Chapter 0O

Mathematical Preliminaries

0.1 Norms

Throughout this course we will be working with the vector space R"™. For this reason we
begin with a brief review of its metric space properties

DEFINITION 0.1.1 (VECTOR NORM) A function v : R™ — R is a vector norm on R™ if
i. v(r) >0V x e R" with equality iff z = 0.
it. viax) = |ajv(z) Ve e R" a € R
iwi. vz +y) <v(x)+viy) VayeR”

We usually denote v(x) by ||z||. Norms are convex functions.

EXAMPLE: [, norms
1

[l = (Cyfzf?)r, 1<p<oo

[]loo = maxiy

77777

— P =1,2, 00 are most important cases

s =1 ]2 =1 0 =

— The unit ball of a norm is a convex set.
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0.1.1 Equivalence of Norms

a(p, gzl < llzll, < B, @)zl

apg) 11 2 3
1| 1 T 1
2 [nz 1 1
3 n~l n: 1

Bp.a) o, 1|1 2 3
1l 1 nz n
2 [1 1 n3
3 /1 1 1

0.2 Open, Closed, and Compact Sets

— A subset D C R"™ is said to be open if for every x € D there exists € > 0 such that
x + €eB C D where

r+eB={r+eu:uecB}

and B is the unit ball of some given norm on R".
— A point 7 is said to be a cluster point (or accumulation point) of the set D C R™ if
(T+eB)ND #0
for every € > 0.
— A subset D C R” is said to be closed if it contains all of its cluster points.
— A subset D C R" is said to be bounded if there exists m > 0 such that

|z|| < m for all z € D.

— A subset D C R" is said to be compact, if it is closed and bounded.

FAcT: [Bolzano—Weierstrass Compactness Theorem]| A set D C R" is compact if and only
if every infinite subset of D has a cluster point in D.
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0.3 Continuity and the Existence of Extrema

— The mapping F': R® — R"” is said to be continuous at the point 7 if

lim |F(z) — F(@)] =0,

||lx—z||—0

or equivalently, for every € > 0 there exists a § > 0 such that

[F(x) = F(T)]| < e

whenever ||z — T|| < 0. The function F is said to be continuous on a set D C R™ if F'
is continuous at every point of D.

WEIERSTRASS EXTREME VALUE THEOREM Fuvery continuous function on a compact set
attains its extreme values on that set.

0.4 Dwual Norms

Let || - || be a given norm on R"™ with associated closed unit ball B. For each x € R™ define

Il == max{z"y : [ly]| < 1}.

Since the transformation y — 27y is continuous (in fact, linear) and B is compact, Weier-
strass’s Theorem says that the maximum in the definition of ||z|| is attained. Thus, in
particular, the function z — ||z||o is well defined and finite-valued. Indeed, the mapping
defines a norm on R™. This norm is said to be the norm dual to the norm || - ||. Thus, every

norm has a norm dual to it.

We now show that the mapping x — ||z||o is a norm.

(a) It is easily seen that ||x|lo = 0 if and only if x = 0. If  # 0, then

M%=mww%ww§uzf<x):ym>o

]

(b) From (a), ||[0-z|[o =0=0-||z|lo. Next suppose o € R with « # 0. Then

lezllo =

max{z” (ay) : |yl <1}, (2 = ay)
max{:cTz 1< 2= ﬁ 2] =
max{z? (Ja|z) : 1 > |lw||}

| [|llo-

Z
lal

po(w=7)
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In order to establish the triangle inequality, we make use of the following elementary, but
very useful, fact.

Fact: If f:R* = R and C C D C R", then

sup f(x) < sup f(x).
zeC z€D

That is, the supremum over a larger set must be larger. Similarly, the infimum over a larger
set must be smaller.

(c) llz+zllo = max{zTy+2Ty: [yl <1}
<1
= max {xTyl + 2"y ”g;” <10 = y2}
(max over a larger set)
= <max{z"y + 2T [yl <1, fleell < 1}
= lzllo +[l=llo

FAcCTs:
(i) 2Ty < ||z| |lyllo (apply definition)
(i) [[floo = I|]]
(iii) (l=]lp)o = |||l where I%+ % =1,1<p<oc

(iv) Holder’s Inequality: |z7y| < ||z||,llyll,

(v) Cauchy-Schwartz Inequality:
2Tyl < Jlz]l2llyll

0.5 Operators

0.5.1 Operator Norms

A E RmXTL
[ Al 0.y = max{[| Azl * [l2]le) <1}



0.5. OPERATORS

EXAMPLE: ||A|lz = max{||Az|z: [|z|2 < 1}
[Alloo = max{||Azf|loc : [[#[lc <1}
= max 271 |ai], max row sum
[All = max{|[Azfl, : [|z[l, < 1}
= max > ai;|, max column sum

Fact: [[Azf|@) < [|All@pllz/lm)-
(a) ||A|l > 0 with equality < ||Az|| =0V z or A= 0.

(b) [laAll = max{[ladz] : [z} <1}
= max{|a] [[Az] : [of| <1} = |af |A]

(© A+ Bl = max{[|[Ar + Bzl : [lz]| <1} < max{||Az|| + || Bz[| A <1}
max{ || Az, || + || Brs|| : 21 = @s, [Jan ]| <1, 25| < 1}
max{|[ Az, || + [[Bxof| : [lza] < 1, [[zaf] <1}

1AL+ [ B]

IA Il

0.5.2 Spectral Radius

A e Rmm
p(A) :=max{|A|: A € X(A)}

Y(A) ={A € C: Az = Az for some z # 0).
p(A) ~ spectral radius of A

Y (A) ~ spectrum of A

Facr:

(i) [|All2 = (p(ATA))3

(i) p(A) <1< lim A¥ =0

k—oo

(iii) p(A) <1= (I —-A) 1= iAi (Neumann Lemma)

1=0



6 CHAPTER 0. MATHEMATICAL PRELIMINARIES

0.5.3 Condition number

A e R
|A|[|A7Y] if A7 exists
00 otherwise

/Q(A):{|

FacT: [Error estimates in the solution of linear equations] If Az; = b and Azy = b+ e, then

o =l _ gl
1]

18]

PROOF: [[b]) = [| Azl < Al 2]l = 27 < ML, o

lz1 = zafl _ [IA]
[Ea 1]

1

[Azy — Az,

0.5.4 The Frobenius Norm

There is one further norm for matrices that is very useful. It is called the Frobenius norm.
Observe that we can identify R™*™ with R(™" by simply stacking the columns of a matrix
one on top of the other to create a very long vector in R . The mapping from R™*™ to
R™) defined in this way is denoted by vec (-). The Frobenius norm of a matrix A € R™*"
is then the 2-norm of vec (A). It can be verified that

1Al = tr (AT A).

0.6 Review of Differentiation
1) Let FF: R™ — R™ and let z,d € R™. If the limit

lim F(zx+td) — F(x)
t10 t

=: F'(x;d)

exists, it is called the directional derivative of F' at x in the direction A. If this limit
exists for all d € R™ and is linear in the d argument,

F'(z; ady + Bdy) = aF'(z;dy) + BF' (x; dy),

then F' is said to be Gateaux differentiable at z.
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2) Let F: R™ — R™ and let x € R™. If there exists J € R™*" such that
1F(y) = (F(z) + J(y — )]l

ly—al[—0 |y — ||

=0,

then F' is said to be Fréchet differentiable at x and J is said to be its “Fréchet deriva-
tive”. We denote J by J = F'(z).

FacTs:
(i) If F'(x) exists, it is unique.
(i) If F'(x) exists, then F'(x;d) exists for all d and
F'(z;d) = F'(x)d.
(iii) If F'(x) exists, then F' is continuous at x.
(iv) (Matrix Representation)

Suppose F'(x) exists for all z near T and that the mapping z — F’(z) is continuous
at T,
lim || F(z) — F'(z)|| =0,
[|z—Z||—0
then 0F;/0x; exist for each i =1,...,m, j =1,...,n and with respect to the standard
basis the linear operator F’(T) has the representation

o, on .. ok T
dx1  Oza Oy
o 9k OF T
_ dx;  Ox2 Oxn 8E
: Oz,
ox1 Ozn
where each partial derivative is evaluated at T = (Ty,...,T,)T. This matrix is called

the Jacobian matrix for F at Z.

NotATION: For f:R™ = R, f'(z) = [% %] we write Vf(z) = f'(z)T.

Ox1’ """ Oxn

(v) If F: R® — R™ has continuous partials JF;/0x; on an open set D C R", then F
is differentiable on D. Moreover, in the standard basis the matrix representation for
F'(z) is the Jacobian of F' at .

(vi) (Chain Rule) Let F : A ¢ R™ — R* be differentiable on the open set A and let
G : B C RF — R" be differentiable on the open set B. If F(A) C B, then the
composite function G o F' is differentiable on A and

(G o F)(x0) = G'(F(x0)) o F' ().
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REMARKS: Let F': R" — R™ be differentiable. If L(R™, R™) denotes the set of linear maps
from R™ to R™, then

F':R" — L(R™,R™).
(In a standard basis we usually identify L(R™ R™) with R™*".) Therefore hierarchy for
higher derivatives:

F o R*"—R™

F'" : R"— L(R",R™) ~ R™®
F// : Rn%L(Rn7L<Rn7Rm>) ~ [RMxnxn
a~  RMXnXnxn

F" : R" — L(R", L(R", L(R",R™)))

(v) The Mean Value Theorem:

(a) If f: R — R is differentiable, then for every z,y € R there exists z between x
and y such that

fly) = f(@)+ f'(2)(y — ).

