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Abstract. The Gauss-Lucas Theorem on the roots of polynomials nicely simplifies the computation of the
subderivative and regular subdifferential of the abscissa mapping on polynomials (the maximum of the real
parts of the roots). This paper extends this approach to more general functions of the roots. By combining the
Gauss-Lucas methodology with an analysis of the splitting behavior of the roots, we obtain characterizations
of the subderivative and regular subdifferential for these functions as well. In particular, we completely char-
acterize the subderivative and regular subdifferential of the radius mapping (the maximum of the moduli of
the roots). The abscissa and radius mappings are important for the study of continuous and discrete time linear
dynamical systems.

1. Introduction

Let P" denote the linear space of complex polynomials of degree n or less. Define the
root mapping on P" to be the multifunction R : P" — C given by

R(p) ={rp() =0},

andlet¢ : C — IRU{+o0} = IR be a lower semi-continuous convex function. We are
concerned with the variational properties of functions ¢ : P" — IR U {300} defined as

d(p) =sup{p(L) [A € R(p)} . (1)

The abscissa and radius mappings on P” are obtained by taking ¢ (A) = Re L and ¢ (1) =
|A|, respectively. Indeed, the abscissa and radius mappings are the primary motivation for
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this study. The variational behavior of these functions is important for our understanding
of the stability properties of continuous and discrete time dynamical systems [1, 2].

The functions defined by (1) possess a very rich variational structure. In addition,
these functions are related to important applied problems. Consequently, they offer an
ideal setting in which to test the utility and robustness of any theory for analyzing the
variational structure of nonsmooth functions. We study the variational behavior of the
class (1) on the set M" of polynomials of degree n. This set is an open dense subset of
the linear space P" (endowed with the topology of pointwise convergence). Note that on
the set M" the sup in (1) can be replaced by max. The supremum in (1) is only required
for constant polynomials. We also note that the non-constant members of the class (1)
are never locally Lipschitz on M" and are always unbounded in the neighborhood of
any point on the boundary of M". The non-Lipschitzian behavior is seen by considering
the family of polynomials p.(X) = (A — Ag)" — €. To see that (13 must be unbounded
on the boundary of M" recall that for any non-constant convex function ¢ there must
exist a nonzero direction a € C for which ¢(ta) — +ooas v 4 oco. If p € P" is any
polynomial of degree less than 7, the polynomial defined by g (1) = (1 —a~'er) p(L)
is in P", and satisfies gc — p as € \( 0. Moreover, e la € R(ge) for all e > 0.
Therefore, q@(qe) — 4ooas e \ 0. Itis this essential unboundedness of the roots on the
boundary of M" that motivates the restriction to M". On M" the roots of polynomials
are continuous functions of their coefficients, so the functions d; defined in (1) are lower
semi-continuous on M”".

We use the tools developed in [6, 7, 12, 14] to study the variational properties of
q@. Our earlier work demonstrates that these techniques are well suited to applications
in stability theory [1-5]. In addition, we make fundamental use of a classical result
originally due to Gauss and commonly known as the Gauss-Lucas Theorem. This result
establishes a beautiful and elementary convexity relationship between the roots of a
polynomial and the roots of its derivative.

Theorem 1. [Gauss-Lucas] All critical points of a non-constant polynomial p lie in the
convex hull H of the set of roots of p. If the roots of p are not collinear, no critical point
of p lies on the boundary of H unless it is a multiple root of p.

The Gauss-Lucas Theorem implies the following chain of inclusions for any poly-
nomial of degree n:

conv R(p" V) c conv R(p"?) C -+ C convR(p’) C convR(p), (2)

where conv S denotes the convex hull of the set S.

Theorem 1 is referred to by Gauss as early as 1830 and has been rediscovered many
times. In 1879, Lucas [9, 10] published a refinement of Gauss’s result. For more on the
Gauss-Lucas Theorem and its uses see Marden [11].

With regard to the chain (2), it is useful to observe that

d(p) =sup{p(L) |2 € R(p)} =sup{p(X) |1 € convR(p)} . 3)

To see this note that the second supremum is clearly greater than or equal to the first so
we need only show the reverse inequality. Let A € conv R(p), then, by Caratheodory,
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there exist Ay, A2, A3 € R(p) and 0 < w1, pa, w3 with gy + w2 + 3 = 1 such that
A = [1A1 + n2ro + p3is. But then by convexity

dA) < 1 (X)) + m2d(A2) + u3zp(r3) < jrznla%cb(?»j),

so that the second supremum in (3) is less than or equal to the first.

In [5], Burke and Overton investigate the variational properties of the abscissa map-
ping using an approach modeled on work of Levantovskii [8]. However, this approach is
difficult and lengthy, and provides little insight into the underlying variational geometry.
Furthermore, extending this approach to other functions of the roots of polynomials
would be a daunting task at best. In [3], an approach based on the Gauss-Lucas Theo-
rem is introduced to simplify the derivation of the tangent cone to the epigraph of the
abscissa mapping at the polynomial p(A) = (A — Ag)”". This derivation is one of the two
most difficult technical hurdles in [5]. The second is the verification of subdifferential
regularity.

In this paper, we apply the Gauss-Lucas ideas in [3] to the class of functions given
by (1). As in [3], we focus on the computation of the tangent cone to the epigraph at the
polynomials

emrg)(A) = (A — 1o)".

We recover our earlier result for the abscissa mapping and obtain the corresponding
result for the radius mapping which is stated below. Here and throughout, we denote the
complex conjugate of the complex scalar z by z.

Theorem 2. Letr : P" — IR denote the radius mapping on P":
r(p) =max{|A| |A € R(p)}.

Let (v, 1) € P" x IR be such that v =" ;_ bke(n—i,xy)-

(i) (v,n) is an element of the tangent cone to the epigraph of r at the polynomial
p(A) = A" if and only if

1
n>—|by| and 0=by, k=2,3,...,n.
n

(ii) (v, n) is an element of the tangent cone to the epigraph of r at the polynomial
p(A) = (A — Ao)" with Ao # 0 if and only if

S [162] — Re Aob1 ]
nz —— 2| — RE€AQD |,
n|iol

0 =Reioy/—by, and O=1by, k=3,...,n.

The notation and definitions follow those established in [14]. The definitions of the
terms epigraph and tangent cone used in Theorem 2 appear in the next section. Notation
specific to the study of polynomials on the complex plane is introduced below.
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Recall that the complex plane C is a Euclidean space when endowed with the usual
real inner product (w, A) = Re wA. By extension, C" is also a Euclidean space when
given the real inner product

n

(@1, G 2 T) = D (s 24

k=1
Given Ao € C we define the basis {ew, 1) |k =0, 1,...,n} for P", where
ehigyM) = =20k k=0,1,...,n.

Each such basis defines a real inner product (or duality pairing) on P":
n
(P, @), =Re Y by,
k=0

where p = Y J_oakew.ny) and ¢ = Y ;_ bre.)- In the case n = 0, we recover
the real inner product on C. When Ao = 0, we drop the subscript on the inner product
and simply write (-, -). Note that this family of inner products behaves continuously
in p, g, and A¢ in the sense that the mapping (p, g, A0) = (p, q),, 1S continuous on
P x P" x C. To see this simply note that

" o000 g®
<p,q>k=Re<Zp Y ()>.

k! k!

