proving that

1 1

39 1 1 )
7}\*6 *76inner*7 B - B - Ycus 7760,071 2 .
(5254 s = 0B = 1elB) 4 o~ ) 20

8
We will make use of the standard relations for pointed families of genus 1 curves and Lemmas

4.6 and 4.7. Let N = n + 2a 4+ b + ¢ be the total number of marked sections of W/B. Clearly,
N > 2. We consider first the case when N > 3. Then by Lemma 4.6, we have

a

N a
6inner + n(B) < m ;(d}nj + Qpn:) + méred-

Applying Lemma 4.7, we obtain

2N c

< — _— .
C(B) =N — 1wcusp+ 4(N — 1)26red

Using the above two inequalities and rewriting § = 12\ + d,0q, We see that

39 1 5) 1
(6.5) Z)\ -0+ — 1 (Oinner +n(B) +¢(B)) + chusp — §5tacn

a

9 5 N N
2t (4_2(N—1)> Ve + ¥ = gy 2+ )

=1

14 a n c 5 1 5
8(N—2)2 ' 16(N —1)2 ) “red — grteen
We rewrite each 1)-class on the right-hand side of (6.5) using the standard relation on families
of arithmetic genus 1 curves:

Yo =A+ > dos.

o€eS

The coefficient of A in the resulting expression for the right-hand side of (6.5) is

9 <5 N alN

(66) _Z+C 4_2(]V—1))+N_4(]V—2)

Using N > 2a + ¢ and the assumption N > 3, it is easy to check that (6.6) is always positive.

A similarly straightforward but tedious calculation shows that each boundary divisor g g
appears in the resulting expression for the right-hand side of (6.5) with a positive coefficient.
Thus we have shown that the right-hand side of (6.5) is positive for every non-isotrivial family
with N > 3.

We consider now the case of N = 2. Since C/B in Subsection 6.3 has no generic elliptic
bridges (nodally or tacnodally attached), we must have ¢ = 1 and n + b = 1. Let £ be the
corresponding cuspidal transform and 7 be either a marked smooth section (if n = 1) or an
outer nodal transform (if b = 1). We trivially have 0;pper = n(B) = Staen = dreqa = 0. Using
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dirr = 12X and the inequality ¢(B) < 49cyusp from Lemma 4.7, we obtain:

39 1 1 1 5 1
7)\ O+ — 4 Oinner — Zn(B) - ZC(B) + chusp - éétacn

1 ) 39 1
= — - —_ = — > )\ — _
4 IN-ou 160B) + JYeusp = A = 12X+ 0+ Jteuy

39 1
=—A—-12X4+22+ -2 =0.
1 + +4 0

Moreover, equality holds only if equality holds in Lemma 4.7. This happens if and only if 2§ ~ 27
and implies that ))/B in 6.4 is a generically cuspidal family of Aj-attached Weierstrass genus 2
tails. We are done with the analysis in the case h =1 and a # 1.

If (h,a) = (0, 1), we proceed exactly as above, but without normalizing the inner node.

6.5.4. Case D: Relative geometric genus 0. Suppose Z/B is a family as in Subsection 6.5 of
relative geometric genus 0 and with a generic inner nodes, where either a > 3 or a = 0. We
consider the case a > 3 first. Let W be the family obtained from Z by the following operations:

(1) Normalize Z along all generic inner nodes to obtain inner nodal pairs {77:r M Fie1-

(2) Blow-up all cuspidal and inner nodal transforms to make them Cartier divisors. This
operation introduces cuspidal or nodal bridges as in §6.5.3.

3) Blow-up points of nii N nj-c forall1 <i<j<a.

) Blow-up points of ;N ¢; for all 1 <i < j <b.

5) Blow-up points of nf Nn, forall 1 <i<a.

6) Blow-down all rational tails marked by a single section (such tails are necessarily adjacent
either to cuspidal or inner nodal bridges).

As aresult, W/B is a family in Mg n, where N = n+2a+b+cand a > 3. On W/B, we define

Sinner = Z 6{711 7} Otacn 1= Z 5{173[,77?5} + Z 5{@'74]'}’

oy oy
C
B._ CB ._
= Z Yo Surarey 05T =00 Sy
=1 gyt i=1 B#£E;

and let n(B) (resp., ¢(B)) be the sum of the indices of all inner nodal (resp., cuspidal) bridges.
Then

39 1 7
< )‘ 6 + ¢ + wcusp ZC(B) 85tacn>
Z/B

10(B) +e(B) + 87 +657) -

1

) )
= (77/) =+ Ewcusp - 45mner - 8(5tacn> /B .

