Definitions.

e An algebraic space is a sheaf X on Schyg, such that there exist a scheme
U and a surjective étale morphism U — X representable by schemes.

o A Deligne-Mumford stack is a stack X over Schg, such that there exist
a scheme U and a surjective, étale and representable morphism U — X.

e An algebraic stack is a stack X over Schy, such that there exist a scheme
U and a surjective, smooth and representable morphism U — X.
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Theorem (Representability of the Diagonal). en
(1) The diagonal of an algebraic space is repr. by schemes. D ) émj
(2) The diagonal of an algebraic stack is representable. @ (Gg?d)s»cu\ a&(\oﬂg&

Theorem (Algebraicity of quotients).

(1) R = U smooth groupoid of schemes =—> [U/R)] is an alg stack.
(2) R =3 U étale groupoid of schemes —> [U/R)] is a DM stack.

(8) R = U étale equiv. relationss of schemes =—> U/R is an alg space.
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Definitions.

(1) Let X be a noetherian algebraic space and x € | X]|.
Choose an étale presentation (U, u) — (X, z) and define

X:ZdimuUEZZoUOO
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(2) Let X be an algebraic stack and = € |X|. Choose a
smooth presentation (U,u) — (X, z) and let s,t: R =
U be the smooth groupoid. Define

dim; X := dim, U — dim,(,) Ry, € ZU o0

where R, is the fiberof s: R > U overuande: U - R
denotes the identity morphism in the groupoid.
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(3) If X is a noetherian algebraic space or stack, define

dimX = sup dim, X € Z U cc.
z€|X|
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Def. Let X be an alg stack and z € X(k). The Zariksi
tangent space is defined as the set

Speck X
2-commutative diagrams [ \‘% / ~
y

Spec kle] ——> X

e_XT s?a(ﬁé

Ty =

SeX

where (1,a) ~ (7/,d/) if iso B: 7 = 7’ in X(kle])
compatible with @ and o/, i.e. & = B|speck © .

e Scalar multiplication: For ¢ € k on (1,a) € Tx 4,
c- (1, ) is defined as the composition

Spec k[e] =% Speck[e] = X

with the same 2-isomorphism a.

e Addition: Use the equivalence C\,&\) y LG //\\)

|XCklea] i Flea]) — X(kler]) xaxgey (e
WX _ecsy

Define (71, 1) + (72, a2) as the composition
Spec k[e] — Spec(kle1] Xk klea]) = X
¢ e ({,v)
7 (9]

Prop. If X is an algebraic stack with affine diagonal
and z € X(k), then Tx , is naturally a k-vector space.
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Def. o Let X be an algebraic stack and z € |X]|.

e Choose a smooth presentation (U,u) — (X, z).

The residual gerbe of x is the substack G, C X defined as
the stackification of the full subcategory|GP*® C X|of objects
a € X over S which factor as a: S — Rlu) — X.
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Thm. e Let X be a noetherian algebraic stack.
~———

o Let x € |X| be a finite type point with smooth and affine
stabilizer.

Then G, is an alg. stack and@ — X is a loc. closm

Moreover, if (U,u) — (X,z) is a smooth morphism
from a scheme U, then

O(u)——U

| = |

G,—X

where O(u) is the orbit s(t~1(u)) of the induced groupoid
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Thm. e Let X be a noetherian algebraic stack.

o Let z € |X| be a finite type point with smooth and affine
stabilizer. —_—

Then G, is an alg. stack and G, — X is a loc. closed imm.

Moreover, if (Uyu) —
from a scheme U, then

(X,z) is a smooth morphism

O(u)——U
l -
G.—— X

where O(u) is the orbit s(t~1
s.b: Bi=U Xr U =5 U
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SeoL: B, oo

(u)) of the induced groupoid
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