The inner product on a Euclidean space gives rise to a norm |-| in the usual way by
setting |x| = 4/(x, x). ) 5 .
Given a mapping ¢ : C — IR, we define the mapping ¢ : IR> — IR by the
composition ¢ = ¢ o ®, where O : IR?> — C is the linear transformation
Ox) =x1 +ix, “4)

i € C denoting the imaginary unit. If we endow IR? with its usual inner product and C
with the inner product above, we have
Re
-1, %, _ 1%
O T 'u=0 M_[Im '“i|'
We say that ¢ is differentiable in the real sense if ¢ is differentiable, in which case the
derivative of ¢ is given by the chain rule as

¢'(¢) = OVH(O*7).

Here V¢ denotes the gradient of ¢. Similarly, we say that ¢ is twice differentiable in
the real sense if ¢ is twice differentiable and again the chain rule gives

¢"(0)8 = OV2p(0*)O*s, (5)

where V2q3 denotes the Hessian of ¢. Since these are the only notions of differentiabil-
ity we employ, we omit the qualifying phrase in the real sense when specifying that a
function from C to IR is differentiable or twice differentiable. We also make use of the
following notation:

¢'(¢;8) =(¢'(¢), 8) and ¢"(¢;0,8) =(w, ¢"()5).
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2. The tangent cone and the subderivative

We use the tools in [7, 14] to describe the variational geometry of the function qAS Recall
that the epigraph of a function f mapping a Euclidean space E' into the extended real
numbers IR = IR U {400} is the subset of E x IR given by

epi (f) ={(x, ) | f(x) =}, (6)

and the domain is the set

dom (f) = {x [ f(x) < o0}.

The fundamental variational object for f is the tangent cone toits epigraph [ 14, Definition
6.1]. Given a set C in a linear space S and a point x € C, the tangent cone to C at x is
defined to be the set

I{xk} ¢ C, {1} C IR such that
x> x, n 40, andtk_l(xk—x)—>d

To(x) = {d

The tangent cone to epi ( f) at a point can be viewed as the epigraph of another function
called the subderivative of f at x. It is denoted by df (x) [14, Theorem 8.2]:

epi (df (x)) = {(w, n) [df (x)(w) < n} = Tepi(y)(x, f(x)) (7)

forall x € dom (f) = {x | f(x) < 4+00}. The subderivative generalizes the notion of a
directional derivative as seen by the following alternative formula [14, Definition 8.1]:
fx+r1w') — fx)

df (x)(w) = lim inf . (8)
N0 t

w'—w
In the case of the function class (1), the computation of the tangent cone is simplified

due to the fact that (p, n) € epi (q§) if and only if (¢p, n) € epi (q§) for every nonzero
complex scalar ¢.

Lemma 1. Define M7 C M" to be the set of monic polynomials of degree n:
M = {e(n,o) +gq )q e P! } :
Define ¢1 : P" — IR by
$1(p) = {qS(p),ifp e M,

+00 , otherwise.

Let Ao € dom (¢), by € C, k=0,1,...,n, n € IR, and set

n n
vV = Zbke(ﬂ—k,ko) and v = Zbke(n—k,)to)'
k=0 k=1

Then

(v,m) € Tpl ) (e(n YOE ¢()"0))
if and only if

(v,n) € Tpl ) (e(n OB d)()‘O))
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Remark 1. The lemma shows that
Tepi @ (e(l’l,)\o)’ ¢()\.0)) =Cep,y + Tepi @1 (e(n,ko), ¢()\.0)) ,

where Ce(, ;) = {S emr) 1§ €C } Therefore, we can restrict our analysis of the tan-
gent cone to sequences that lie in the set M7 . This is the approach taken in [4]. Here we
work on the seemingly more general space M" in order to simplify applications.

Proof. Suppose (v,n) € T

epi (3 (e(n,xo), ¢(k0)), that is, there exists a sequence &; | 0
such that

(enig) +Ej0 +0(E)), (ho) +Ejn + 0(£))) € epi (),
or equivalently,

§jv

The b 706900 +Em+0(E) € cpi @1).

(€(n,ng) +

Hence (3, 1) € T, 4, (e(n,20)» ® (X0)).
Conversely, suppose (U, 1) € T, 4, (e(n,20)» # (o). By definition, there exists
&; | 0 such that

(€n.rg) + £50 + 0(&)). p(ho) + &1 + 0(&))) € epi (). ©)
Multiplying e, ;) + &0 + 0(§;) by (1 +&;bo) gives
(L +&jbo)(em,ng) T &0+ 0())) = emny +E&jv+o0(§)).
That is, (9) is equivalent to
(€m.rg) + &V +0(E)). p(ho) + &0 + 0(§))) € epi (P) .

Therefore, (v, n) € T

€

i (4) (e(n,20)» # (ho)) which proves the result. O

Next recall that the epigraph of the convex function ¢ as well as all of the lower level
sets

levg () = {A [¢(1) < 1}

are convex sets [13]. This allows us to apply the Gauss-Lucas Theorem in a powerful
way. Since

1> d(p) = R(p) Clevg(w), (10)

the Gauss-Lucas Theorem yields the following chain of inclusions for any polynomial
of degree n providing (p, ) € epi (¢):

conv R(p" Dy c ... c convR(p’) C convR(p) C levg (). (11)

This system of inclusions along with subdifferential information about the function ¢
provide the basis for a set of necessary conditions for a pair (v, n) € P" x IR to be an
element of the tangent cone to epi (¢).
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The convexity of ¢ implies that ¢ is directionally differentiable in all directions at
every point in Ag € dom (¢) [13] and one has

¢Go+718) —¢Go) _ . . ¢+ 78) — ¢(Ro)

T >0 T

¢ (ho3 ) = lzii%

Taking T = 1 and § = A — A in the right hand side of this expression gives the
subdifferential inequality

d (L) > ¢ (ho) + &' (ho; A — Ao).
A vector w is a subgradient of ¢, written w € d¢ (A), if and only if
d(A) = d(ho) +{w, A—2Ao) YA C. (12)

The subdifferential d¢ (Ag) is always a closed convex set, although it may be empty at
points on the boundary of the set dom (¢). The subdifferential is related to the directional
derivative of ¢ by the formula

¢'(ho; 1) = sup{(z, 1) |z € 3p(10) } (13)

Therefore, at points

Ao € dom (3¢) = {A [0 (1) # ¥},

we have ¢’ (Lg; -) : C — IRU{+o00} is alower semi-continuous convex function. Since
@' (Lo; -) is a convex function, we can use (1) to define

—

(2;)»() = ¢,()‘0; )
That is, we define the function (2% : P" - IR U {£o0} by

$10(q) = sup {¢'(ho; 1) 1) =0},

and observe that by (13), (3), and (11),

$10(q) = sup{(z, X)) | (z, 1) € dp (ko) x convR(q)}
> sup {{z, 1)) | (z, &) € 3¢ (Ro) x conv R(¢") }

= $1o(q). (14)

The next lemma shows how to extend the subdifferential inequality for ¢ to the function
¢ by using the function ¢, .