We are going to prove that a (strict!) inequality
) 5 1 1
Tﬂ + Z¢cu5p - 5 - Zéinner - Z(n(B) + C(B) + 55),\[3 + 520B) - g(stacn > 0

always holds on W/B. In doing so, we will use the following standard relation on M y:

) o =

r>2
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First we deal with the case of a family with 3 inner nodal pairs and no other marked sections,
i.e., a =3 and N = 6. The desired inequality in this case simplifies to

5) 1 1
Q;Z) — 60— *5inner - *(TL(B) + 5éVB) - *(52 - 5inner) > 0.
4 4 8
We have an obvious inequality 2n(B) < d2. Thus we reduce to proving
5 9 1
: ~62 + —Oinner + 03 + —03 7.

For a > 3, Lemma 4.8 gives
¥ > A8inner + Otacn + 30N P = 38inner + 02 + 303 P,
Combining this with the standard relation 51 = 82 + 943 gives
8t > ipmer + 1102 + 903 + 9635,

This clearly implies (6.8) as desired.

Next, we consider the case of N > 7. In this case, every inner nodal or cuspidal bridge is
adjacent to a node from ) .. d,. As a result, we have n(B) 4+ ¢(B) <23 .4 6,. Furthermore,
%52013 + %(ﬁacn + %&nner < lgg (because a node from ds can contribute only to one of the Oinners

Otacn, O 520 B ). Hence we reduce to proving
5 5 3 1
(6.9) W+ JPeusp = 302 = Sinner — 5 Z>:3 0 = 7037 >0

We combine the inequality of Lemma 4.8 with the standard relation (6.7), and the obvious
Y 2 Yinner to obtain

3 w - Z T(L:T)(sr + (¢inner - 45inner - 35éVB) + (1/1 - winner) > 0.

r>2

This gives the estimate

6(N—2) 9(N-—3) NE
> 40, .
44p > Ainner + — 02 + T§>3: 5, + 36

Using N > 7 and cyusp > 0, we finally get

P+ Z¢cusp > Oinner + 252 + g Z Or + Z%VB.
r>3
Moreover, the equality could be achieved only if N = 7 and % — ¥nner = 0 which is impossible
because ¥ = Y;nner implies that all sections are inner nodal transforms and so N must be even.
Hence we have established (6.9) as desired.

At last, we consider the case of a = 0. Because the family WW/B is non-isotrivial, we must have
N > 4. In addition, if N = 4, then there exists a unique family of 4-pointed Deligne-Mumford
stable rational curves. The requisite inequality is easily verified for this family by hand. If
N > 5, then using the inequality 2¢(B) < d, we reduce to proving

9 9 1 1
¢ + chusp - gé - 1520B - gétacn > 0.
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The standard relation (6.7) gives

Za 52+ Za 5+ 52

7“>2 T>3

Finally, the inequality do > 658 4 6;4cn gives the desired result.
This completes the proof of Theorem 1.2 (b).

7. PROJECTIVITY FROM POSITIVITY

Throughout this section, we make use of the following standard abuse of notation: Whenever £
is a line bundle on M, () that descends to the good moduli space, we denote the corresponding
line bundle on M, () also by £. In this situation, pullback defines a natural isomorphism
H° (M, (), £) =~ H* (Mg (), £).

We begin with a result that allows us to descend a multiple of ng’n(a) +ad+ (1 —a)y from
the stack to the good moduli space.

Proposition 7.1. Let o, € {2/3,7/10,9/11}. For any closed C-point [(C,{p;}1_)] € Myn(ac),
the action of Aut(C, {p;}1'_,)° on the fiber omeq () + a0+ (1—ae)t is trivial. Consequently,
a positive multiple of Kyg )+ b + (1 — ac) descends to My, (ac).

Proof. We recall that by [AFSv15, Theorem 2.22], an a,-stable curve (C,{p;}}_ ;) is closed
Mg n(ac) if and only if it is ac-closed (see [AFSv15, Definition 2.21]). Furthermore, the com-
binatorial types of a.-closed curves are described in [AFSv15, Definition 2.31]. We prove the
proposition for a. = 2/3 and an a-closed curve (C,{p;}I";) of Type A with just one a.-atom;
the other cases being similar. Let

C=K'UL=K' URU---UR/_jUE

be the decomposition of C' as in [AFSv15, Definition 2.31], where E is the a.-atom and R; are
length 3 rosaries. Suppose that the rank of Aut(K’) is d. By [AFSv15, Remark 2.28], there
exist length 3 rosaries R},..., R} in K’ such that Aut(K’)° ~ HZ:1 Aut(R}). Thus, we have

Aut(C)° = Aut(K')° x Aut(L H Aut(R}) x HAut ) x Aut(E)