(b) If f:R™ — R is differentiable, then for every x,y € R there is a z € [z, y] such
that

fly) = f(2) + V() (y — ).
(c) If F: R™ — R™ continuously differentiable, then for every z,y € R

1F(y) = Fo)ll <

sup 17/ e =l
z€[zy]

PROOF OF (b): Set ¢(t) = f(z + t(y — x)). Then, by the chain rule, ¢'(t) = V f(x + t(y —
2))T(y — x) so that ¢ is differentiable. Moreover, ¢ : R — R. Thus, by (a), there exists
t € (0,1) such that

p(1) = ¢(0) + ¢'(H)(1 - 0),
or equivalently,

f)=f@) + Vi) (y—2)
where z = x + t(y — x). [ ]

0.6.1 The Implicit Function Theorem

Let F' : R™™ — R" be continuously differentiable on an open set £ C R"*™. Further
suppose that there is a point (z,y) € R"™ at which F(z,y) = 0. If V,F(z,y) is invertable,
then there exist open sets U C R"™™ and W C R™, with (Z,7) € U and § € W, having the
following property:

To every y € W corresponds a unique x € R" such that

(z,y) €U and F(z,y)=0.
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Moreover, if z is defined to be G(y), then G is a continuously differentiable mapping of W
into R™ satisfying

Gy) =z, F(Gy),z)=0VyeW, and G'(y)=—(V.F(z,7) 'V ,F(z,7) .
0.6.2 Some facts about the Second Derivative
Let f:R™ — R so that f': R" — L(R", R)(~ R™! = R?) and
f// . Rn SN L(Rn, L(Rn,R))(% Rnxnxl — Ran)

(i) If f” exists and is continuous at z, then in the standard basis

0 f

" ~ 2 —

f (l’o) ~V f(l‘o) [8xza$]‘|xzxo

Moreover, =24 = 9L for all 4,5 = 1,...,n. The matrix V2f(z,) is called the

) 8%8% am]a’m
Hessian of f at xg. It is a symmetric matrix.

(ii) Second-Order Taylor Theorem:

If f:R™— R is twice continuously differentiable on an open set containing [z, y|, then
there is a z € [z, y| such that

F) = F@) + V@Y (g = 2) + 5~ DS E)y o).
We also obtain

1(7) = (f (@) + f/(2)(y — )| < ;HIE =yl sup [If"(2)]l.

z€[z,y]

0.6.3 Integration
Let f: R™ — R! be differentiable and set p(t) = f(z + t(y — x)) so that ¢ : R — R. Then

fly) = fla) = ¢(1) = o(0) = fy ¢'(t)dt
= Jo V(@ +tly—a)"(y—a)dt
Similarly, if F': R® — R™, then

Jo VF(z+t(y —2)"(y — x)dt
Fy) = F(z) = :
Jo VEn(z +t(y —2)"(y — x)dt
= TPty - )y — o)
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0.6.4 More Facts about Continuity
Let F': R" — R™.

— We say that F' is continuous on a set D C R" if for every x € D and € > 0 there exists
a 0(z,€) > 0 such that

|F(y) — F(z)|| < e whenever ||y — x| < d(z,¢€).

— We say that F' is uniformly continuous on D C R™ if for every € > 0 there exists a
d(e) > 0 such that

|F(y) — F(z)|| < e whenever ||y — x| < d(e).

Fact: If F' is continuous on a compact set D C R”, then F' is uniformly continuous on D.

— We say that F'is Lipschitz continuous on a set D C R™ if there exists a constant K > 0
such that
[1F(z) — F(y)ll < Kz —y]

for all z,y € D.
FAcT: Lipschitz continuity implies uniform continuity.
PROOF: § = ¢/K. ]
EXAMPLES:

1. f(x) =z ! is continuous on (0,1), but it is not uniformly continuous on (0, 1).

2. f(x) = y/z is uniformly continuous on [0, 1], but it is not Lipschitz continuous on [0, 1].

Fact: If F' exists and is continuous on a compact convex set D C R™, then F' is Lipschitz
continuous on D.

PRrROOF: Mean value Theorem:

|F(x) - Fly)] < (sup |rF'<z>H) =y,

2€[z,y]

Lipschitz continuity is almost but not quite a differentiability hypothesis. The Lipschitz
constant provides bounds on rate of change.
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Quadratic Bound Lemma

LEMMA 0.6.1 Let F' : R™ — R™ be such that F' is Lipschitz continuous on the convexr set
D C R™. Then

1F(y) = (F(z) + F'(z)(y — 2))|| < [Q(Ily —a?

for all x,y € D where K is a Lipschitz constant for F' on D.

PROOF: F(y) — F(z) — F'(z)(y —x) = [y F'(z+ty —2))(y — x)dt — F'(z)(y — z)
= [F(z+tly—2) - F(2)(y —x)dt

| o [F'(x + t(y — x)) = F'(2)](y — x)dt|
Jo I(F'(@ + t(y — x) = F'(x))(y — x)]|dt
Jo I1F'(z +t(y — x)) = F'(2)| |ly — ||dt
{(oluKtH?J E29U||2dt

1E(y) = (F(z) + F'(x)(y — 2))|

VAR VA VAN

Extended Quadratic Bound Lemma

LEMMA 0.6.2 Let F': R" — R™ be continuously differentiable in an open convex set D C
R™. If we assume that F' is Lipschitz continuous in D with Lipschitz constant K > 0, then
for all z,y, 2z € D we have

IF(y) — Fz) = F()y-2)l
Jo ==l Dy ==l

< K
- 2

PROOF: Just as in the proof of the quadratic bound lemma

F(y) = F@) — Py —2) = [ (Fla+tly = ) = F())(y - o)t
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Therefore,

1F) = F@) = FE -l < =l [ e+ oy —2) =]
= Ny = all [ Kty — =)+ (1= ) — )l

t
< Ny =allK [ty ==l + (1 = )lla - z|at

ly — 2l + [lz — =
K ly — |

2
|
0.6.5 Some Facts about Symmetric Matrices
Let H € R™" be symmetric, i.e. HT = H
1. There exists an orthonormal basis of eigen-vectors for H, i.e. if Ay > Xy > --- > A,
are the n eigenvalues of H (not necessarily distinct), then there exist vectors ¢y, ..., ¢,

such that \;q; = Hg; i = 1,...,n with ¢/ ¢; = d;;. Equivalently, there exists a unitary
transformation @ = {qi, ..., ¢,} such that

H = QAQ"
where A = diag[Ay, ..., \,].
2. H € R™" is positive semi-definite, i.e.
2THz >0 for all z € R",

if and only if ¥ A € ¥ (J(H+ HT)) A >0.



Chapter 1

Optimality Conditions:
Unconstrained Optimization

1.1 Differentiable Problems

Consider the problem of minimizing the function f : R"™ — R where f is twice continuously

differentiable on R™:
P minimize f(x)
reR”

We wish to obtain constructible first— and second—order necessary and sufficient conditions
for optimality. Recall the following elementary results.

THEOREM 1.1.1 [First- Order Necessary Conditions for Optimality]
Let f:R™ — R be differentiable at a point T € R". If T is a local solution to the problem P,
then V f(z) = 0.

PROOF: From the definition of the derivative we have that

f@) = [(@) + V@) (@ —7)+o(|z - =)

offlz —=[))

where lim =0. Let 2 :=7 —tV f(Z). Then

Rl |

f@ -tV f(T)) - f(7)
t

2+ otV f@)I)

0<
- t

=—|Vi=
Taking the limit as ¢ | 0 we obtain
0<—[[Vf@)]* <0

Hence V f(Z) = 0. u

13
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THEOREM 1.1.2 [Second—-Order Optimality Conditions]
Let f :R™ — R be twice differentiable at the point T € R™.

1. (necessity) If T is a local solution to the problem P, then Vf(T) = 0 and V2f(T) is
positive semi-definite.

2. (sufficiency) If V f(T) = 0 and V2 f(T) is positive definite, then there is an o > 0 such
that f(x) > f(T) + a|lz — Z||* for all x near T.

PROOF:
1. We make use of the second—order Taylor series expansion
1
(LLDf (@) = f@) + V@) (2 = 7) + (e =2) V[ (@) (x = 7) + oz — 7).
Given d € R™ and ¢t > 0 set x := T + td, plugging this into (1.1.1) we find that

flattd) —f@) 1 45 p, . oft?)
v = §dTV f(@)d+ "

since V f(Z) = 0 by Theorem 1.1.1. Taking the limit as ¢ — 0 we get that

0<

0 < d'V*f(z)d.
Now since d was chosen arbitrarily we have that V2 () is positive semi-definite.

2. From (1.1.1) we have that

@) - f@) _1e- .
ez 2z

(x—7)  olllx—z|?)

1.1.2
(1.12) o=z T Je=z|?

If A > 0 is the smallest eigenvalue of V2 f(Z), choose € > 0 so that

o(llx — Z||*)

o =

A

(1.1.3) < S

whenever ||z — Z|| < e. Then for all ||z — Z|| < € we have from (1.1.2) and (1.1.3) that

0(lz—7])
o2

%A+
AN

(AVARRY,

Consequently, if we set o = %)\, then
fl@) = f(z) + allz — 7|

whenever ||z — Z|| < e.
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1.2 Convex Problems

Observe that Theorem 1.1.1 establishes first-order necessary conditions while Theorem 1.1.2
establishes both second-order necessary and sufficient conditions. What about first—order
sufficiency conditions? For this we introduce the following definitions.

DEFINITION 1.2.1 [Convex Sets and Functions]

1. A subset C' C R™ is said to be convex is for every pair of points x and y taken from C,
the entire line segment connecting x and y is also contained in C, i.e.,

[z,y] C C where [z,y] ={(1 =Nz + Ay : 0 <A< 1}.