Lemma 2. Given 0 < 7 € IR and Ay € dom (¢), define the linear transformation
Sieogl - P = P" by S5 (P)(A) = p(ho + TA). Then, for every p € P",

G(p) = ¢ (o) + Thiy ([Siesg (P19, (15)

fort=0,1,...,(deg(p) — 1).
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Proof. For the case £ = 0, we have
$(p) = max {p(1) | p(1) = 0}
= max {¢p() | Spi(P)(¥) =0, =20+ 1y}
= max {¢(o + 7¥) | Sraq(P)(¥) = 0}
> max {¢ (ko) + 1¢'(h0; ¥) | Siesg(P)(¥) = 0]}
= (M) + 11y (Sies1(P))-
The remaining cases follow immediately from (14) and (11). O

We now translate the content of Lemma 2 into statements about the coefficients of
the underlying polynomials. Consider the polynomial

n
P= Qkentig)- (16)
k=0
with ag # 0. The £th derivative of this polynomial is given by
n—¢
PO =0 b — k. Oarem—k+o).10)- (17)
k=0

where b(n, k) with k < n are the binomial coefficients b(n, k) = Wlk), Applying the
operator Sy ;) to p yields

n
Sieagi(p) = Y axt" Pe i), (18)
k=0
and
n—~_
[Sirsg1 (PO = 017" Y " b(n — k, )T F are—ier0).0)- (19)
k=0

for =0,1,2,...,(n—1) (the case £ = 0 is just (18). With this notation, we have the
following simple consequence of Lemma 2.

Lemma 3. Let p € P" be as in (16) and let t € IR be positive. Then

¢(p) = p(ho) +1'/° s, (Z b(n —k.n — s)r—k“ake@_k,m) , (20)

k=0
fors=1,...,n

Proof. In(19)take{ =n—sandt = tYSfore =0,1,2,...,(n—1),or equivalently,
s=1,...,n,toobtain

s
S[r,ko](l’)(n_x) s Zb(n —k,n— s)t_k/sake(s_k’o),
k=0

fors = 1, ..., n. Plugging this expression into (15) yields the result since quo (p) =
(ﬁAO (¢ p) for every nonzero complex number ¢. O
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The main result of the section now follows.

Theorem 3. Let Ao € dom (3¢) with ¢ (o) # {0}. If

(., m) € T4 (e(n,20)» ® (X0))

with
V= bre(k.ir: (21)
k=0
then
n > ¢ (ho; —b1/n), (22)
0=(g. V=) Vg €06G). and (23)
O=by, k=3,...,n. 24)

Thus, in particular, if rspan (0¢ (Ag)) = C, then by = 0, where for any D C C the set

N
rspan(D):{Zrkxk |IN e IN, 1 € IR, xkeDkzl,...,N}
k=1

is the real linear span of D.

Proof. Let (v,n) € T

€

(v,n) € Tepi @) (e(”7A0), (P()»o)), where

0i (4) (e(n,ko), (b()»o)) with v given by (21).Then, by Lemma 1,

n
V= Z bke(n—k,ko)-
k=1

Hence there exist sequences 7; | 0 and {(p;, u;)} € epi ((31) such that
571y 1) = (€nng)» $00)) = (B, ).

That is, there exists {(a(j), a'{, R aﬁ)} € C"*! guch that

n
J
p_] = Z ak e(n—k,)n())’
k=0

tj_l(,uj — ¢(ro)) — 1, aé = 1forall j = 1,2,...,andal{ — 0 with tj_la,{ — by for
k=1,...,n. By applying Lemma 3 to p; foreach j = 1,2, ... witht = #; we obtain
fors =1,2,...,n

N
1/s 2 —k/s j
mj = ¢ho) + tj/smo (Z b(n —k,n —s)t; /sa,ie(s_k’o)> ,

k=0
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or equivalently,

(= (o)) = dag (Z b(n —k.n — s>r,-"‘/sa,{e<s_k,o>) (25)

k=0

foreachs = 1, ..., n. Wenow consider the limitas j — oo in each of these inequalities.
First observe that

S
—k/s j
|:Z bn —k,n— s)tj /vage(s_k,o)i| — [b(n, n—s)ee,0) + bs]
k=0
fors =1, ...,n. Hence

R (Z b(n —k,n— s)tj_k/sa,{e(s_k,o)) - R (b(n, n—s)eg,0) + bs)
k=0

fors =1,...,n,since aé = 1forall j =1,2,... and the roots of a polynomial are a
continuous function of its coefficients on M". Therefore, the lower semi-continuity of
@3, and the inequalities (25) imply that

n=> @O(b(n, n—1eq,0) + b1) = ¢'(ro; —b1/n) (26)
which proves (22). For s = 2, ..., n, the inequalities (25) imply that

0 > ¢y (b(n, n — s)es.0) + by)

, —by 1/s = eZﬂki/x
= max { ¢ k0’<—b(n,n—s)> w 'k:O,...,s—l . (27)

By assumption there exists g € ¢ (Agp) with g # 0. Inequality (27) implies that

— b, 1/s
Oz<g’ <b<n,n—s>) “’>’

for @ = e27ki/s (k=0,1,...,5s — 1). Fors = 3, ..., n this can only occur if by = 0
which gives (24). For s = 2 we have

by 12
0> g,i(m) Vg€ dp(ro),

or equivalently, condition (23) holds. O

The conditions (23)and (24) play a key role in our subsequent analysis. Condition
(24) is transparent, but condition (23) is not since it is nonlinear in b,. In the following
lemma we describe the underlying convexity of this condition. For this we use the notion
of the cone generated by a subset of the complex plane. Given a set D contained in C
we define the cone generated by D to be the set

cone(D)={tx |t€lRyandx € D}.
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If D is a convex subset of C, then cone (D) is convex and rspan (D) = cone (D) —
cone (D). The polar of any convex cone K in C is the set

K°={z|(z,x)<0VxeK},

and we have the relationship cl (K) = K°°.

Lemma 4. Let Ao € dom (d¢) with d¢(Lo) # {0}, and let by € C. Then the following
statements are equivalent.

(i) <g, «/—bz) = 0forall g € 0¢(Ag).
(ii) Either by = 0 or rspan (v/b2) = rspan (9¢ (Ao)).
(iii) Either by = 0 or cone (3¢ (1g)?) = cone ({b2}), where

96 (10)? = {3* 1g € 39 Go) |
In addition, the set of all by € C satisfying (i) is given by the convex cone ICOO, where

KCiy = —cone (3¢ (1)) + i[rspan (3¢ (h0)*)] (28)
so that

Ko — {0} , if rspan (0¢ (Ag)) = C, and
%0 7 | cone (3¢ (1o)?) , otherwise.

