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Applications of interest include stochastic nonlinear
complementarity problems, stochastic gap functions, and
optimization problems in statistical learning, where

f(&, ) is often not Clarke regular in x for almost all &.
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Clarke Stationary Points
0 € OF(z) + Nx(x), where F(z)=E[f({ z)]
Issues:

e Can we estimate OF
e (Clarke '83) If f(&,

() using f(&, x)?
x) is Clarke regular a.e. &, then
OF(z) = E[0f (&, x)].

e In general, we only have

OF (x) C E[0,f(§, =)]-
Example: f(§,z) = {|x| with £ ~ N(0,1). Then
E[f(¢ x)] =E¢|z]] =0 = 0F(z)=0 VzeR

but

E[9f(¢,0)] = m/2[-1,1].
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Basic Assumptions (Clarke ’83)

We say f: = x X — R is a Carathéodory mapping on = x X if
f(&,+) is continuous on an open set U containing X for all
¢ €E, and f(-,z) is measurable on = for all z € X.

We say that f: 2 x U — R is a locally Lipschitz integrand on
2 x U if f is a Carathéodory mapping on = x U and

V' z €U 3 e(x) >0 and an integrable mapping

kf(+,z) € L}(RY, M, p) such that

‘f(§7$1)_f(§7$2)| < ’if(§7j)”x1_x2” Vg € ]B%e(a_:)(i) a'e'§ € g,
where B.(z) :=={z |||[r —Z|| <e} CU.

If f: ExU — R is a LL integrand then F(x) := E[f({, x)] is
locally Lipschitz continuous on U with local Lipschitz modulus
kp () = E[rp (€, 7))



Approximation by Smoothing Functions

Let F: U — R, where U C R"” is open.
We say that B
F:UxR.,—R

is a smoothing function for F' on U if

(i) F(-, ) converges continuously to F on U, i.e.,

lim F(z,p) = F(z) VzeU, and
wl0,0—x

(ii) F(-,p) is continuously differentiable on U for all u > 0.



Measurable Smoothing Integrands

f: Ex U xR, — R is a measurable smoothing integrand for
[ ExU — R with smoothing parameter p > 0 if,
YV u>0, f(-,-, p) is a Carathéodory map and

(i)
lim f&wp)=f(67) VreUandées,
nd0,x—x

(il) V(z,1) € U xR, Fopen V C U with z € U and

such that

F(Ewam)| < g3 ) and | Vaf(g o m)|| < (6,7,

V(& z,pu) €EXV x(0,p].



Gradient Consistence of Smoothing Functions

Let U C R" be open and let F': U — R have smoothing
function F': U xR,, - R on U.

We say that Fis gradient consistent at © € U if
co { Limsup Vo F(z, p1) p = OF (),
wl0,2—zx

where the limit supremum is taken in the multi-valued sense.

If

co {Limsup VEF(z, u)} COF(z),
z—T,1l0

we say the F is gradient sub-consistent at x € U

Chen (2012), B-Hoheisel-Kanzow (2013), B-Hoheisel (2013-16)



Gradient Sub-Consistency

If z € U is such that

(3 >0 st. Vve(0,7) 36(v,2) >0 and
E(v,z) e M with p(E(v,z)) >1—-v
for which
Vol (& w p) € 0:f(6,2) +vB Y (2, p) € [(2,0) + 81, 7)(B x (0,1))]

a.e. £ € (1, ),

then

co {Limsup VF(z, ,u)} CoF(z)=E
z—x,1l0

co {Limsupvxf(ﬁ, x, 1) }] )

z—Z,ul0



Gradient Sub-Consistency

If z € U is such that
uniform subgradient approximation property
(3 >0 st. Vve(0,7) 36(v,2) >0 and
E(v,z) e M with p(E(v,z)) >1—-v
for which
Vo f (& w,n) € 0uf(6,2) + VBV (x,p) € [(Z,0) + (v, ) (B x (0,1))]

a.e. £ € (1, ),

then

co {Limsup VF(z, u)} CoF(z)=E
z—x,1l0

co {Limsupvxf(ﬁ, x, 1) }] )

z—Z,ul0



Composite Max (CM) Integrands

Let Z x X C R x R” and let U be an open set containing X.
We say that the mapping g : Z x U — R™ is a measurable
mapping with amenable derivative if the following two
conditions are satisfied:

(i) Each component of g is a Carathéodory mapping and, for
all £ € E, g(&, ) is continuously differentiable in x on Uj;

(ii) For all (¢,7) € = x U, the gradient V,g(&, ) is locally L2
bounded in z uniformly in £ in the sense that there is a
function &, : = x U — R satisfying #,(-, 7) € L2(R", M, p)
for all z € U and

VZ € X Je(x) >0 such that [|[V,g(€,2)|| < Rg(§,7) V€ Bz (7).



Composite Max (CM) Integrands

A CM integrand on = x X is a mapping of the form

f(&z) = q(c(§,z) + Clg(&,2))) (0.1)

for which there exists an open set U containing X such that
1. C: R™ — R™ is of the form
Cly) = p1(v1), p2(y2),- s Pmlym)]",
where p; : R - R (i =1,...,m) are finite piecewise linear
convex with finitely many points of nondifferentiability,
2. the mappings c and g are measurable mappings with
amenable derivatives and

3. the mapping q : R™ — R is continuously differentiable with
Lipschitz continuous derivative.