2. A function f:R™ — RU{zxoo} is said to be convex if the set
epi(f) = {(p,x) = f(x) < p}
is a convex subset of R™™. In this context, we also define the set
dom(f) ={z € R" : f(z) < 400}

to be the essential domain of f.

LEMMA 1.2.1 The function f : R"™ — R is convexr if and only if for every two points
x1,x2 € dom(f) and X € [0, 1] we have

FOzr + (1= Nxa) < Af(z1) 4+ (1= N) f(xa).
That is, the secant line connecting (x1, f(x1)) and (xq, f(x2)) lies above the graph of f.

EXAMPLE: The following functions are examples of convex functions: ¢!z, ||z||, e®, 22

The significance of convexity in optimization theory is illustrated in the following result.
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THEOREM 1.2.1 Let f: R" - RU{£oo} be convex. If T € dom(f) is a local solution to
the problem P, then T is a global solution to the problem P.

ProoF: If f(Z) = —oco we are done, so let us assume that —oo < f(Z). Suppose there is
az € R" with f(Z) < f(Z). Let € > 0 be such that f(z) < f(z) whenever ||z — 7| < e.
Set A\ := €(2||z — z||)™" and z) := T+ AN(Z — T). Then |jz) — 7| < €/2 and f(z)) <
(1 =N f(@) + Af(Z) < f(z). This contradicts the choice of ¢, hence no such 7 exists. [

If f is a differentiable convex function, then a better result can be established. In order
to obtain this result we need the following lemma.

LEMMA 1.2.2 Let f:R® - RU{+o0} be convex.

1. Given z € dom(f) and d € R" the difference quotient

[z +td) — f(x)
t

(1.2.4)

is a non-decreasing function of t on (0, +00).

2. For every x € dom/(f) and d € R" the directional deriwative f'(x;d) always ezists and

15 given by
(1.2.5) f'(z;d) ;= inf flw+td) = f(x)

t>0 t

3. For every x € dom(f), the function f'(x;-) is sublinear, i.e. f'(x;-) is positively
homogeneous,

f(z;ad) = af'(x;d) VdeR" 0<a,

and subadditive,
fl@uto) < flzsu) + f(@;0).

PrROOF: We assume (1.2.4) is true and show (1.2.5). If x +td ¢ dom (f) for all ¢ > 0, then
the result obviously true. Therefore, we may as well assume that there is a ¢ > 0 such that
zr+td € dom (f) for all t € (0,¢]. Recall that

(1.2.6) f(z;d) = ltifgl fla+ tci) — f(x)

Now if the difference quotient (1.2.4) is non-decreasing in ¢ on (0, +00), then the limit in
(1.2.6) is necessarily given by the infimum in (1.2.5). This infimum always exists and so
f'(x;d) always exists and is given by (1.2.5).

We now prove (1.2.4). Let x € dom (f) and d € R™. If x 4+ td ¢ dom (f) for all t > 0,
then the result is obviously true. Thus, we may assume that

0<t=sup{t : x+td e dom(f)}.
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Let 0 < t; < ty < t (we allow the possibility that ty =t if t < 400). Then

fla+tid) = f(v+(2)tad)

_ t
= S (2 )) +(8) @+t
< (-8 i+ (2] 1o+
Hence
flx +tid) — f(z) < f(x +tad) — f(x)
t1 - to .
We now show Part 3 of this result. To see that f’(z;-) is positively homogeneous let
d € R" and a > 0 and note that

f(z + (te)d) — f(z)

f(z;ad) = algfgl ) = af'(z;d).
To see that f'(x;-) is subadditive let u,v € R", then
Plasuto) =ty L) @)
Gt b))~ ()
10 t/2
_ 1}f€2f@($ +tu) + 5 (z + tv)) — f(z)

t
< 1}%2§f(x+tu) + éjz(xjttv) — f(x)

B limf($+tu)—f($)+f(33+tv)—f(33)
o t t
= [(z;u) + f(x;0) .

From Lemma 1.2.2 we immediately obtain the following result.

THEOREM 1.2.2 Let f : R — R U {+o0} be convex and suppose that T € R™ is a point
at which f s differentiable. Then T is a global solution to the problem P if and only if

Vi(T) =

ProoF: If 7 is a global solution to the problem P, then, in particular, T is a local solution
to the problem P and so V(%) = 0 by Theorem 1.1.1. Conversely, if V f(Z) = 0, then, by
setting t :=1, z:=7, and d := y — T in (1.2.5), we get that

0< fly) — f(@),

or f(Z) < f(y). Since y was chosen arbitrarily, the result follows. u
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As Theorems 1.2.1 and 1.2.2 demonstrate, convex functions are very nice functions indeed.
This is especially so with regard to optimization theory. Thus, it is important that we be
able to recognize when a function is convex. For this reason we give the following result.

THEOREM 1.2.3 Let f:R"™ — R.

1. If f is differentiable on R™, then the following statements are equivalent:

(a) f is conver,
(b) fly) = f(x) + V[f(2)(y - z) for all z,y € R
(c) (Vf(x) =V ) (x—y) >0 for all v,y € R".

2. If f is twice differentiable then f is convez if and only if f is positive semi-definite for
all x € R™.
PRrOOF: (a) = (b) If f is convex, then 1.2.3 holds. By setting t := 1 and d :=y — x we
obtain (b).
(b) = (¢) Let x,y € R™ From (b) we have

fy) = f(z) + Vf(2)(y — )
and

f@) = fy) + ViY@ —y).
By adding these two inequalities we obtain (c).

(¢) = (b) Let z,y € R™. By the mean value theorem there exists 0 < A < 1 such
that

fly) = fla) = V(@) (y — 2)
where z) := Ay + (1 — A)z. By hypothesis,

0 < [Vf(zy) - (I)]T(l’x—x)
= AMVf(zy) = V)] (y —z)
AMf(y) = fx) = V()" (y —2)].

Hence f(y) > f(z) + Vf(2)"(y — 2).
(b) = (a) Let z,y € R™ and set
a:= max p(A) = [f(Ay + (1 = N)z) = (Af(y) + (1 = A) f(2))].

/\e[o 1]

We need to show that o < 0. Since [0, 1] is compact and ¢ is continuous, there is a
A € [0, 1] such that p(A) = a. If X equals zero or one, we are done. Hence we may as
well assume that 0 < A < 1 in which case

0=¢'(\)=Vf(z\)"(y—2)+ f(z) — fy)
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where z) =z + A(y — x), or equivalently

M (y) = M () = V(@) (x = 2y).
But then

Q
I

f(@y) = (f(x) + A(f(y) — f(2)))
g(iv,\) + Vf(xx)"(z —x5) — f(2)

IA I

by (b).
2) Suppose f is convex and let x,d € R™, then by (b) of Part (1),
flz+td) > flx) +tV f(z)'d

for all £ € R. Replacing the left hand side of this inequality with its second-order
Taylor expansion yields the inequality

f(z) +tV f(z)'d + t;dTVQf(x)d +o(t?) > f(z) +tVf(z)'d

or equivalently

Letting ¢t — 0 yields the inequality
d"V?f(x)d > 0.

Since d was arbitrary, V2 f(z) is positive semi-definite.

Conversely, if x,y € R", then by the mean value theorem there is a A € (0, 1) such that

F() = £(2) + VI (g~ ) + 5y — )V F )y — 2
where ) = Ay + (1 — A\)z. Hence

fy) = fz) + V(@) (y — )
since V2 f(x,) is positive semi-definite. Therefore, f is convex by (b) of Part (1).

We have established that f'(x; d) exists for all z € dom (f) and d € R™, but we have not
yet discussed to continuity properties of f. We give a partial result in this direction in the
next lemma.

LEMMA 1.2.3 Let f : R" — RU {400} be conver. Then f if bounded in a neighborhood of
a point T if and only if f is Lipschitz in a neighborhood of .
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Proor: If f is Lipschitz in a neighborhood of Z, then f is clearly bounded above in a neigh-

borhood of z. Therefore, we assume local boundedness and establish Lipschitz continuity.
Let € > 0 and M > 0 be such that |f(z)| < M for all x € T + 2¢B. Set g(z) =

flz +z) — f(z). It is sufficient to show that ¢ is Lipschitz on €B. First note that for all

T € 2¢B
1 1 1

0=9(0) = g(5o + 5(-2) < ;g@:) +59(-2),

and so —g(x) < g(—=z) for all x € 2¢B. Next, let 2,y € eB with x # y and set a = ||z — y|.
Then w =y + ea™'(y — x) € 2¢B, and so

1 el 1

v) + < () + ——g(w)
= x w —g(x) + ———g(w).

Y =43 1+ e ta 1+ e la - 1—|—e*10zg 1+e*1ag

Consequently,
el -1 -1

9(y) —9(@) < 7 (9(w) — g(2)) < 2Me"a = 2Me™ |z —y].

+ et

Since this inequality is symmetric in x and y, we obtain the result. [ ]

1.3 Convex Composite Problems

Convex composite optimization is concerned with the minimization of functions of the form
f(z) := h(F(x)) where h : R™ — RU{+00} is a proper convex function and F' : R" — R" is
continuously differentiable. Most problems from nonlinear programming can be cast in this
framework.

EXAMPLES:

(1) Let F' : R™ — R™ where m > n, and consider the equation F(x) = 0. Since m > n
it is highly unlikely that a solution to this equation exists. However, one might try
to obtain a best approximate solution by solving the problem min{||F(x)| : = € R"}.
This is a convex composite optimization problem since the norm is a convex function.