Proof. Observe that if by # 0, then the condition in (i) implies that the real linear span
rspan (d¢ (o)) must be a line through the origin in C since d¢ (o) # {0}. Note that
any line through the origin can be written as rspan (v) for some v € C and that the line
perpendicular to this line in the real inner product is the line i[rspan (v)]. With these
observations, we have the following string of equivalences:

(¢, V/=b2) =0V g € 3¢ (o)
—
either b, = 0 or (v, i+/b2) =0 Vv € rspan (3¢ (ro))
—
either b = 0 or
(v, w) = 0V(v, w) €rspan (3¢ (Ag)) x (i[rspan (v/b2)])
—
either b, = 0 or rspan (3¢ (o)) = rspan (v/by),

where the final equivalence follows since the lines i[rspan (d¢(Ao))] and the line
rspan (d¢ (Lo)) are perpendicular whenever b, # 0. Therefore, (i) and (ii) are equivalent.
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The equivalence of (ii) and (iii) follows from the following string of equivalences:

either b, = 0 or rspan (¢ (Ag)) = rspan (v/b2)
—
either b, = 0 or
Vg e dgp(ho) AT € IR such that g = 74/by
—
either b = 0 or
Vg € d¢p(Ag) I T € IR such that g2 = 12by
—
either b = 0 or
cone ({g*}) = cone ({b2}) Vg € 0¢ (o) \ {0}
—
either b» = 0 or cone (3¢ (Ao)?) = cone ({by}).

Next note that the condition, rspan (d¢(1o)) = C is equivalent to the condition
rspan (3¢ (r9)?) = C since the subdifferential 3¢ (1o) is a convex set. In this case the
Ky, = C, and so ICiO = {0}. Therefore, if rspan (d¢(1g)) = C, then the set of all b,
satisfying (23) equals K3 = {0}.

If rspan (d¢(Ag)) # C, the set rspan (d¢(Xp)) is a line through the origin since
d¢ (o) # {0}. This line must equal the real linear span of any nonzero element of
3¢ (Lo). Hence the set cone (¢ (1o)?) is a ray emanating from the origin (not a line),
and the set ), is a convex cone in C. An easy computation shows that the polar of
this cone is the ray cone (3¢ (10)?). Hence, by (iii), the set of all by satisfying (23)
is contained in ICiO. On the other hand, suppose b, € ICi0 = cone (3¢ (A9)?). Since

cone (3¢ (rg)?) is a ray emanating from the origin, we have
K3, = cone (3¢ (r0)*) = cone ({g*}) Vg € d¢p(ro) \ {0}.

Hence, for each g € d¢ (o) \ {0} there is a T, > O such that by = rggz, or equivalently,
vby = =, /Tgg. Consequently,

(g0 V=b2) = £(g. iTg) =0 Vg € dp(io)\ (0],

which shows that every b, € ICiO satisfies (23) completing the proof that IC‘;O is precisely
the set of all complex numbers that satisfy (23). O

If ¢ is twice continuously differentiable with ¢” (X¢; -, -) positive definite, then The-
orem 3 can be sharpened. For this we make use of the following technical result.

Lemma 5. If H is a 2-by-2 real symmetric matrix with nonnegative trace then the func-
tion

fw) =(07"Vu, Ho™ Vi)

is sublinear, i.e. positive homogeneous and subadditive (see (4) for the definition of ©).
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i

and z = x + iy with x and y real, then

Proof. If

f@) = <®_lz, H®_lz> = ax? 4 2bxy + cy?

a—+c a—c¢
= 12| + Re(z2) + bIm(z2).
2 2
Hence
a—+c a—c
fw) = > lw| + Re(w) + b Im(w)
and the result follows. O

Definition 1. A function f : C — IR is said to be quadratic on C exactly when f
composed with © (defined in (4)) is quadratic on IR?.

We now sharpen the inequality (22) using the notation established at the end of
Section 1.

Theorem 4. [f in Theorem 3 it is further assumed that ¢ is either (i) quadratic, or (ii)
twice continuously differentiable at Lo with ¢" (Lo; -, -) positive definite, then condition
(22) can be strengthened to

1
12 = [#Gos —b1) + ¢ Goi Vb2 V=02 | 29)

Proof. If ¢ is quadratic, then the proof follows essentially the same pattern of proof as
in the positive definite case. Therefore, we only provide the proof in the case where ¢ is
assumed to be twice continuously differentiable at Ay with ¢” (Ag; -, -) positive definite.

Let (v,n) € T ;4 (e(n,20)» # (ko)) with v given by (21). By Theorem 3, (v, n)

(S

satisfies (22)—(24). By Lemma 1,
(@, 1) € Ty 4y (€nng)s #(h0))

where v = ZZ:] brem—k,ng)- By 24), by = 0, k = 3,...,n and so there exist
sequences ¢, | 0, n, — n, b1, — by, byy — by, and by, — 0, k =3, ..., n such that

¢ (ho) + Nty + 0(tr) = H(py), (30)

where

n
DPr = €m,n) + Z(bkrtr + O(Ir))e(n—r,)»o)
k=1

=em,n) T (b1t + O(Ir))e(n—l,ko) + (bart, + O(Ir))e(n—Z,Ao) + o(t,),
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with the second equality following since by, — 0, k = 3,...,n. Let Ayy, ..., Ay
denote the roots of the polynomials p, forr =1, 2, ..., respectively. We have
n
D Or = ko) = —birtr + 0(ty), (31)
k=1
and

n n 2
> Our = 20)* = [Z(Akr - )»o)i| =2 " (jr — 20)hkr — 0)
k=1 k=1

Jj<k
= (=bity + 0(t,))* — 2(barty + 0(t,))
= —2by,t, +o(t;). (32)

Setzxr = Agr —Apfork=1,...,nandr =1,2,.... By (31) and (32) we have

n
> 2k = —birtr + 0(ty) (33)
k=1
and
n
> @) = =2bosty + o(ty), (34)
k=1

respectively. With this notation, (30) becomes
¢()\'0) + nrtr +0(tr) Z ¢()"0 +Zk7')a k = 19 RN (D

Taking second-order Taylor expansions yields
1
nrtr +o(ty) > ¢/()\'0; Zkr) + 5¢//()\0; Zhkrs Zhr) + 0(|Zkr|2)a k=1,....,n, (35)

(note that if ¢ is quadratic then the term o(|zj, |2) equals zero). Since p, — e(y,5g), We
have zz, — 0, k = 1,..., n. Hence, the positive definiteness of ¢”(Ao; -, -) implies
that for every € > 0 there is an r¢ such that

1 " 2 l—e€ 1
§¢ (A0 Zkrs 2hr) + 0(2kr|7) = T¢ (A0 Zkrs Thr),

fork =1,...,nand all r > rg (if ¢ is quadratic then we can take ¢ = 0 without the
assumption of positive definiteness). Therefore, for r > ry, the inequalities (35) imply
the inequalities

1—¢€
Nty +0(t:) > ¢’ (Mo; zkr) + Tqﬁ”(lo; Zkrs Zkr), k=1,...,n.
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Now sum over k and again use the positive definiteness of ¢ (1g; -, -) with Lemma 5
and definition (5) to obtain

1| i 1 —e o 5
ety +0(t) = — d(xo;;zmw 5 ;«p”(xo;\/zkr,\/zkr)

S

|V
S| =

[ n n n
1—¢
. X 2 2
¢’ (i Y zkr) + Tqﬁ” i | Y ozt 1D ]
i k=1 k=1 k=1
for all r > rg. Plugging in (33) and (34) gives the relation
t
nety = @ (ot =b1r) + (1= 09" Guoz v/ =bar v/ =b2) |

+o(t).

Dividing through by 7. and taking the limit yields the inequality

1
1= @i —b1) + (1 = 0" (hos v/=b2. v/=b2) .

