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Gauge Optimization and Duality
Suppose k and p are gauges.
min k() st.  p(b—Az) <,

max (b,y) —7p°(y) st. w°(ATy) <1,
y

min  k°(ATy) st. (byy) —7p°(y) > 1.

Y

When 7 = 0, we define 7p° := 5cldomp° .



Minkowski (gauge) functionals and polarity

Let 0 € C' C R™ be nonempty, closed, and convex.
The gauge function for C' is given by

Yo (z) :==1inf{t |0 <t, x € tC},

where the infimum over the empty set is 4o00.
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Minkowski (gauge) functionals and polarity

Let 0 € C' C R™ be nonempty, closed, and convex.
The gauge function for C' is given by

Yo (z) :==1inf{t |0 <t, x € tC},

where the infimum over the empty set is 4o00.
Example: ||z| =~ (z) for any norm with unit ball B.
Gauge functions are sublinear, and so by Hormander,

Yo (€) = op () = sup{(z,y) [y € D},

where

D={z|(z,z) <1Vz2xeC}=C"°

and op is the support function for the set D.



Polar Gauges
Set U, := {z | k(x) <1} and define the polar gauge by

r°(y) = sup { {y,2) | w(z) <1} = oy, ()

If x is a norm then k° is the corresponding dual norm.
epirn® = {(y,—A) : (3, \) € (epin)°}.
The generalized Holder inequality
(x,y) < k(z)-Kk°(y) Va € domk, Yy € domk®,

is known as the polar-gauge inequality.

In addition, for H, :={u | x(u) =0}, we have

U, =Uso, UX=H,, (domk)°=H., and H, =cldomr®.
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Approachs to Duality

Additive using the conjugate: If f : R” — R is closed proper and
convex, the Fenchel-Young inequality is

. (,y) < f(x) + f(y) Vaz,yeR",
wit

(xy)=f@)+ [ (y) <= wye df(x) <<= wxecif(y).

Multiplicative using the polar: If k : R* — R is a closed gauge,
the polar-gauge inequality is
(z,y) < K(z) - x°(y) Vaz,yeR"
with
(z,y)=k(x)  w°(y) <= yeN (z|r(@)Us) = zeN (y|r°(y)Us)
with the convention that x(x)U,, = H, when x(z) =0
(similarly for k°).
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Feasibility

Primal, Dual Domains:

Fp={z]|pb—Az) <7}

Feasibilty :

Relative Strict Feasibilty :

Strict Feasibilty :

and

Primal F, N (dom k)
Dual AT F;N (domk°)

Primal ri F, N (ridom k)
Dual A% ri £y N (ridom £°)

Primal int (F), N (ridom x)
Dual A% int (F), N (ridom x°)

Fao={y|(by) —1p°(y) > 1}.



Freund (1987), Friedlander-Macedo-Pong (2014)

v, = min k(z vg = min k(AT
i P 1 ) R yen ™ AY)

Theorem: (2014)

1. (Weak duality)
If z and y are P-D feasible, then

1 < wpvg < k() - k°(ATy).

2. (Strong duality)
If the dual is feasible and the primal is relatively strictly

feasible, then v,y = 1 and the gauge dual attains its

optimal value.
One can interchange “primal” and “dual” in the above.



Infimal Projection Duality Theory

Let F: R® x R™ — R be closed proper convex, and define the
following optimal value functions by inf-projection:

p(y) :==inf F(z,y) and ¢(w):=inf F*(w,2).
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Infimal Projection Duality Theory

Let F: R® x R™ — R be closed proper convex, and define the
following optimal value functions by inf-projection:

p(y) :==inf F(z,y) and ¢(w):=inf F*(w,2).
This set-up yields the primal-dual pair

p(0) = inf F(2,0) and p(0) = sup =F"(0,2) (= ~4(0).

p(0) > p*™*(0) = —q(0) always holds
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Duality Theory

p(y) :=inf, F(z,y) and ¢(w):=inf, F*(w,z).

1. If 0 € ri (dom p), then p(0) = —¢(0) and the infimum ¢(0) is
attained, if finite, in which case dp(0) = argmax, —F*(0, z).

2. If 0 € ri(dom gq), then p(0) = —¢(0) and the infimum p(0) is
attained, if finite, in which case d¢(0) = argmin, F(x,0).

3. Optimal solutions are characterized by

Z € argmin, F(z,0)
g € argmax, —F*(0, 2) <~ (0,2) € 0F(z,0) < (%,0) € OF*(0,2).
F(z,0) = —F*(0, %)



Fenchel-Rockafellar Duality
F(z,y) = h(Az 4+ y) + g(z)

p(0) = inf { A(Az) + g(2) } and p™(0) = sup { —h*(2) — g"(-A"2) }
A prototype problem:

min [z]],
st [[Az = b, <7

g(@) = |lzll; = 8" (z [Bo)  ¢"(w) =6 (w |Beo)

hy) =0(y=b[7B2)  h7(2) = =(2,0) + 67 (2 [1B2) = —(2,0) + 7|2,

sup (b, 2) — 7|zl
st ||ATz]| <1

L



Gauge Duality and Sensitivity

vp(y) = mf {plp(b—Av+py) <7, kx) < p}
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Gauge Duality and Sensitivity

vp(y) == inf {pfp(b— Az +py)

<7, k(z) < p}

A:i=1/pand w:=z/pu

= inf {1/\|p(\b— Aw +y) <
A>0, w

or

TA, w € Uy},

)\il’(l)f {=Ap(Nb—Aw +y) <TA, wel}.
>0, w

Variational framework:

w —A
Fw,\y) := =X+ 0pipyxu. | WA , We=10
Y I

F (w, )‘73/) = 5CPiPO (_01(1 —|—y/\ — <b y))

> + K% (w+ A"y)



Gauge Duality and Sensitivity

p(y) :=infy, » Fw, A\, y)

Theorem: The following relationships hold for the gauge primal-dual
pair G, and Gj.