(2) Again let F' : R™ — R™ where m > n, and consider the inclusion F(x) € C, where
C C R" is a non-empty closed convex set. One can pose this inclusion as the optimiza-
tion problem min{dist(F(x)|C) : = € R"}. This is a convex composite optimization
problem since the distance function

dist(y | €) := inf [ly — ||

is a convex function.
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(3) Let FF : R — R™, C C R" a non-empty closed convex set, and f, : R" — R,
and consider the constrained optimization problem min{ fy(z) : F(z) € C'}. One can
approximate this problem by the unconstrained optimization problem

min{ fo(x) + adist(f(x)|C) : z € R"}.

This is a convex composite optimization problem where h(n,y) = n + adist(y|C) is a
convex function. The function fo(x)+adist(f(z)|C) is called an ezact penalty function
for the problem min{ fy(z) : F(x) € C}. We will review the theory of such functions
in a later section.

Most of the first-order theory for convex composite functions is easily derived from the
observation that

(1.3.7) fy) =h(F(y) = h(F(z) + F'(2)(y — 2)) + ollly — =[)).
This local representation for f is a direct consequence of A being locally Lipschitz:

[W(F(y)) — h(F(z) + F'(z)(y — )l
< Klly =]l Jy |1F'(z +tly — @) — F'(x)|dt

for some K > 0. Equation (1) can be written equivalently as
(1.3.8) hMF(x+d)=h(F(x))+ Af(z;d) + o(||d]])

where

Af(z;d) == h(F(z)+ F'(x)d) — h(F(x)).

From 1.3.8, one immediately obtains the following result.

LEMMA 1.3.1 Leth : R™ — R be convex and let F' : R™ — R™ be continuously differentiable.
Then the function f = ho F is everywhere directional differentiable and one has

[lad) = W(E(@) F(a)d)
f(i, )

(1.3.9)

= infyso

This result yields the following optimality condition for convex composite optimization
problems.

THEOREM 1.3.1 Leth : R™ — R be convex and F' : R™ — R™ be continuously differentiable.
If Z is a local solution to the problem min{h(F(x))}, then d = 0 is a global solution to the
problem

(1.3.10) min h(F(z) + F'(z)d).

deRr”

There are various ways to test condition 1.3.8. A few of these are given below.
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LEMMA 1.3.2 Let h and F be as in Theorem 1.3.1. The following conditions are equivalent
(a) d =0 is a global solution to 1.3.10.
(b) 0 < K (F(x); F'(x)d) for all d € R".
(c) 0 < Af(x;d) for all d € R™.

PROOF:The equivalence of (a) and (b) follows immediately from convexity. Indeed, this

equivalence is the heart of the proof of Theorem 1.3.1. The equivalence of (b) and (c) is an
immediate consequence of 1.3.2. [ ]

In the sequel, we say that x € R" satisfies the first-order condition for optimality for the
convex composite optimization problem if it satisfies any of the three conditions (a)—(c) of
Lemma 1.3.2.

1.3.1 A Note on Directional Derivatives

Recall that if f : R" — R is differentiable, then the function f’(x;d) is linear in d:
f'(@;ady + Bdy) = af'(v;di) + Bf'(2:do) -

If f is only assumed to be convex and not necessarily differentiable, then f’(z;-) is sublinear
and hence convex. Finally, if f = h o F'is convex composite with A : R™ — R convex and
F : R™ — R™ continuously differentiable, then, by Lemma (1.3.1), f’(z;-) is also sublinear
and hence convex. Moreover, the approximate directional derivative Af(z;d) satisfies

ACIAf(m0d) < A PAf(mdod)  for 0< A < Ao,
by the non—decreasing nature of the difference quotients. Thus, in particular,

Af(x; M) < NAf(x;d) for all A € [0,1].



Chapter 2

Basic Convergence Theory

2.1 Global Theory

2.1.1 Line—Search Methods

In this section we consider the problem of minimizing a function f : R™ — R. In particular,
we are interested in iterative schemes of the form

Tpt1 1= T + A\pdy,

where it is intended that f(zg11) < f(zg). Such methods are called descent methods. The
scalar \j is called the step length and the vector dj. is called the search direction. It is easily
seen from the definition of the directional derivative that

{d: fl(z;d) <0} C{d: IN>0, s.t. f(z+ ) < f(z) YA€ (0,\)}.

Thus one way to implement a descent method is to choose the search direction from the set
{d: f'(z¢;d) < 0}. For example, one could take dj, as the solution to the problem

(2.1.1) min{ f/(zy; d) : ||d|| = 1}.

The search direction dj obtained in this way is called the direction of steepest descent, or the
Cauchy direction. If f is differentiable at x;, and V f(x) # 0, then the solution to (2.1.1) is

(2.1.2) di = =V f(@) [V (@)~

The Cauchy direction is only one of many choices that we will consider. The common
feature in all of these methods is that

unless V f(zg) = 0. In this regard, we have the following general convergence result.

23
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THEOREM 2.1.1 (DIFFERENTIABLE OBJECTIVE) Let f : R" — R and xo € R" be such that
f is differentiable on R™ with f" uniformly continuous on co{x : f(x) < f(xg)}. Consider
the following algorithm.

Choose v € (0,1), c € (0,1). Having xy determine xyi1 as follows:

1. Let Dy, be a subset of {d : f'(x) : d) < 0}. If Dy =0 stop; otherwise choose dj € Dy.
2. Set

Ak = max~?®
(2.1.4) subject to s € N:={0,1,2,...}

flan +7dy) — fan) < oy (s dy).
3. Set xyy1 = g + Apdk.
If {x} is the sequence generated by the algorithm, then one of the following must occur:
(i) There is a ko such that Dy, = 0;
(i) f(zx) L —oo;
(11i) The sequence {||di||} diverges to +oo;

(iv) For every subsequence J C N for which {dy}; is bounded, we have that lim; f'(xy; dy) =
0.

Remarks

1. The set Dy is introduced at each interation to represent general termination criteria.
We do not specify these criteria at this time as they will depend on the specific type
of problem under consideration.

2. If (ii) occurs, then the end result of the iteration is considered to be successful.

3. Depending on the structure of Dy, it is possible to prevent (iii) from occurring. For
example, one could take

D, — {—Vf(xk)/HVf(ivo)H, it Vf(ze) # 0;
ko :
0 otherwise.
in which case {dj} is bounded so that f'(xy;dy) — 0.
4. Since ¢ € (0, 1), the process of determining \; in (2.1.4) is finite. In order to see this
simply divide the inequality in (2.1.4) by +* to obtain
fla) +7°dy) — f(xx)
fys

(2.1.5) < Cf/($k;dk).

Since the left hand side of this inequality converges to f’(zy;dy) as s — oo and
f(x;;dy) <0, inequality (2.1.5) is valid for all s sufficiently large.
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5. One should think of (iv) as a limiting stationarity condition. For example, if Dy is as
given in remark (3) above then

f'(@isdi) = =V f ().
Hence (iv) implies that |V f(xy)|| — 0.

ProOOF: We will assume that none of the conclusions (i)—(iv) occur and establish a contra-
diction. Since (iii) and (iv) do not occur, there is a subsequence J C N and a vector d € R"

with dy % d and sup, f'(zx;di) < B < 0. Moreover, as (i) does not occur, f(zy) | f* € R,
and so (f(zx41) — f(xr)) — 0. Step 2 of the algorithm now implies that

)\kf/(ll?k; dk) — 0.
Therefore \ % 0, and so with no loss of generality, A, < 1 for all kK € J. Hence

(216) c)\/w_lf’(xk; dk) < f(l’k + )\k’}/_ldk) — f((l]k),

for all k£ € J. Now, since f’ is uniformly continuous on ¢o{z : f(x) < f(xg)} we have that

(2.1.7) fe + Ny i) — fae) <y Nl (@ die) + w (v Al di])],

where w is the modulus of continuity for f’. Inequalities (2.1.6) and (2.1.7) yield the in-
equality
0<(1=c)f+wly Aelldell)-

Taking the limit over k € J, we have that v~ \;||dx|| — 0 and so
Wy Aklldill) — 0.

This yields the contradiction
0<(1-0¢)B<0.
|

This convergence result will be refered to repreatedly throughout the course. It allows us
to dispense with discussions of the global behavior for various algorithms very quickly. For
example, we have the following result.

COROLLARY 2.1.1.1 Let f and {x}} be as in Theorem 2.1.1 and suppose that
1. f is bounded below, and
2 Dy { VI IV V1) #0

0 else.

Then |V f (k)| — 0.
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PROOF: Since {d;} is bounded and f is bounded below neither (ii) or (iii) of Theorem 2.1.1
can occur. If (i) occurs, then V f(xy,) = 0; otherwise (iv) occurs in which case

=V f(@i)ll = f' (2 di) — 0.

Observe that Theorem 2.1.1 says nothing about the convergence of the sequence {zy}.
Indeed, the sequence {x;} may diverge, e.g. f(x) = e*. But if {z}} has a cluster point T,
then we know that f’(xy;dy) EN f'(m;d) = 0. Hence, depending on the limit d, stationarity
criteria for T can be obtained via the theorem.

We now establish a similar global convergence result for the problem of convex composite
optimization.

THEOREM 2.1.2 (CONVEX COMPOSITE OBJECTIVE) Let f : R" — R be given by f(x) =
h(F(zx)) where h : R™ — R is conver and F : R™ — R™ is differentiable. Let xy € R™ and
assume that

(a) h is Lipschitz continuous on the set {y : h(y) < h(F(xg))}, and
(b) F' is uniformly continuous on the set co{x : h(F(x)) < h(F(x))}.