Observe that if ¢ is quadratic, we can obtain this inequality with ¢ = 0 without the
positive definiteness assumption. Since € > ( was arbitrary, we obtain (29). O

If ¢ is not quadratic and ¢” (A; -, -) is only positive semidefinite, we can still sharpen
(22) but not as finely as in (29). The proof in the indefinite case is completely different.
Unlike the proof of Theorem 4, it relies only on the Gauss-Lucas Theorem.

Theorem 5. [fin Theorem 3 it is further assumed that ¢ is twice continuously differen-
tiable, then condition (22) can be strengthened to

1
— 1)<l5”()»0; Vv —=b2, \/—bz)] , (36)

1
n>- [¢/()»0; —by) +
n (n

whenn > 1.

Proof. Consider the polynomial p = Y}, aken—k,1,) and set

ai 2 2a;
r= ) - —
nao n(n — 1)ag

The Gauss-Lucas theorem tells us that if & > qS( p), then

uzmax {9 [ P20 =0}

:max{q)(,\) ‘k:k0+_—m:|:r}
n

ao
Z¢()»o+—ﬂ:r),

nag
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where

¢<A0+_—m:tr)

nag

, —ay L/, —ay —ay
= ¢(ro) + <¢> (2o0) , —> + = <¢ (20) (—) , <—>>
nag 2 nag nag
(¢’ (ho), r) £ <¢”<Ao> (_“1) , r>

nao
2)

By adding the resulting pair of inequalities, one associated with each of the two roots,
and then dividing by 2, we get the inequality

’ —ai L/, —ai —ay
= do) + <¢ (h0), E> +3 <¢ (h0) <%) , (n_ao>>

2
) . (37)

Next, suppose that (v, n) € T,; 4, (e(n,20)» (ko)) with v given by (21). By Lemma
la (57 T)) € Tepl (d’;l) (e(n,)»())s ¢(}“0))9 Where

—=+r
nay

1 VA
+§(¢ (Ro)r, r)+0<

—=xr
nay

1 VA
+§@(My,4+o<

n
V= Z bke(n—k,Ao)-
k=1

Then, as in the proof of Theorem 3, there exist sequences?; | Oand {(p;, u;)} € epi (dAJ 1)
such that

171 (Pjy 1)) = (@), $00)) = (@, ).

That is, there exists {(aé, a{, cee, a,i)} e C"*! such that
n .
J
Pi =) aew—kio):
k=0

tj_l(uj —¢(Xo)) — n,aé = 1forall j = 1,2,...,andtj_1a]{ — byfork=1,...,n.

By replacing u by u; and a; by a,{, k=0,...,nin (37), dividing through by 7;, and
slightly re-arranging, we obtain

L o _ _
wj — ¢ (o) > <¢>/()»0), ﬁ>+l<¢”(ko) (ﬂ) ’ <_a)>
tj nt; 2 nt;j n

j 2
_al .
Bt U

1 o
+= <¢>”(?»O)V’ : r’) +1;'0
2 J n
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where
i\’ J
W B R S
" t% n(n — 1),
J
Taking the limit in this inequality as j — oo yields (36). O

The representation (7) along with Theorems 3, 4, and 5 yield the following repre-
sentations and bounds for the subderivative of the function ¢.

Theorem 6. Let ngS be as defined in (1), A9 € dom (3¢) with d¢ (Ag) # {0}, and

n
V= Zbke(nfk,ko)
k=0
be given. Then dds(e(n,ko))(v) = 400 if (23) and (24) are not satisfied; otherwise,

n 1
dp(em ) (V) = ;¢/(?»o; —b1), (38)

with equality holding if rspan (3¢ (19)) = C.
If it is further assumed that the function ¢ is twice continuously differentiable at Lo,
then whenever n > 1 the inequality (38) can be refined to

1 1
” [¢/()»0; —by) + m¢”()»0; Vv —=b2, v —bz)} (39)

n 1
< dd(ewnag) () = = [¢/Goi =b) + @G V/=b2. Vb2 | (40)

whenever (23) and (24) are both satisfied. “Moreover, quality holds in the second in-
equality in (40) if any one of the following three conditions hold”

¢" (M3 v/ —b2, v/ —b2) =0, (41)
¢" (Mo; -, ) is positive definite, or 42)
¢ is quadratic. 43)

Proof. By Theorem 3 we know that the subderivative is +oo if (23) and (24) are not
satisfied. The lower bounds (38) and (39) are immediate consequences of Theorems 3
and 5, respectively.

The representation (7) and Lemma 1 imply that with no loss in generality we may
assume for the remainder of the proof that by) = 0 in v.

Suppose that rspan (3¢ (Lg)) = C and (23) and (24) hold. We show that equality
must hold in (38). As noted in Lemma 4, rspan (d¢(19)) = C implies that by = 0, k =
2,3, ..., n. To see that equality is attained consider the family of polynomials

pe(M) = (L — Ao + &by /n)"
= (A —20)" +Eb1(A — 20)" ! +0(8).
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For any sequence of real positive scalars {£,} decreasing to zero definition (8) shows
that

¢ (ko — §vb1/n) — ¢ (o)

¢'(ro; —b1/n) = lim

V—00 &)
=lml$@a);$@mmﬂ

> dd(em.ig) (),

hence equality holds in (38).

If either ¢ is quadratic, or ¢”(1g; -, -) is positive definite, then Theorem 4 tells us
that the expression on the right hand side of (40) is also a lower bound. Thus, to show
equality in these two cases we need only establish the upper bound (40). In addition,
once this upper bound is established then we also obtain equality when (41) holds since
in this case the upper bound (40) reduces to the lower bound (38). Thus, it remains only
to prove the upper bound (40). We assume throughout that the polynomial v satisfies
both (23) and (24).

We use (8) to establish the upper bound (40). The bound is obtained by considering
the tangents to smooth curves having as limit e, ;). The proof proceeds by considering
the even and odd cases for n separately. But in both cases we make use of the following
family of polynomials:

1 m
qienA) = (?» - (Ko - %(bl - ﬂv) + —bzé/m)>
: (k - (Xo - é(1?1 - Lv) - —bf;‘/m))
n 2m

2 m
= (()» —20) + —S(bl — L)(?» — o) +b2§/m +0($)>
n 2m

2m D)
=@—xm“+~—5wy——»u—xw“*
n 2m

+ boE(h — )2+ 0(&).

First assume that  is even: n = 2m for some positive integer m. Consider the family
of polynomials

4,0 A) = (A = 210)" +§v(d) +0(§).

For all &, this polynomial has only two roots:

—by
)»g—)»o——ﬁi\/ —&.
m

For & real and positive, the second-order Taylor expansion of ¢ at these roots gives

. —by by —b;
¢ (q(£,0)) = max i(ﬁ (Xo — —S + S) @ (lo ——§& - —$>}
m n m

/ 1 /!
=¢(ro) +§& [¢ (Ao; —=b1/n) + 5(13 (ho; v/—b2/m, \/—bz/m)} +0(§)
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since by (23), ((b’()»o) RV —b2> = 0. Therefore,

¢?(6]<$,0>) — ¢ (o)
&

1
= —[¢/Go: =b1) + " oz V/=b2./=B2) |

d¢ < li
d(en,ng))(v) < Sli%

establishing the even case.
Now consider the odd case with n = 2m + 1. This time set

_ 9" Vb2, V=b2)
@' (ro)

and consider the family of polynomials

pe(A) = (k - (ko - %(bl + V))> qe,v)(A)
= —10)" +Ev(D) +0(8).