(a)

If the primal is relatively strictly feasible and the dual is feasible,
then the set of optimal solutions for the dual is nonempty and

coincides with
Ip(0) = 9(—1/vp)(0).

If it is further assumed that the primal is strictly feasible, then
the set of optimal solutions to the dual is bounded.

If the dual is relatively strictly feasible and the primal is feasible,
then the set of optimal solutions for the primal is nonempty with
solutions z* = w*/\*, where

(w*, A*) € 0vq(0,0) and A* > 0.

If it is further assumed that the dual is strictly feasible, then the
set of optimal solutions to the primal is bounded.



Gauge Duality and Optimality Conditions
_ 3 _ . e} T
= e @ Uy IR )

Theorem: Suppose both the gauge primal and gauge dual
problems are relatively strictly feasible, and the pair (z*,y*) is
primal-dual feasible. Then (z*,y*) is primal-dual optimal if and
only if it satisfies the conditions

p(b—Ax*) =71 or p°(y*)=0 (primal activity)
(b,y") —1p°(y") =1 (dual activity)
(x*, ATy*) = k(z") - k°(A"y*)  (objective alignment)
(b— Ax*,y*) = 71p°(y"). (constraint alignment)

By convention, when 7 =0, 7p° := 5(31 dom pe-



Gauge primal-dual recovery

Corollary: Suppose that the primal-dual pair (G,) and (Gg)
are each relatively strictly feasible. If y* is optimal for (Gy),
then for any primal feasible z the following conditions are
equivalent:

(a) z is optimal for (G,);
(b) (z, ATy") = k(z) - £°(ATy") and b — Az € 0(op°)(y");
(c) ATy* € k°(ATy*) - Ok(x) and b — Az € 0(op°)(y*),

where, by convention, gp° = § o when ¢ = 0, in which

case

cldomp

Nap”)(y") = N (y"| H;) .



Gauge primal-dual recovery from the Lagrange dual

Theorem:

Suppose that the gauge dual G is relatively strictly feasible and
the primal G, is feasible. Let L, denote the Fenchel-Rockafellar
dual of G4, and let vy, denote its optimal value. Then

2" is optimal for L, <= 2z*/vy is optimal for G).



Perspective Duality

The Perspective Transform

pf(ptz), p>0
(@, 1) == (), w=0
+00, w<0

where

[P(z) = sup [flz+2z) - f(z)]
zedom (f)

is the horizon function of f.

h™(y, 1) = Oepin ((y, —11))



The Perspective-Polar Transform

F(@.€) = (") (x,€)
= Oepi 57y (T, =E)
= Yepi (5 (2, =E)
= inf {u >0 [£+ (z,2) < puf(2), vz}
f*is a gauge.

If f is a gauge, then fﬁ(:c,ﬁ) = f°(x) + d_ (&).



Perspective duality

Suppose f: R™ — R, and g : R™ — R, are closed, convex and
nonnegative over their domains.

N, min  f(z) st.  g(b— Azx) <o,

xT

. f
Na min  f(ATy.0) st (by)—o g (y.p) =1~ (a+p)



The Perspective-Polar of a PLQ Penalty

Piecewise linear-quadratic (PLQ) penalties:

9y) = sup { (w.y) — 3ILul3}, U={ueR [Wu<w},
uelU

" (g, 1) = 6 () + max {7 (), —(1/2)|| Ly}

= e o+ { = (/P o, (Wi},

where W, ..., W/ are the rows of W.
1 k



The Perspective Duality for PLQ) Penalties

Assume f is a gauge and ¢ is a PLQ penalty, then
ming, ¢ f°(ATy)
s.t. byy)+p—oé=1
2Ly
§+2p

Wy < &w, <&-2u

2




Perspective Duality Numerics

min |z}, N
m \\\
st Y V((Az—b)) <o, .
=1

where V is the Huber
function

— — —-V(z)=—-Kz— %I\’J: r<—K

V(zg)=32% —K<z<K
— V(z) = Kz — %I\“”: K<z

Experiment:

m =120, n =512, 0 =0.2, n =1, and A is a Gaussian matrix.
The true solution xe € {—1,0, 1} is a spike train which has
been constructed to have 20 nonzero entries, and the true noise
b — Axirue has been constructed to have 5 outliers.



Perspective Duality Numerics

Convergence of objective values to optimum False zeros
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I =GP on prmal
| P on dual with recovery

— CP on dual, with recovery

Number of false zeros
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