Consider the following algorithm:
Choose v € (0,1) and ¢ € (0,1). Having zy, determine xy1 as follows:

1) Let Dy, be a subset of {d : Af(xx;d) < 0} where Af(x;d) :== h(F(z)+F'(z)d)—h(F(x)).
If Dy, = 0 stop; otherwise choose dj, € Dy,.

2) Set A\ = max~y®
subject to s € {0,1,2,...} and
h(F(z+~5d)) < h(F(z)) + cy*Af(xpdy).

3) Set Tpt1 ‘= Ty + )\kdk

If {1} is the sequence generated by the algorithm initiated at o, then one of the following
must occur:

(1) There is a ko such that Dy, = 0;
(ii) f(z) b —o0
(111) The sequence {||dx||} diverges to +o0;
(iv) For every subsequence J C N for which {dy}; is bounded, we have

lifyn Af(zy;dy) = 0.
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PROOF: Suppose to the contrary that none of (i) — (iv) occur. Then there is a subsequence
J C N such that {d;}; is bounded and there is a § > 0 with

sup Af(z;;dj) < -5 < 0.
J

Now {f(z;)} is a decreasing sequence that is bounded below, hence f(z;) — f* for some
f* € R. Consequently, (f(zj+1)— f(z;)) — 0. The choice of A, implies that \;Af(z;;d;) —

0. Therefore, A; 2,0 so with no loss in generality we assume that A\; < 1 for all j € J. Again,
the choice of \; implies that

Ay T Af (w3 dy) < f(xg + Ay ) — flay)
for all j € J. But,

f(z; Ay ~hdy) = f(xg)

Ny T Af (g5 dy) 4+ K| F (g + Ay~ dy) — (F () + Ny F' (2)dy) |
Ny A (g5 dy) + KNy dgll fo I1FY (25 + 7yt Ady) — F' () ||dr
Ay HAS (255dy) + Klldjllw(yAslldy]))]

INIAIN +

for all j € J, where K is a Lipschitz constant for A and w is the modulus of continuity for
F’. Therefore,
0 < (L=c)Af(zjidy) + KwNyldsl])lld; |
< (c—=1)B8+ Kw\ytd; 1)Id;)

for all 5 € J. Letting j € J go to oo, we obtain the contradiction
0<(c—1)8<0.

It should be noted that the line search procedure in Step (2) of the algorithm is finitely
terminating since f'(z;d) < Af(x;d). As an illustration of how the above result can be used
we consider an instance of the choice of set D), that corresponds to steepest descent in the
differentiable case if h is the identity map on R.

COROLLARY 2.1.2.1 Let f and {zx} be as in the statement of Theorem 2.1.2 and suppose
that

(a) f is bounded below, and
(b) Dy := argmin{h(F (zy) + F'(xp)dy) : ||di|| < 1}.
Then every cluster, T, point of the sequence {x;} satisfies
f'(z;d) >0 VdeR",

i.e., T satisfies first—order optimality conditions for the convex composite optimization prob-
lem.
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PROOF: First note that Theorem (2.1.2) indicates that
Af(zj;d;) = 0.

If J C N is such that ; 2% we can always refine J if necessary to get that d; 2, d for some
d with ||d|| < 1. But then

Af(z;d) =0

or

h(F (@) + F'(@)d) = h(F(T)).

Further note that for all d € B
h(F (x) + F'(x;)d;) < h(F(x;) + F'(2;)d).
Hence, in the limit over J
h(F(z)+ F'(z)d) < h(F(Z) + F'(T)d).

Consequently, d € argmin{h(F(z) + F'(z)d) : ||d|| < 1}. But h(F(Z)) = h(F(z) + F'(Z)d)
so that 0 € argmin{h(F(z) + F'(z)d) : ||d|| < 1} as well. Therefore d = 0 is a local solution
to the problem min{h(F () + F'(z)d)}. As the function h(F(Z)+ F'(T)d) is convex in d, we
have that d = 0 is actually a global minimum so that

f@d) >0 VdeR"

by Lemma 3. [ |

2.1.2 Trust—Region Methods

We again consider the problem of minimizing a function f : R®™ — R, but this time we
require that a step-size of 1 must be taken at each iteration. In order to guarantee that the
method is a descent method we take greater care in the selection of the search direction or
step. In this context we label the search direction s to emphasize that it is the step to the
new point and not just a direction to search along. The direction finding subproblem takes
the form

P(x,d) : min ¢(x; s

(2,0) + min §(z; 5)

where ¢(z;s) = f(z) + Vf(z)"s + 35" Hs is a quadratic approximation to the function f
at x. For obvious reasons, a good choice for H is V?f(z). The parameter ¢§ is called the
trust-region radius. At a given point x we require the step s to be an approximate solution
to P(z,d). More specifically we make the following assumption.
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Basic Assumption on the Trust-Region Step

For all e > 0 there exist constants k1, ko > 0 such that
1
Vf(zr) s, + §S£H;€sk < —k1min{ Ky, 0 }

whenever € < ||V f(xg)||o-

This assumption guarentees that the step s, must be at least as effective as a step optained
by taking Hy = 0. In order to illustrate this comment and to show that this assumption can
be satisfied for some choice of s, we give the following lemma.

LEMMA 2.1.1 Let Hy € R™". If 5 sovles min{V f(xy)"si : ||sk]| < 0k}, then there exists
t € (0,1] such that

B 1 IV @)l
tV () 8 + =8 H5. < —= ||V f(z omm{,é

where o > 0 is such that ||s|| < o||s]|2.

PROOF: 3§, solves min{V f(z)Ts : ||s|| < 8} if and only if Vf(x)75 = =01V f(zr)]lo-
Next note that

IV f(ox) 8+ S8 HS: <tV f ()8 + 5 (027) | Hell2
= at+ 542
2

with a < 0 and § > 0. One directly verifies that

min {—6@7 1} = arg %’ilr}l{at + th}.

Case 1: (’70‘ < 1). Then set ¢ = ’7“ to get
tv s, + —5'H,5, < =V Tg o2 2
Pl st g St = VI S gl

Case 2: (1 < _70‘) Then set £ = 1 to get
V[ ()5 + 30°0% - (| Hyll2

N ~ 2 ~ ~
tVf(SL’Q)TSk + %SkaSk

VARVAN

In either case we obtain

2

n 1 T
09 f (@) 5+ 5 ST Hisk < 59 (00) S min {17 WM} .

o2 0F [ Hr |2



30 CHAPTER 2. BASIC CONVERGENCE THEORY

Now, by employing the relation

V() Sk = =0kl V f ()]l

we obtain

~ - /}A N . - i
tV f(2e) 8, + 551 HiS, < _§5k||vf(xk)||omm{1 S|V (@k)llo

7 0267 || Hyll2

— _71“Vf(wk)”o min {(Sk’ %}

|
Before proceeding to the main result, we need the following technical lemma.
LEMMA 2.1.2 Let H € R™" 0 < 3, < By, < 1 and «, ky, ko > 0. Choose d > 0 so that
_ 1
k1(1 — By) min{kg, 6} > dws(0) + 50252HHH2
for all § € [0,4], where o > 0 satisfies ||z|| < o||z||2 and
wy(0) = max{||Vf(x) = Vf(y)llo:y € v+ oB}.
Thus for every 6 € [0,0] and s € 0B for which
1

Vix)'s+ ESTHS < —k1 min{kg, 0}

one has )
fw+s) = [(2) SB[V f(2)"s+ 55" Hs).
PROOF:
flets)=flz) < V@) s+[f(x+s) = (fl2)+ V(2)"s)]

< Vf@)s+ |Is|wa(lls])

< Vf(@)'s+ 35T Hs + 0w, (8) + 50202 H||

< Vf(@)'s+ 3s"Hs + k(1 — By) min{k,, 6}

< Vf(@)"s+ 55" Hs — (1= B))[Vf(x)"s + §s" Hs

= B[Vf(2)Ts+ isTHs|

|

THEOREM 2.1.3 Let f : R® — R be differentiable and let xq € R™ be such that Vf 1is
uniformly continuous on the set co{x : f(z) < f(xo)}.
Consider the following algorithm:
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Initialization: Choose Hy € R™*", §y > 0,

0< 1 <7<1<ni0<B <Bh<f<I1

Having x;, obtain xyy1 as follows.
Step 1: Choose s, € Dy, C {s: ||s|| < 0k, Vf(zi)'s+ 55" Hys < 0}. If Dy =0 then stop.

Step 2: Set 1y, = —L@tsu)=S (i)

V1 (wn) okt 55T Hyon
If i, > B3 choose 0y 1 € [0k, Y30k
If B2 < 1i < B3, set Op11 = O
If i, < By, choose 01 € [Y10k, V2Ok]-

Step 3: If ri < b1, set xpr1 = vy, Hpiy = Hy; otherwise, set 1 = xp + s and choose
Hp. e R™",

If the sequence {Hy} is bounded and the basic trust-region assumption is satisfied, then at
least one of the following must occur:

(1) Dy, =0 for some k.
(2) flax) N —o0
(3) IV f (@)l — 0

PrROOF: We assume that none of (1)-(3) occur and derive a contradiction.
The sequence {z} is infinite and

(A) 20 <|IVf(ze)llo ke

for some ¢ > 0 and subsequence J C N.
Thus, by the basic assumption there are constants x; and ks > 0 such that

1
(B) Vf(zp) sp + ingkSk < —k1 min{ ks, O }

whenever ||V f(z)[l, > ¢. In particular, (B) holds V k € J. The technical lemma and the
uniform continuity of V f yield the existence of a § such that

C) Ty > P and Ty = Tp + S

whenever 8, < 5. We now show that f(rx) | —oo to establish the contradiction:
Suppose there is a subsequence J C J such that

(D) inf{0y : ke J} > &> 0.
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Then for each k € J let o(k) be the first integer greater than or equal to k for which

To(k)+1 = To(k) T So(k)

and consider the subsequence

Jy ={o(k): ke J}
Observe that for each k € jg we have

Ok > min{’hg, 71é}. (by (C))

Consequently, we have from (B) that for each k € J,

f(@rs1) < flan) — k1B min{/ﬁzﬂhg, 1&}-

But then f(x)) | —oco which is a contradiction. Therefore, we can assume that &, < &
VkedJand li}ﬂ&k:().