Piecewise Linear Convex Functions on R
For i =1,...,m, there is a positive integer r; and scalar pairs
(aij,bij), i=1,...,m, j=1,...,r; such that
pi(t) = max{aijt—i- bij |j =1,... ,T‘i},
where a;1 < a0 < -+ < Wi(ry—1) < Qip,;- The scalar pairs
(aij,bij), i=1,...,m, j=1,...,r; are coupled with a scalar
partition of the real line
—0=t1 <tp < < tin < ti(rﬁ-l) =0
such that for all j =1,...,r; — 1,
aijtijr1) +bij = aigrntigien) + bigir)  and
aiit +bi1, t <t
pi(t) =< ayt+by, te€ ity  (GE{2,...,m—1}),
At + bz‘n: t > tip;-

This representation for the functions p; gives

opt) = {] SRS S O

[aigj—1), @ij], t=tiy, §3=2,...,7



Smoothing for CM Integrands
B : R — Ry be a piecewise continuous density function s.t.
BO =40 and wi= [ 150 dt < x.
Denote the distribution function for the density S by ¢, i.e.,

¢ : R —[0,1] is given by p(z) = [*__ B(t)dt.

Since § is symmetric, ¢ is a non-decreasing continuous with

(1—p(z)) = p(—2),

and lim ¢(z)=0.

T—00 T—r—00

1
=3
=1



Smoothing the p;

For i =1,...,m, the convolution

Bltn) = [ lt = ps) () ds
is a (well-defined) smoothing function with

Vipi(t, p) = ail (1 - ‘P<t _um))

ri—1
+ Z ajj (‘P( ”) - @(71(%1))) +am80( m);
Jj=2

I I p

5 a; tii <t<tiivy, J=1,...,7;
ni(t) := lUm Vyp;(t, ) = 1” g ‘ i(j+1)> J i
0 slaij—1y +aij) t=tij, j=2,...,m
is an element of dp;(t), and

Limsup Vp;(t, u) = Opi(t) Vi € R.
t—t,ul0



Smoothing CM Integrands (B-Hoheisel-Kanzow ’13)

Let f be a CM integrand. Then f =2 x U xR, — R given by

f(fa x,,u) = q(c(&,x) + é(g(g,.ﬁ),u))

is a smoothing function for f, where

C(y, 1) = [Br(y1, 1), P2 (Y2s 1), - - - o (Ym 1)) -

If rankV;g(§, Z) = m, then, for all > 0,
sz(f,f,/i) and axf(f, i‘)

are given respectively by

(Voc(&, @) + diag(Vepi(gi(€, @), 1)) Vg€, 7)) Va(c(€,2) + C(g(&, 7))

(ch(§7 j) + dlag(atpz(gz(€7 j)? :u’))va:g(éa j))TVq(c(& 'f) + C(g(fv f)))

Moreover, ~
LimsupV, f(&,z,u) CO,f(&, )

r—Z,ul0



Gradient Sub-Consistency of Smoothed CM Integrands

=q
f(& z,p) == q(c(€ ) + Cg(€ 2), 1)

If f(&,-) is subdifferentially regular z for almost all £ € = or
—f(&, ) is subdifferentially regular at z for almost all £ € =.
Then

F(x) := E[f(¢,2)]

satisfies the gradient sub-consistency property i.e.,

co {Limsup VF(z, ,u)} COF(z)=E
z—Z,ul0

co {Limsupvxf(g, T, M)}] .

r—Z,ul0



What happens when Clarke regularity fails?
Consider the CM integrand f and its smoothing function f:

(&, x) :=q(c(&x) +Cg(& x), 1))
F(& 1) = q(c(& z) + C(9(& ), 1))

Assume that rankV,g(§,Z) = m for a fixed (£,7) € E x X.
Then the limit

u(6,2) :=lim Vo f (&2, )
= (Vac(§,7) + (21(6,7), - .., zm(§, 7)) Va(e(€, 7) + C(g(&, 7))
exist as given with w(§,z) € 0, f(&, T), where

Z’i(&j) = nl(gl(€7j))vﬂv92(£a j) with

n;(t) := lim Vp;(t, u) € Opi(t).
w0



Subgradient Approximation by Smoothing

f(§7$) = q(C(f,l‘) + C(g(§7$)7ﬂ))
F(& 1) = q(c(& z) + C(g(& ), 1))
u(¢,7) = lim Vo (&2, 1)

F(z) == E[f(¢,2)] and F(z,p) = E[f(€,a,p)] VaoeX

Then F (+, p) is differentiable for all © > 0 with
the function wu is well defined, and,

lim V. F(@, 1) = I E[V2 /6,7, 1)) = Blu(g, )] € 9F(2).



Subgradient Approximation by Smoothing

For i > 0 and Z € U there exits K(Z) > 0 and 6(Z) > 0 s.t.

[Vite - vicaw| < S jo-a) vees ad e byg@

and

dist (E[Vf(f,m,u)] |8F(a‘:)> < Kf) || — | +dist (vmﬁ(g—;,u) | aF(gz))
Vaxe Bg(f)(a_j).

Moreover, for any v € (0,1):
Limsup  E[Vf(£,z,p)] C OF ().

=T, p=0(|lz—Z|7)



