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Homework 9
Due: Monday, May 11

Problem 9.1. Let K ⊆ L be a Galois field extension. Suppose that
L is the splitting field of a polynomial f(x) ∈ K[x] of degree n. Let
α1, . . . , αn ∈ L be the roots of f(x).
(a) Show that an element σ ∈ Gal(L/K) permutes the roots αi.
(b) Show that Gal(L/K) is naturally a subgroup Sn.
(c) For the field extension Q ⊆ L where is the splitting field of

x4 − 2 (as in Problem 8.3). Explicitly write down the inclusion
of Gal(L/Q) into S4.

Problem 9.2. Let p be a prime. Let ρ = e2πi/p be a primitive pth root
of unity.
(a) Prove that Q ⊆ Q(ρ) is a Galois field extension and that the Ga-

lois group Gal(Q(ρ)/Q) is isomorphic to the multiplicate group
(Z/p)× of units in Z/p.

(b) Let L = Q(ρ). Give the complete correspondence between in-
termediate field extensions Q ⊆ L′ ⊆ L and subgroups H ⊆
Gal(L/Q).

Problem 9.3. Let N and H be finite groups. Denote by Aut(N) the
group of automorphisms of N . Let ϕ : H → Aut(N) be a group ho-
momorphism. Define the following group operation on the setN×H
via

(n1, h1) • (n2, h2) = (n1ϕ(h1)(n2), h1h2).

(a) Show that N ×H is a group with the operation •. We call this the
semi-direct product of N and H via ϕ and denote it by N oϕ H .

(b) Show that H and N are naturally subgroups of N oϕ H .
(c) Show that N is a normal subgroup.
(d) Show that the dihedral group

D2n = {σ, τ | σn = τ 2 = id, στ = τσ−1}
is isomorphic to the semi-direct product Z/noϕZ2 where ϕ : Z2 =
{0, 1} → Aut(Z/n) is the group homomorphism whereϕ(0) : Z/n→
Z/n is the identity and ϕ(1) : Z/n→ Z/n sends x 7→ −x.

Problem 9.4. Prove that the Galois group of the splitting field of xp−
2 over Q for a prime p is isomorphic to the semi-direct product

Z/poϕ (Z/p)×
1



2

where ϕ : (Z/p)× → Aut(Z/p) is the group homomorphism such that
ϕ(a) is the automorphism of Z/p defined by multiplication by a.

Problem 9.5. Recall that a finite groupG is said to be solvable1 if there
exists a chain of subgroups

1 = H0 ⊆ H1 ⊆ H2 ⊆ · · · ⊆ Hk−1 ⊆ Hk = G

such that for each i = 0, . . . , k− 1, the subgroup Hi ⊆ Hi+1 is normal
and Hi+1/Hi

∼= Z/pi for some prime pi.
(a) Show that any subgroup H of a solvable group is also solvable.
(b) If H is a normal subgroup of a finite group G, show that G is

solvable if and only if both H and G/H are solvable.
(c) Show that every finite abelian group is solvable.
(d) Use (c) to conclude that in the definition of solvable, it is equiva-

lent to require that the quotients Hi+1/Hi be abelian.

Problem 9.6.
(a) Show that the dihedral group D8 is solvable.
(b) Show that the alternating group A4 is solvable.
(c) Show that the symmetric group S4 is solvable.

1We will see this in lecture on Thursday, May 7.