We obtain from the uniform continuity of V f the existence of an ¢ > 0 such that

(E) IV F@llo = IV F(25)lol < €

whenever ||z; —z;|| < €4,7 € N. Given k € J, let v(k) be the first integer greater than k for
which one of

(F) o) — il <€
and ~
(G) Ou(k) < 0

is violated. Let us first show that v(k) is well-defined and finite. Indeed, if ||z; — x| < €
Vj>kandd; <0V j>k,then, by (A) and (E)

IVf(x)llo>¢>0 Vj>k

Therefore, (B) and (C) hold for all j > k. Now take 3, = 3, = 3, in the technical lemma to
obtain the existence of a 0 < ¢ < ¢ such that

e > P2 whenever dp < 5.

Hence B
f(xjr1) < f(x;) — ki min{rkg, 116}

for all j > k, so f(zx) | —oo. This contradiction implies that v(k) is well defined and finite
forall k € J.
Let k € J and consider v(k). If (F) is violated, then by (A)—(E)—(B)

f(xi41) < f(x) — k1 By min{xo, 0, }
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and
0 < 041
for il =Fk,...,v(k) — 1. Hence
(H) F(@owy) < flar) — K1y min{ ko, €}

since
v(k)

Z5k > || Ty — xk|| > €.
I=k

If (G) is violated, then

F(@om) < flag) — k1B min{ka, 3 10},

In either case,
F(@ow) < f(xr) — k1B min{ra, €, 9510}

so that f(xy) \y —oo. This contradiction establishes the result. |

A similar result holds for convex composite objective functions f(z) = h(F(x)). However,
in this context we take

b(x:5) = h(F(z) + F'(2)s) + ;STHS

and take
1
Dy C {s: ||s]| <0k, Af(zg:s)+ §STHkS <0}

where

Af(wr;s) = h(F(x) + F'(zk)s) — h(F(x)).

One shows that either Dy = ) for some k, f(zy) | —o0, or Af(xg,dx) — 0 where

Af(xg, o) = inf{Af(xg :s):||s|| < I}

2.2 Local Theory

In this section we make assumptions that guarantee that the algorithm of the previous
section converges to some point T and then study the rate or speed of convergence. The key
assumption for the investigations of this section is that of strong convexity.
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2.2.1 Strong Convexity

DEFINITION 2.2.1 The function f : R"™ — R is said to be strongly convex if there is a 6 > 0
such that

(228)  fletAly— o) < F)+ M) — F@)] — gA0 - W]y al?

for every x,y € R™ and A C [0,1]. The parameter 0 is called the modulus of strong convexity.

THEOREM 2.2.1 (Characterizations of strongly convex functions) Let f : R"™ — R be differ-
entiable. Then the following statements are equivalent.

1. f is strongly convex with modulus §.
2. f(y) > f(2) + V(@) (y — ) + 3|y — z|* for all z, € R™.
3. (Vf(2) = Vi) (x —y) = dlly — z|* for all z,y € R™.

If it 1s further assumed that f is twice continuously differentiable on R™, then then the above
conditions are also equivalent to the following statement:

inf{u! Vif(z)u : |lu| =1, z € R"} > 6.
That is, the spectrum of the Hessian of f is uniformly bounded below bu & on R™.
PRrROOF: [(1) = (2) | From inequality (2.2.8) we have that
fl@+ Ay — =) — f(z) 0
. < fly) — F(x) — 2 (1= Wlly I

for ,y € R™ and X € [0, 1]. Taking the limit as A | 0 we obtain (2).
[(2) = (3) | Simply add the two inequalities

F) 2 F@) + V@) —2) + oy —

and
F(@) > ) + VI (2 + 5y ]

to obtain the result.
[(3) = (2)] Let x,y € R™ and define

zy =2+ ANy —x) for A € R.
By the mean value Theorem we have for some A € (0, 1) that

fly) = flz) = Vf(aa)'(y—2)

= V(@) (y—=)+ [Vf(%) — V()] (y — x)

= V@) (y—x)+ X'V (z) = V(@) (zx — )
> V() (y— 17)+A Lollay — x|?

> Vi) (y—=)+ Iy —z|?
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which proves the implication (3) = (2).
[(2) = (1)] Multiply the inequality

F(@) > £+ V) (@ = a2) + ol - o)

by (1 — A) to obtain the inequality

(2.2.9) (1= N f(z) = (1— N f(y) — ML= NV ()" (y — 2) + 2A2(1 — My — 2|2

Then multiply the inequality

F) 2 Pl + V) =2 + Sy — P

by A to obtain the inequality
4]
(2210)  Af(y) = M) + ML= NV ()" (y =) + 5A 1 = 2)ly —=]*

Adding (2.2.9) and (2.2.10) yields the result.

The final statement of the theorem is an immediate consequence of 3. and the second-
order Taylor series expansion of f. [ |

Strongly convex functions possess two properties that are significant to our study.

THEOREM 2.2.2 Let f: R"™ — R be strongly convez.
1. The sets {x : f(x) < a} are compact convex sets for each o € R.

2. The problem min f has a unique global optimal solution on R™.

EXERCISE: Prove Theorem 2.2.2.

2.2.2 Linear Convergence

We employ two basic assumptions for the convergence analysis of this section:

Basic Assumptions:

1. f' is Lipschitz continuous with modulus K > 0 on an open
(2.2.11) convex set S containing the set {z : f(z) < f(x¢)}, and
2. f is strongly convex on S with modulus 6 > 0.

If f is twice differentiable on R"™, then the constants K and 6 have an interpretation in
terms of the spectral structure of the hessian matrices V2 f(z).
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THEOREM 2.2.3 Suppose f : R"™ — R satisfies the basic assumptions (2.2.11). If f is twice
differentiable on S, then

1 6||z|* < 2TV2f(2)z < K||2||? for allz € R™ and x € S,
2. if X is an eigenvalue of V2f(z) for some x € S, then 6 <X < K, and

3. sup k(V23f(z)) < 61K where k(V2f(x)) is the condition number of the matriz V2 f(x).
z€S

PRrROOF: We only show (1). By (2) and (3) of Theorem 2.2.1 and the definition of Lipschitz
continuity we know that

ON[2l* < MV f(z 4+ A2) = V(@)]"z < KN||2|?

for x € S, 2 € R", and A > 0 sufficiently small. Dividing this expression by A? and taking
the limit as A | 0 yields the result. [ |

The condition number refered to in the above result is defined in the supplement on
matrices. In this supplement the significance of the condition number to numerical compu-
tation is discussed. The condition number of a matrix is directly correlated to the stability
of linear systems associated with said matrix. Under the assumption that the function f
is twice continuously differntiable, the final statement in the above theorem implies that
the Basic Assumptions in (??) are equivalent to the statement that the norm and condition
number of the Hessian of f must both be uniformly bounded on R". The condition number
of the hessian matrix will also be seen to be closely correlated to the convergence rates of
the various optimization algorithms that we will consider. Our first result along these lines
now follows.

THEOREM 2.2.4 (Linear Convergence Theorem) Let f : R" — R, {zx} C R", and S := {x:
f(x) < f(zo)}. Suppose that the basic assumptions (2.2.11) hold. Moreover, assume that
the sequence {x,} is such that

(2.2.12) fl@r) = f(@rer) = all V@)%,

for some o > 0 and each k = 1,2, .... Then the sequence {xy} converges to a unique solution
T of the problem min{f(x) : x € R"} at the linear root rate

1/2 [ 2045211'/2
1-— )

_ 2 —
(2.2.13) lzi =l < | 5(f(w0) = f(@) I

PrRoOOF: By Theorem 2.2.2, S is compact and the problem min f has a unique global solution,
Z, on S. Hence there is at least one cluster point . Since the sequence {f(x)} is bounded
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below by f(z), we have (f(xy) — f(2x+1)) — 0 and so Vf(z) = 0 by (2.2.12). Therefore
T = 2 and x; — T. We now establish the rate. By Theorem 2.2.1,

IVFollller =zl =V f(zx) = V(@)[[[2e — ]
> (Vf(xr) = V(@) (2r = T)
> 0l — z*.

Hence, by (2.2.12),
fax) = f(wri) > bz — 7%,

The quadratic bound Lemma (B.2) thus yields
flar) = fzp) > 20K 718 (f (x1) — f(7))
which is equivalent to
(1 —2aK~'0%)(f(2x) = f(2) = (f(zh11) = f(T)):
By induction we obtain
(f(2i) = f(2)) < (1= 2aK7'8*)(f(z0) — [(T)).

But, by Theorem 2.2.1,

e~ 72 + V@) (0~ T) < ) - )

s — 7l < G ()~ 7@,

Using this last ineqality we obtain

s = ] < (1 = 20K716%) 2 (S (f(w0) = F@))2

We now apply this result to the algorithm described in Theorem 2.1.1.