Given a line bundle £ on M, ,(a.) and any one-parameter subgroup p: G,,, — Aut(C), we
let (xr, p) be the character of the induced action of G, on the fiber of the line bundle £ over the
point [C]. Let pi.: Gy, — Aut(C) (resp., pj, ¢) be the one-parameter subgroup corresponding
to Aut(R},) C Aut(C) (resp., Aut(R;),Aut(E) C Aut(C)). By [AFS14, Sections 3.1.2-3.1.3],
we have

(v pl) =0 {xa pj) =0 (xn ) =4

(X6—p Pf) =0 (X6—v>pj) =0 (Xo—v> ) = 39.
We provide details only for one character calculation: By definition, ¢ acts non-trivially only
on the a.-atom E, which is an A4-atom in the terminology of [AFS14]. Now, [AFS14, Corollary
3.3] says that the character of the induced action of G, on the fiber of the line bundle A\ over
the point [C] is the same as the analogous character of [E] € Ma1(a.). It follows by [AFS14,
Section 3.1.2] that (xx, ) = 4.
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Using the identity

K+q +acd + (1= ae)th = 13X + (ae — 2)(6 — ¥))

g.n(ac)

one easily computes

<XK+O[C6+(1—QC)'¢)7p§€> = <XK+cxc5+(1—ac)dnpj> = <XK+ac5+(1—ac)'¢)a Q0> =0,
and the claim follows. The descent statement follows by [Alp13, Theorem 10.3]. O

Proposition 7.2. Let a > 2/3 —e. Suppose that K, n) + B8+ (1— B)¢ descends to My, ()
for some B < a. Then we have

Proj R(My,, (), K, (o) T OO+ (1= B)) ~ Mg,(B).

Proof. Consider the rational map fy: ngn -—» ngn(a). If &« > 9/11, then f, is an isomor-
phism. If 7/10 < a < 9/11, then fa|Mg \d10 is an isomorphism onto the complement of the
codimension 2 locus of cuspidal curves in My (). If @ < 7/10, then fa’Mg,n\((sl,OU‘sl,l) is an
isomorphism onto the complement of the codimension 2 locus of cuspidal and tacnodal curves
in My ,(a). (If n =0, then §;1 = @). It follows that we have a discrepancy equation

(7.1) fa (Kﬂg’n(a) + B0+ (1 - B)) ~ Ky, + 80+ (1= B¢+ codio+cidn,
where ¢g = 0 if @« > 9/11 and ¢; =0 if « > 7/10.

Let T C ngn be a non-trivial family of elliptic tails and To C Mg,n \ 01,0 be a non-trivial
family of 1-pointed elliptic tails. Then f, is regular along 77, and for o < 9/11 contracts T}
to a point. Similarly, f, is regular along 75, and for @ < 7/10 contracts T» to a point. By
intersecting both sides of (7.1) with 77 and Tb, we obtain ¢ = 118 — 9 < 0 if @ < 9/11, and
1 =108 -7 <0if a < 7/10. It follows that

Proj R(Mg,n(oé)aKﬂg,n(a) + B0+ (1— 5)¢) ~ Proj R(Mg’”’Kﬂg,n B+ (1— ﬁ)w)
O
Proposition 7.3. Fiz o, € {a1 = 9/11, a3 = 7/10,a3 = 2/3} and take ag = 1. Suppose that for
all0 < ek 1,
ng,n(ac71—e) + (ac—l - 6)5 + (1 — Qo1 + 6)1/}

descends to an ample line bundle on Mg,n(ac_l —€). In addition, suppose that

K+ ) T e + (1 —ae)y

Mg n(ae—1—¢€
is nef on ﬂg,n(ac_l —¢€) and all curves on which it has degree 0 are contracted by Mg,n(ac_l —
€) = My n(ac). Then K34, n(a) T 00 + (1 — @)y descends to an ample line bundle on M ,(c)

for all a € [ae, ae—1).

Proof. By Proposition 7.1, Kyz )+ acd + (I — a)® descends to My, (a.). Consider the
open immersion of stacks Mg ,(ae—1 —€) = My, (a.) and the induced map on the good moduli
spaces j: Mg p(ae—1 —€) = Mg (). We have that

j*(Kﬂg,n(aC) + a0+ (1 — ozc)¢) = Kﬂg,n(acq—d + acd + (1 — ae)t.
) e + (1 — a)1p descends to a nef line bundle on the
+ acd + (1 — aep)yp is