For all values of £ the roots of this polynomial are
§ § 1 Ty
)\.O—Z(bl-’—l)) al’ld)\.o—;(bl —%U):I: —bzé/m

Taking the second-order Taylor expansion of ¢ at the root Ay — %(bl + v) for £ real and
positive shows that ¢ (Lo — %(bl + v)) equals

B (o) + (§/m) ¢/ oz =b1) + ¢ (o Vb2, V=) | +06).  (44)

Similarly, taking the second-order Taylor expansion of ¢ at either of the two roots Ao —

%h(b] _%Lm”)i“/_bﬁ/m for & real and positive and using the fact that ¢’ (Lo; «/—b2) = 0
shows that

1
0] ()LO — E(191 — %V) + \/—bzf/m>

n
also equals (44). Therefore, for £ real and positive, we have

n 1
¢(pe) = ¢(ho) + r—l(¢>/()~0; —b1) 4+ ¢" (hos v =b2, v/ —=b2))E + 0(§).
The proof is completed as in the even degree case. O

Theorem 3 and its refinements give necessary conditions for inclusion in the tan-

gent cone T, (e(n,20)» #(0)). We now use the conditions given in Theorem 6 to

characterize the tangent cone when ¢ is twice differentiable at Ag.
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Theorem 7. Let Ao € dom (¢) be such that 3¢ (Lg) % {0}, and set

n
vV = Z bke(n—k,ko)-
k=0

If either rspan (0¢ (1)) = C or ¢ is twice continuously differentiable at Lo and any one
of the three conditions (41)—(43) hold, then (v, n) € Tepi @ (e(n,xo), ¢ (ko)) if and only if

1

1= = ¢/ Goi =b) + @ Gz V/=b2 V=2 |

0= <g, \/—b2> Vg edplh), and (45)
0=bp k=3.....n,

where we interpret the term ¢” (Ay; /—ba, ~/—b2) as zero when ¢ is not twice contin-
uously differentiable at ).

Proof. Apply Theorem 6 in conjunction with the representation (7). |

3. Regular normals and subgradients

Next consider the variational objects dual to the tangent cone and the subderivative.
These are the cone of regular normals to the epigraph at a point and the set of reg-
ular subgradients. The cone of regular normals is the polar of the tangent cone [14,
Proposition 6.5]:

Nepi (1)) = Tepi (1) (1)°
= {(Zv T) ‘ ((Zv T)a (w’ M)) S O’ V(wv ,LL) € Tepi(f)(x) } .

A vector v is a regular subgradient [14, Definition 8.3] for f at x € dom (f) if

FO) = f)+ (v, y—x)+o(y—xD. (46)

We call the collection of all regular subgradients for f at x the regular subdifferential
of f at x and denote this set by 3 f(x). The regular subdifferential at a point is always
a closed convex set. At points x where 3 f(x) # @ the regular normals and the regular
subgradients are related by the formula [14, Theorem 8.9]

Nepi (1) (x) = {t(v, —1) (v €df), 1> 0} U {(v,O) ‘v edf™ } 47)

where 9 f (x)Oo denotes the recession cone of the set 9 f(x). The recession cone of any
convex set C is given by

C®={z|x+1z€eCVxeCandt € R}.
The regular subdifferential is related to the subderivative by the formula [14, Exercise 8.4]

Af) =1{v |, w) <df(x)(w)Yw). (48)
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Recall that the support function for any set D in a Euclidean space E is given by

op(w) = sup (v, w).
veD

The support function of a set is a sublinear function and coincides with the support
function for the closed convex hull of the set. The domain of the support function for
a convex set C is called the barrier cone for C, denoted bar (C) [13, Section 13]. The
polar of the barrier cone is precisely the recession cone [13, Corollary 14.2.1]:

bar (C)° = C*°.

If the set C is itself a convex cone, then C* = cl (C) and bar (C) = (C*°)°. Sup-
port functions are important in the context of the theory of subdifferentials since the
representation (48) implies the inequality

aéf(x)(w) <df(x)(w) YwEeeE.

We use the relation (48) to estimate the regular subdifferential of ¢ at €(n,»y) and
then use this estimate to approximate the cone of regular normals. Our estimates for the
regular subdifferential depends on the following parameterized family of multifunctions
A : dom (3¢) = C"! with parameter values 0 < § € IR. For § = 0, define Ag(Xo)
as the direct product

1
Ao(ho) = {0} x (=3 (20)) x Ky c2,

where K, is defined in (28). For § > 0, the multifunction A is only defined when ¢ is
twice continuously differentiable in which case

As(20) ={0} x {—¢'(R0)/n} x As.2)(ho) x C" 72,
where
A2 (o) = [0 [(62.0/6:0%) = 8((19/G0)) . 9" Ga)(i6' o)) |

Given Ag € dom (d¢) and § > O, the set As(Ag), when defined, is a non-empty
closed convex set. Since we use (47) to estimate the regular normals from the regular
subdifferential, we require expressions for the recession cone of the sets Ag(1g). Since

A2 (k)™ = {92 ‘(92, ¢/(Ko)2> < 0} =Ky,

and the recession cone of a product of sets is the product of their recession cones, we
have

As(r0)® = {0} X (=3¢ (10)™) x K3y x C*2 (49)

forall § > 0.
We now characterize the support function for the sets As(Lg).
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Lemma 6. Let Ay € dom (¢p) be such that 0¢ (Ag) # {0}, and let § > 0. Then for every
vector

b= (by,bi,...,.by)" e C'*!

we have oag(.,)(b) < +00 if and only if the components of b satisfy (23) and (24), in
which case

1
08560)(B) = @' Guoz —b1) + 86" (R0: v/=b2. v/=b2) (50)

Here the term 8¢ (Ao; =b2, \/ —bz) is to be interpreted as zero when § = 0 and ¢ is
not twice continuously differentiable at Ao. Finally, if ¢ is twice continuously differen-

tiable at Lo with
((i¢/()»0)) ) ¢//()\0)(i¢/()»0))> =0,
then 8¢" (ho; N—D2, x/—b2) = O for every b € C"! satisfying (23) and (24).

Proof. Since Ag(Lg) is a direct product of sets,

OAs(g)(b) = sup (0, b)
0€As(ro)

1 n
=—¢'(lo: =b)+ sup (6. b2)+ Y sup (0. b). (5D)
n 02€A5,2)(A0) =3 6;eC

Clearly, oa; 1) (D) s finite if and only if both the second and third terms in (51) are
finite. We will show that second term is finite if and only if b satisfies (23), and the third
term is finite if and only if b satisfies (24).

For the third term in (51) we have }_ssupy cc (6, bj) < oo if and only if
SUPy, eC (Gj , bj> < 00, j=3,...,n,or equivalently, (24) holds.