COROLLARY 2.2.4.1 Let the assumptions of Theorem 2.2.4 hold except for hypothesis (2.2.12).
Suppose that the sequence {xy} is generated by the algorithm of Theorem 2.1.1 where d; € D;
implies that

1. =V f(x)Td; > v||[V f(x;)|||dil| for some v € [0,1], and

2. dill = pIV (o) || for some p > 0.
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Then x; — T where T is the unique global solution of min f and

2 1/2 20&52 i/2
214 o2l < [ - f@)] 1= 2]
where o1 )
(2.2.15) Q= min{u, cyp}.

K
ProoF: By the Armijo inequality
AV f ()" d; 2

Thus the result will follow from Theorem 2.2.4 if we can show that

a <
IV f ()2
To this end, observe that by the quadratic bound lemma (Appendix B)

o4 M) = f(m) = XV ()" de < 5 NP

and so %
Fla) = flai+ Nidi) = =AV f ()" d; — 5>\2Hdz‘|’2
K
= N1 =) (=Vf(z:)"d;) — §>\||dz‘||2 — ¥V f(xi)"dy]

Hence the Arimijo inequality in Step 2 of the algorithm is satisfied if
T K 2
(1 =) (=Vf(z:) di) — E)‘”dz” >0

or equivalently if
2 (=Vf(z:)"d;)

A< —=(1-¢)
K It

Therefore, by the maximality of \;, we know that
29(1 = ¢) (=Vf(x:)"d;)

\; > min{1, .
SR S P ER
Consequently, by (1) and (2),
_C)‘va(xZ)TdZ —cVf(x)Td; 2yc(l1—c) ) Td;)?
IV F ()2 > min{ eRe s T K (HVf Hlld )
> min{cvp, 270(1%}

= Q.
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We now relate the convergence rate (2.2.14) to the condition of the hessian matrices
V2f(z). In order to simplify the discussion we assume that

ve~ep~1 K > 1,

and

K
7 Rmax = sup{r(V23f(z)) : z € S}.

In later sections it will be shown that these assumption are quite reasonable and provide an
accurate description of most of the algorithms that we consider. With these assumption the
parameter « in (2.2.15) is

27¢(1 —¢)
= T .

(07

Thus (2.2.14) becomes

_ 2 _ -2 \i
lzi = 7l < (5(f (o) = F@))*(1 = dye(l = ) )"
Now in order to achieve the fastest rate of convergence we would like

(1 = 4ye(l = c)hpa)
to be as close to zero as possible, and so v¢(1 — ¢) should be as large as possible with
0<~v<1,0<c<1. The supremum of y¢(1 — ¢) over the allowable values is 1/4. Thus the
most optimistic rate is

_ 2 _ o
lzi =7 < (5(f (o) = f(2)))( = [Kmax] 22,
Thus we see that the smaller § is and the larger k. is the slower the convergence. Moreover,
the convergence is clearly most sensitive to Kpax.
Let us now consider an explicit example and examine the actual convergence behavior.

ExXAMPLE: Let f(z) = 2® +€*. Then f'(z) = 2z + ¢” and f"(x) = 2 + ¢*. Hence f is
strongly convex on R. If we take zg = 1, ¢ = .01, v = 1, and D; = {=V f(x;)/||V f(z)|}
then one can show that the parameters appearing in Corollary 2.1.1. can be taken to be
K=4,6=2v=1, p=1, and consequently o = .0025. Hence (1 — %)”2 =~ 997 and so
in the limit we get

|z; — || < V/2(.997)".

Therefore, in order to obtain ||z; — Z|| < .01, this inequality implies that we should compute
1 = 1649 iterations. This convergence behavior on such a nice function is terrifyingly slow.
Let us now look at the actual performance.
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K X f(x) f'(x) 5
0 1 37182818 | 4.7182818 | 0
1 0 1 1 0
2 —.D 8565307 | —0.3934693 | 1
3 —.25 8413008 | 0.2788008 | 2
4 —.375 8279143 | —.0627107 | 3
5 —.34075 8273473 0297367 )
6 | —.356375 | .8272131 —.01254 6
7 | —.3485625 | .8271976 .0085768 7
8 | —.3524688 | .8271848 —.001987 | 8
9 | —.3514922 | 8271841 0006528 | 10
10 | —.3517364 | .827184 | —.0000072 | 12

The behavior is clearly not as bad as that which is predicted by Corollary 2.2.4.1. It is
rather slow and requires 55 function evaluations. In the next section we consider a much
faster proceedure.

2.3 Newton’s Method

2.3.1 Newton’s Method for Equation Solving

In this section we study the following problem:
€ : Given g : R* — R", find € R" for which g(z) = 0.

In the context of optimization, this problem is significant for many reasons. In particular,
it is directly related to the first—order necessary conditions in unconstrained optimization,
i.e. Vf(z) =0. In our discussion of £ we always assume that g is C*.

Suppose one is given an approximate solution xg € R™ to £ and wishes to improve upon
it. If 7 is an actual solution to &, then

0= g(z) = g(wo) + ¢'(x0) (T — o) + 0[|T — |

Thus, if z¢ is “close” to T, it is reasonable to suppose that the solution to the linearized
system
(2.3.16) 0= g(xo) + ¢ () (x — x0)

is even closer. This proceedure is known as Newton’s method for finding the roots of the
equation g(z) = 0. It has one obvious pitfall. Equation (2.3.16) may not be consistent. That
is, there may not exist an z solving (2.3.16). In general, the set of solutions to (2.3.16) is
either

1. the empty set,

2. an infinite set, or
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3. a single point.

For the sake of the present argument, we assume that (3) holds, i.e. ¢'(xy)~! exists.
Under this assumption (2.3.16) defines the iteration scheme,

(2.3.17) Trpr = — [g' ()] g (@),
called the Newton iteration. The associated direction
(2.3.18) d = —g'(x)] " g(an).

is called the Newton direction. We analyze the convergence behavior of this scheme under
the additional assumption that only an approximation to ¢'(xy) is available. We denote this
approximation by Ji. The resulting iteration scheme is

(2.3.19) Tpp1 =2 — Jp tg(ap).
Methods of this type are called Newton-Like methods.

THEOREM 2.3.1 Let g : R® — R"™ be differentiable, xqg € R™, and Jy € R"™". Suppose that
there exists T, xo € R", and € > 0 with ||xqg — Z|| < € such that

1. g(x) =0,
2. ¢'(x)7! exists for v € B(T;€) :={x € R" : ||z — T|| < €} with

sup{llg’(2) || : & € B(x;¢)] < M,

3. ¢ is Lipschitz continuous on c{B(T;€) with Lipschitz constant L, and

4. 00 = £ lwo — 7| + MoK < 1 where K > ||(g'(z0) ™" = Jo )yl 4° := g(2°)/llg()ll,
and My = max{||¢'(z)]| : * € B(T;€)}.

Further suppose that iteration (2.5.19) is initiated at xo where the Ji’s are chosen to satisfy
one of the following conditions;

(1) (9" () ™" = T el < K,

(i) |9 (zx) ™" = T yell < OYK for some 6y € (0,1),

(i) ||(g'(xx) ™t — T Dyl < min{ My ||y — 41|, K}, for some My >0, or
() (¢ (zx) ™" = T yell < min{Mo|g(a)l, K}, for some Mz > 0,

where for each k = 1,2, ..., yr := g(xr) /|| g(xr)]-
These hypotheses on the accuracy of the approzimations Jy, yield the following conclusions
about the rate of convergence of the iterates xy.
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(a) If (i) holds, then xy — T linearly.

(b) If (ii) holds, then x; — T superlinearly.

(c) If (iii) holds, then xyp — T two step quadratically.
(d) If (iv) holds, then x; — T quadratically.

PrROOF: We begin by establishing the basic inequalities

LM _ _
(2.3.20) |zhe — 7| < 5 e =z A+ (g (2n) 7 = Ty ()|,
and
(2.3.21) 241 — Z[| < Oollzr, — 7]
and the inclusion
(2.3.22) Trt1 € B(T;¢)

by induction on k. For k£ = 0 we have

=T = x0—T— ¢ (x0) " g(wo) + [¢'(w0) ™" = J5 g (x0)

= J'(z0)"'[9(@) — (9(x0) + ¢'(20)(T — 20))]
+g'(w0) ™" = Jg g (o),

since ¢'(zo)~"' exists by the hypotheses. Consequently, the hypothese (1)-(4) plus the
quadratic bound lemma imply that

lzier =l < llg' (o) lllg(@) — (9(wo) + ¢'(20) (T — x0))|

+H(g'(z0) ™" = Jg (o)

-1

ML . _
< M2y 7l + Klg(a) - 9@
ML
< : |zo — Z||* + MoK ||zo — ||

2
< 00”1’0 —TH < €,

whereby (2.3.20) — (2.3.21) are established for k£ = 0.

Next suppose that (2.3.20) — (2.3.21) hold for £ =0,1,...,s — 1. We show that (2.3.20)
—(2.3.21) hold at k = s. Since x; € B(ZT,¢€), hypotheses (2)—(4) hold at x,, one can proceed
exactly as in the case k = 0 to obtain (2.3.20). Now if any one of (i)—(iv) holds, then (i)
holds. Thus, by (2.3.20), we find that

lzsss =7 < BgE o =T+ [I(g' (20) 7" = T gl

< [*3505)|z0 — 7| + MoK]||lz, — 7|

< [%3E )20 — 7| + MoK] ||z, — 7

= 90H$5 — TH
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Hence ||zs11 —Z|| < Opl|zs —T|| < Ope < € and so z541 € B(T,€). We now proceed to establish

(a)~(d).

(a) This clearly holds since the induction above established that
[k 1 = 2] < bollax — .