By our assumptions, ngyn(%_l_e

projective variety My, (a.—1 — €). First, we show that ng (

n Oéc—l_f)
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semiample on Mg,n(ac_l —e¢). To bootstrap from nefness to semiampleness, we first consider the
)T b on M, (ae—1—¢€)
is identified with the section ring of Kﬂg +acd on M. The latter line bundle is big, by standard
bounds on the effective cone of M, and finitely generated by [BCHMI0, Corollary 1.2.1]. We
conclude that ng( ae_1—e) T a6 is big, nef, and finitely generated, and so is semiample by
[Laz04, Theorem 2.3.15]. When n > 1, simply note that Kﬂﬁhn(ac?l_e) + a.0 pulls back to
ng’n(aﬁl%) + a0+ (1 — )t under the morphism My, (ce—1 —€) = Myinn(ae—1 —¢€) defined
by attaching a fixed general curve of genus h > 3 to every marked point.
We have established that

j* (ng’n(ac) + acd + (1 - Oéc)’l)[)) = ng,n(acfl—G) + O[C(S + (1 n ac)¢

case n = 0 and g > 3. By Proposition 7.2, the section ring of ng(

Qe_1—€

is semiample on Mgm(ac_l — ¢€). By assumption, it has degree 0 only on curves contracted by
My n(ce—1 — €) = My, (c). We conclude that Kﬂg,n(ac) + a0 + (1 — a)®) is semiample and is
positive on all curves in M, (a.). Therefore, ng’n(%) + aed + (1 — ac)t is ample on My, ().

The statement for a € (o, ae—1) follows by interpolation. O

Proposition 7.4. Fiz o, € {9/11,7/10,2/3}. Suppose that K34, n(ae) TOO+ (1—a)y descends
to an ample line bundle on My, (a.). Then for all 0 < e < 1,

Kﬂg,n(@lg*({) + (ac - 6)(50 + (1 —a.+ 6)’¢
descends to an ample line bundle on Mg,n(ac — o).

Proof. Consider the proper morphism m: My, (a.—€) — My, (a.) given by [AFS16, Theorem
o T a0 + (1 — a)1) descends to a line bundle on

4.25]. Our assumption implies that ng (
M, (e —€) which is a pullback of an ample line bundle on My, (a.) via m. To establish the

n(Qc
proposition, it suffices to show that a positive multiple of ¢ — § on My, (a.—€) descends to a
m-ample line bundle on M (. —¢).

For every (a.—e)-stable curve (C, {p;}_,), Proposition 7.1 implies that the induced character
of Aut(C, {p;}_1)° on both K +a.d+ (1 —ac)y and K+ aey10+ (1 —aeyq)y is trivial. It follows
that the induced character of Aut(C, {p;}!'_{)° on § — ¢ is trivial. Applying [Alp13, Theorem
10.3], we obtain that a positive multiple of § — ¢) descends to a line bundle A/ on Mg,n(ac—e).

To show that NV is relatively ample over Mgﬁn(oac), consider the commutative cube

w dWy
/ /
Mg n(oe) Mg,n(ce—e€)
(7.2)
e (1504(;75
ligle l WX_//G
My.n (ctc) B Mg,n(ctc—e)

where W = [Spec A/G] — W//G = Spec A and Wi, = Wy /|G = Proj @ysg A-q are
the good moduli spaces as in [AFSv15, Proposition 3.3]. Since the vertical arrows are good
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moduli spaces, [AFS16, Proposition 2.7, Lemmas 2.8 and 3.3] imply that after shrinking W
by a saturated open substack we can assume that f sends closed points to closed points and
is stabilizer preserving at closed points, and that the left and right faces of Diagram (7.2) are
Cartesian. The argument in the proof of [AFS16, Theorem 1.3] concerning Diagram (7.2) shows
that the bottom face is Cartesian.

The restriction of NV to W, , descends to the relative O(1) on Wy //G. Therefore, the

pullback of N on My ,(a.—€) to W, ,//G is O(1) and, in particular, is relatively ample over
W//G. Since the bottom face is Cartesian, it follows by descent that NV is relatively ample over

My n(ac). The proposition follows. O
We proceed to prove Theorem 1.1 using Propositions 7.2, 7.3, 7.4 and Theorem 1.2.

Proof of Theorem 1.1. First, we show that Part (2) follows from Part (1). Indeed, suppose
K34, n(a) T 00+ (1 — @)y descends to an ample line bundle on My (). Then

ngn(a) ~ Proj R(Mgm(a), ng (@) +ad+ (1 - a)¢) ~ Mg,n(oz),

,n

where the second isomorphism is given by Proposition 7.2.

The proof of Part (1) proceeds by descending induction on « beginning with the known case
a > 9/11, when My, () = My,. Let a. € {an = 9/11,a2 = 7/10,a3 = 2/3} and take
ag = 1. Suppose we know Part (1) for all & > a,—; —e. By Theorem 1.2, the line bundle
Kﬂg,n(aﬁl—e) + acd + (1 — )y is nef on My (a1 —€) and all curves on which it has degree 0
are contracted by My ,(ce—1 —€) = My (). It follows by Proposition 7.3 that the statement
of Part (1) holds for all @ > a,.. Finally, Proposition 7.4 gives the statement of Part (1) for
a > o — €. ]
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