Consider now the second term in (51). It is the support function for the convex set
A5,2)(Ao). This term is finite if and only if b is an element of the barrier cone of
As,2)(Mo) [13, page 112]. The barrier cone is contained in the polar of the recession
cone of As2)(X0). By (49), this recession cone is the set Ky, i.e.

bar (A(,;,z) (A0)) C ]C;)»O'

In the case where § = 0, A(0,2)(A0)™ = Ky, and so bar (A (g,2)(Ao)) = lC;fo. Therefore,
by Lemma 4, SUPg, € A 9.2, (ko) (62, by) < oo if and only if b, satisfies (23). For § > 0,

let by € K5 = —cone (¢’ (o)?) so that there is a T € IR, such that by = ¢’ (Ao)>.
Then for any 6, € As,2)(Ao)

(62, b2) =1 (62, ¢' (o)) < 8{(id'(M0)) . ¢" (o) (i9'(R0))) < 0.
Hence, ICiO C bar (As,2)(X0)), that is,
bar (A(s.2) (ko)) = K5, V§=>0,

and, again by Lemma 4, SUPg, A (0.2 (o) (62, by) < oo if and only if by satisfies (23).
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Thus we have shown that o'a,(3,) (b) is finite if and only if the second and third terms
in (51) are finite which occurs if and only if b satisfies (23) and (24).

Next suppose that o) () is finite, or equivalently, assume that b satisfies (23)
(i.e., by € ICKO) and (24). We show that (50) holds. If § = 0, then

sup (02, bo) = sup (02, by)
02€A0,2)(A0) 626K,
=0

=5(v=b2. ¢"Go)v/~b2).

where the second equality follows since b, € IC;O. Now suppose that § > 0. Then, by
Lemma 4(ii), there is a T € IR such that /by = t¢'(Ag). Hence

sup (62, b2) =7 sup (6, ¢/0)?)
02€A(5,2)(Mo) 02€A5,2)

=28 ((i¢' (1)), ¢"(R0)(i9' (10)))
=58{(it¢'(h0)), ¢" (o) (iT¢' (R0)))

= 5((ivE2), ¢ (o) (1 VD))
=5(V=b2. ¢"G0)V2).

Hence, in either case, (50) holds. The final statement of the Theorem also follows from
the final derivation above. O

Lemma 6 combined with Theorem 6 and the representation (48) provide a basis for
estimates, and in some cases formulas, for the regular subdifferential of ¢ at €(n,y)- But
first we need to map the sets As (1) into the space of polynomials. Given Ag € C define
the linear transformation 7y, : P" — C"*! to be the mapping that takes a polynomial
to its Taylor series coefficients when expanded at the base point X, specifically,

T
5y(P) = (P G0}/, . P (o), pR0)) (52)

Equivalently, if p has the representation p = Y y_q ak€(n—k. o), then 7, (p) = (ao, ai,
...,ay)’. The family of linear transformations t; is continuous in A, and for each iq
the transformation t,,, is invertible. Indeed, one has

-1 _ _x*
Ty = T
when the adjoint tfo is defined using the inner product (-, -);,-

Theorem 8. Let ¢ be as defined in (1) and Ao € dom (¢) be such that d¢(rg) # {0}.
Then

dp((n.20) (V) = Tag00) (Tag (V) (53)
forallv € P" and

7 Ao(ho) C dd(em.ing)) (54)
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where r;fo is the adjoint of 7, with respect to the inner product (-, -),,. Equality holds
in both (53) and (54) if rspan (3¢ (o)) = C.

If it is further assumed that the function ¢ is twice continuously differentiable at g
with ¢’ (Mo) # 0, then

a5, () (Tag (1)) < dB(e(n20)) (V) < Gaz (20) (T (), (55)
forallv € P", and

75 Asy () C d(e(nng) C T4y Asy (Ao) (56)

where 81 = 1/(n(n — 1)) and 8, = 1/n. Furthermore, if ¢ is quadratic, or ¢" (rg; -, -)
is positive definite, or <( ¢ (X)), " (ho)(i qﬁ’(ko))) =0, then

dd(e(n,20) (V) = 04 () (Thg (V)
forallv € P"*, and

I (e(n.n0) = Ty Ay (o) -

Proof. Inequality (53) follows from the bound (38) in Theorem 6 coupled with Lemma
6. The left and right inequalities in (55) follow from (39) and (40) in Theorem 6, respec-
tively, again in conjunction with Lemma 6. The subdifferential inclusions in (54) and
the left hand side of (56) follow immediately from the definition of the adjoint transfor-
mation, the representation (48), the inequalities in (53), and the left hand side of (55),
respectively. Here we have also used the identity

op(A-) =0a+p(-),

where A is any linear transformation between Euclidean spaces E; and E».

The inclusion on the right hand side of (56) follows from the definition of the adjoint
transformations and the fact that for any two closed convex sets C| and C; one has that
Cy1 C Cyif and only if o¢, (v) < oc, (v) for all v.

The final statement of the Theorem follows from the final statement of Theorem 6,
the final statement of Lemma 6, and the preceding comment on the relationship between
support functions and convex sets. O

We now apply Theorem 8 to (47) obtaining approximations to the cone of regular
normals to epi (¢) at the point (e(,,3,), ¢ (A0)). We begin by extending the definitions
for the sets Ags(X1o) by the formula

Es(h0) = {y (@, —1) |8 € As(ho), 0 <y € R}U As(20)™,

where the recession cone As(19)™ is given by the formula (49). In addition, for each
A € C, define the linear transformation 7 : P" x IR — C"t! x R by t,(p, n) =
(ta(p), u) where the linear transformation 7, is defined in (52). The adjoint of 7, , with
respect to the inner product

((@m, (p, ) =1(q, ply, + 1

on P" x IR, is the linear transformation 7," : C"*t! x IR — P" x IR given by

T (w, p) = (g (w), w) = 3, (w, p).

Theorem 8 and relation (47) give the following corollary to Theorem 8.
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Corollary 1. Let § > 0 and (]3 be as defined in (1) with Ay € dom (0¢) satisfying
dp(ro) # {0}. Then

£ 80(10) C Ny (4 (€ 100> #(10)), 57)

with equality holding if rspan (3¢ (L)) = C. If it is further assumed that the function ¢
is twice continuously differentiable at Ao with ¢’ (Lg) # 0, then

£ 851 (h0) C Ny (4 € #(10)) C 2 Es, (o) (58)

where 81 = 1/(n(n — 1)) and 8, = 1/n. Furthermore, if ¢ is quadratic, or ¢” (Ao; -, *)
is positive definite, or <( ¢ (ho)), ¢ (Ao)(i ¢/(ko))> =0, then

Nepi (¢;) (e(n,)»o)a ¢()"0)) = f}TO ESQ ()\-O) .

4. The abscissa mapping

We apply the results of the preceding two sections to the abscissa mapping for polyno-
mials:

a(p) =sup{Rer |L € R(p)}.
Here a = <13 where ¢A> is defined in (1) with the function ¢ given by the linear form
¢ = (1, 2).

Since ¢” (1) = 0, we obtain complete characterizations for the variational objects under
study. We state two results. The first concerns the tangent cone and subderivative, and
the second the regular normals and subdifferential.

Theorem 9. Given g € C, one has (v, 1) € Tepi(a) (€(n,10)> Re (ko)) with

n
v = Zbke(n—k,,\o)
k=0
if and only if

1
n = ——Re (b1),
n

0 <Reby, O0=Imby, and
O0=by, k=3,...,n.

Moreover, da(e ) (v) = +00 if (59) and (59) are not satisfied; otherwise,
1
da(e, ) (v) = —r—lRe (b1).

Proof. The final statement of the theorem follows immediately from the final statement
of Theorem 6. The first part of the result follows from Theorem 7. O
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Remark 2. The two conditions 0 < Re by and 0 = Im b, in (59) are equivalent to the
single condition 0 = Re 4/ —b, which follows from condition (45) in Theorem 7.

The subdifferential and normal cone characterizations follow directly from Theorem
8 and Corollary 1.

Theorem 10. Let Lo € C be given. Then

0<t, wgp=0, wlz_TI}

and
dale( i) = Ty {w |wo =0, wy = —1/n, and Re (w2) < 0}.

The results of Theorems 9 and 10 coincide precisely with those found in [3, 5].

S. The radius mapping

Consider now the radius mapping for polynomials:

r(p) =sup{[A| [A € R(p)}.

Here r = qAS, where $ is defined in (1) with the function ¢ given by the modulus

¢ () = [A].

The modulus is convex and infinitely differentiable in the real sense except at the origin.
The convex subdifferential is given by

B, if¢=0;

a1 (5) = {{/ |¢], otherwise,

where B = {¢ | |¢| < 1} is the closed unit disk in C. At nonzero ¢ we have
1
e

Since for A9 # 0 the Hessian is not positive definite and

1 _ I_)\‘O 124 I_)\'O
ol _<<|)»0|) 7 0) <|x0|)> ’

it would seem that our strongest results for the polynomial e(;, ,) do not apply when
Ao # 0. However, this difficulty is easily sidestepped.

[ @58,8) = — 187 = ¢/ 1¢1 . 82,

Lemma 7. Let p € M"™ be any polynomial for which r(p) > 0. Then (v,n) €
Tepi (r)(p» 1) if and only if (v, un) € Tepi (ry) (P, 31%), where

1
rn(p) = sup{i ERERE R(p)}.
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Proof. Let (v, n) € Tepi(r)(p, ). Then there exist sequences

{(Pk, i)} Cepi(r) and i (O (59)
such that
Pk=P o, and (60)
Iy
e — 8, o, 61)
Ik

Moreover, we may assume with no loss in generality that u; > O for all k since u >

r(p) > 0.
Now since (p, u) € epi(r) if and only if (p, ,u2/2) € epi(r2), we have (59) is
equivalent to

{(Pk, 17/2)} C epi (r2) and 1 N\, O. (62)
Also, since 0 < u, ug, (61) is equivalent to

(g — ) (g + p) N

2
I K“n
or equivalently,
2_ 1,2
My — 31
20k 257 un. (63)
Ik
Therefore, the statements (59)—(61) are equivalent to the statements (62), (60), and (63),
or equivalently, (v, un) € Tepi (rp) (P, ). O
Lemma 7 gives the representation
Tepi (P 1) = {0, 0/10) | 0. 0) € Tepicen (o /) | (64)

whenever r(p) > 0. Since % |12 is quadratic, with (% 1-12)"(¢; 8, 8) = |8|%, Theorem 7
provides a complete characterization of the tangent cone Tepi (r) (€(n, 1) [A0])-

Theorem 11. Let Ao € C and let (v, n) € P" X IR be such that

n
V= Z bke(n—k,xo)-
k=0

(i) If ko = O, then (v, 1) € Tepi(r)(e(n,0) o) if and only if

1
n=>—1bil,
n
O=by, k=2,3,...,n.

Moreover, dr(e, 1)) (v) = 400 if (65) is not satisfied; otherwise,

1
dr(en,i) (v) = ” |b1].



290 J.V. Burke et al.

(ii) If Ao # O, then (v, ) € Tepi(r)(€(n,rg)» IA0|) if and only if

- 1
n =
n|iol

0= Re):(),/—b , and

0=0bk, k=3,...,n.

[162] — Re Aob1],

Moreover, dr(e, ) (v) = +00 if (65) and (65) are not satisfied; otherwise,

1 _
dr = ——||b2| —Re roby|.
(€(n,20)) (V) ool [162] — Re Aob1 ]

Proof. The case A9 = 0 follows from Theorem 6 and the representation (7) since the
fact that B = 9 |-| (0) has non-empty interior implies that rspan (9 |-| (0)) = C. The case
Ao # 0 follows from Theorem 7 and the representation (64). O

We have the following dual variational results for the regular subdifferential and
normal cone.

Theorem 12. Let 1o € C and let the linear transformation v, : P"* — C"t! be as
defined in (52). Set

6o .
A"(r) = 6p=0, 6 € -B ¢,
: n
On
if g = 0, otherwise, set
o
r =0 2 |)- |
A"(r) = 0o =0, 61 = —" (6, 1) = =
9‘ n|iol n
n

(i) If g = 0, then
dr(em,ry)) (V) = AT (T (V)),
dr(en,a) = T AT(Ro),
and

~ >0, weCrtl
Nepi (r) (€(n,70), 0) = {(Tfo(w), —W) I = } :

wo =0, |wi| < p
(ii) If Ao # 0, then
dr(em,ry) (V) = AT (T (V)), (65)
r(enrg) = Ty AT(Ro), (66)

and

Nepi (r) (€(n, 1) > 20) = i(rfo(w), —[) <w2 A02> < ol

=0, wo =0, wi = 3, } (67)
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Proof. Let us first suppose that Ay = 0. In this case, rspan (9 || (0)) = C since the
subdifferential B = 9 |-| (0) has non-empty interior, hence the results of Theorems 6 and
(58) directly apply to give the result.

Next suppose that Ao # 0. In this case, Lemma 6 combined with Part (2) of Theorem
11 gives (65). This in turn establishes (66) due to the relation (48). The final relation
(67) follows from the equivalence (47). O

6. Concluding remarks

We have shown that the Gauss-Lucas technique presented in [3] extends nicely to the
class (1) obtaining first-order necessary condition for inclusion in the tangent cone
T, %) (epi (gi;)) (Theorem 3). However, substantial additional work was required to
obtain the second-order necessary and sufficient conditions given in Theorem 7. It is
gratifying that the second-order result preserves the simplicity and geometric appeal of
Theorem 3. Simply stated the result says that first-order growth in qAﬁ is controlled not
only by ¢’ (X¢) but also by the second-order behavior in directions that are both perpen-
dicular to ¢’ (A1) and correspond to a square root splitting of the roots. This is illustrated
in the application to the radius mapping in Section 5.

Regrettably, Theorem 7 is still incomplete in the case where ¢” (1) is indefinite. We
conjecture that the result continues to hold in this case. This conjecture is closely related
to the much deeper conjecture that the functions ngS are prox-regular [14, Definition 13.27]
at points where ¢ is twice differentiable. If true, this result would make a number of
results possible including the extension of Theorem 7 to the indefinite case. Indeed, the
prox-regularity question is at this time the most important unresolved issue concerning
this class of functions.

The extension of the results in the previous sections to general polynomials on M"
and issues of subdifferential regularity are part of our ongoing work.
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