(b) From (2.3.20), we have

_ LM _ _ _
o = < =5 o =7+ 11 (9'@) ™" = J gl
LM
< Sl =7+ OEK g(an) |
LM
< [55 20 lwo — 7l + 0F MoK - 2

Hence x, — T superlinearly.
(c) From (2.3.20) and the fact that x; — Z, we eventually have

e~ < 5 =+ /)™ — T gl
< P oy — 7P + Mallai — aicalllg(ao)|
< [E5 o 7l + MoMsllfesy — 2l + e — 2]l — 7
< [F5 R ollaics — |+ MoMa(L + ) s )]
xOol|zr—1 — 7|
LM,

= [“5—00 + MoMs(1 + 6o)6o||xx—1 — T*.

Hence x, — T two step quadratically.

(d) Again by (2.3.20) and the fact that x; — Z, we eventually have

LM,
2

[k — 7] < o =21 + 11(g ()™ = T g ()l

LM

< [k — Z + Mallg(a)|?
LM

< [+ MM — 7

Note that the conditions required for the approximations to the Jacobian matrices ¢'(zy)
given in (i)—(¢i) do not imply that J; — ¢’(Z). The stronger conditions
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(@) llg' ()™t = T < Mg (o)™ = J5 I,

(@) I’ (@r1) ™ = T | < 01llg () ™" = I || for some 6, € (0,1),

(ii)" ||g' () ™" = Jp | < min{ My|2giy — zll, |9/ (20) ™ = J5 ||} for some Ma > 0, or
()" g'(zr) = Ji,

which imply the conditions (i) through (iv) of Theorem 2.3.1 respectively, all imply the
convergence of the Jacobian approximates to ¢'(z). Clearly the conditions (i)’~(iv)" are not
as desirable since they require a great deal more expense and care in the construction of the
Jacobian approximates.

2.3.2 Newton’s Method for Minimization

In this section we interpret the results of previous section in the context of minimization.
That is, we apply them to the equation V f(z) = 0 in the context of minimization. The
translation of Theorem 2.3.1 for minimization follows.

THEOREM 2.3.2 Let f: R™ — R be twice differentiable, xo € R™, and Hy € R™™. Suppose
that

1. there exists T € R™ and € > ||zg — Z|| such that f(T) < f(x) whenever ||z — Z|| <,
there is a § > 0 such that 6||z||3 < 2"V2f(z)z for all z € B(T,¢),

V2f is Lipschitz continuous on clB(T;¢) with Lipschitz constant L, and

b0 == %o — T|| + MoK < 1 where My > 0 satisfies z"V?f(x)z < My||z|3 for all
x € B(T,€) and K > ||(V2f(zo)™t — Hy ')y with y° = V£(a°)/normV f(z°).

Further, suppose that the iteration
(2.3.23) Tryr = xp — Hy 'V f ()
is initiated at xo where the Hy’s are chosen to satisfy one of the following conditions:
(i) |V f ()™ = H Dyl < K,
(i) | (V2 f(zp) ™t — H, Dyl < 0FK for some 60, € (0,1),
(ii3) ||(V2f (zr) "t — Hy Yyrll < min{My||zp — zp_1||, K}, for some My > 0, or
(i) [|[(V2f ()™t — Hy Yyel| < min{My||V f(z)||, K}, for some M3 > 0,

where for each k =1,2,... yg := V f(z)/||V f(ze)]-
These hypotheses on the accuracy of the approximations Hy, yield the following conclusions
about the rate of convergence of the iterates xy.
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(a) If (i) holds, then x, — T linearly.

(b) If (ii) holds, then xy — T superlinearly.

(c) If (iii) holds, then x. — T two step quadratically.
(d) If (iv) holds, then x — k quadradically.

In order to more fully understand the convergence behavior described in the above result
a careful study of the role of the controling parameters L, My, and M; needs to be made.
Although we do not attempt this study, we do make a few observations. First observe that
since L is a Lipschitz constant for V2f it represents a bound on the third-order behavior
of f. Thus the assumptions for convergence make implicit demands on the third derivative.
Next, the constant ¢ in the context of minimization represents a local uniform lower bound
on the eigenvalues of V2f. That is, f behaves locally as if it were a strongly convex function
with modulus §. Finally, My can be interpreted as a local Lipschitz constant for V f and
only plays a role when V2f is approximated inexactly by H’s. Let us now consider the
convergence behavior of this preceedure when applied to the example of Section 2.2.2.

EXAMPLE: Let f(z) = 2? + ¢®. Then f'(z) = 2x + €%, f"(x) = 2+ €%, f”(x) = ¢*. Given
ro = 1 we may take L = 2, My =4, and M; = % Hence the pure Newton strategy should
converge to T ~ —0.3517337 with

|z, — || < 2(.676)%".

The actual interates are given in the following table.

x f'(z)

1 4.7182818

0 1
~1/3 0498646

—.3516893 .00012
—.3517337 .00000000064

2.4 Linking Global and Local Methods

Recall that in the global theory we chose our search direction dj from the set
{d: f'(z);d) < 0}.

If V2 f(xy,) is positive definite, then the solution to the problem

min £(xi) + V()7 + Sd"V2f(re)d
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is the Newton step dY = —V2f(x;,) 'V f(x3). In this case, we have
fa d)) = =V f () "V f(an) "V f(2x) <0
as long as Vf(xy) # 0. That is,
di € {d; f'(xx;d) < 0}

and so is potentially a candidate direction for both the line-search and trust-region based
methods. However, in line search methods it may be that a unit step length is not chosen and
in trust-region methods the trust-region radius is too small, in which case the method may
not attain the excellent local convergence rate of Newton’s method. In this section we show
that the full Newton step is locally acceptable under certain conditions. This in turn implies
a local rate of convergence result for these global methods. We begin our analysis with the
following local attraction result. The result says that, under reasonable assumptions on the
construction of the iterates, any cluster point satisfying second—order sufficient conditions
for optimality is actually the unique limit point of the sequence.

LEMMA 2.4.1 Let f : R™ — R be twice continuously differentiable. Suppose that {x;} C R"
is a sequence generated to satisfy

(i) Vf @) (@ = 2) + gl — o) V2 (@) (@ —20) <0,
(it) f(xp1) < f(zr), and
(iii) Vf(z) = 0.

If T is a cluster point of {xy} at which V?f(T) is positive definite, then it must be the case
that x,, — T.

PROOF: Since V2f(7) is positive definite, there is an € > 0 and § > 0 such that
sTV2f(x)s > 0||s||*V x € T + €B.
Also note that V f(Z) = 0 by (ii). For all k£ > 0 define
Jo:={k:z, €T+ B} and let k = inf{k : k € J}.

Clearly, J is infinite for all € > 0 since T is a cluster point of {x}. Define s := xp1 — xy.
Then, by hypothesis (i),

10)
§H$kH2 < =i VA f(@r)se < =V f(ze) sk < IV f ()| skl

1
2
for all £ € Jz. Consequently
)

lsill < 1V f )]



2.4. LINKING GLOBAL AND LOCAL METHODS 47

for all k € J-. o R
Since V f(zy) — 0, there is a k > k, k € Jej» such that, for all k > k, ||V f(zi)|| < 2.
We now claim that for any k > @, k € Je/2 we have

{rex+eB: f(r) < flap)} CT+ ‘g,

(\]

Indeed, if x € {x €T+ €B: f(x) < f(xx)}, then

flag) > f(z) > f(@)+ §llz -2
> f(ar) + Vf(z) (T — ap) + 5o — 7|
so that 5
IVf@)ll 7 =zl = Sl -zl

Since x, € T + €B and = + €B, we obtain

T
L
or

€ _
> e -a).

But if k >k, k € Jej2, then f(xp41) < f(xy) and

d €
Sl < IV7@oll < 5

or equivalently [|si|| < §, so that ||z, —Z|| <& Hence, ||lzp4 — 7| < §. An easy induction
yields xy € T+ 5B for all k > k. Letting € — 0 establishes the result. [ |

N[

2.4.1 Line Search Methods

There are many approaches to safe-guarding the Newton search direction in the context of
a line search strategy. We consider one such approach known as the dog-leg strategy. In
this context the word dog-leg refers to a golfing term for a fairway of a given shape. The
originator of this term is the well-known golfer M.J.D. Powell.

Dog-Leg Search Direction: Let § > 0 be given.
Step 1 For each pair (z, H) € R™ x R?*" define

tu else

where u = =V f(z)/||V f(z)||2 and £ solves

min{tV f(z)"u + t;uTvzf(x)u 1t € 0,0]}.
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Step 2 Solve V2f(z)d = —V f(x) for dV. If in the solution process one finds that
V2f(x) is not positive definite, then terminate the computation and set dP% :=

dP.

Step 3 If the computation of dV in Step 2 was successful, then set dP’ := dV if
|dN|| < 6; otherwise set dPF := Ad*P + (1 — \)dY where \ is chosen so that
|dP" |2 = 0.

The resulting direction dP¥ is called a dog-leg search direction.

The dog-leg search direction can be used in the line-search algorithm of Theorem 3.1.1
to yield the following result.

THEOREM 2.4.1 Let the hypotheses of Theorem 3.1.1 be satisfied and let it be further as-
sumed that V? f(z) is bounded on the set co{z : f(x) < f(xo)} and that the search direction
d,, be taken to be the dog-leg direction. Then one of the following must occur:

(i) Vf(zx) = 0 for some k,
(ii) f(zx) N\ oo,
(ii) ||V f (x| = 0.
PRroOF: Using the notation given in the definition of the dog-leg search direction, set
dr, = MedP + (1 — \g)dy,
dSD = tpug, and

up = =V f (z)/[[V f ()]

where

1, if ul' Vf(xp)up <0
be = min{”vf(x’“)” 1}, otherwise,

[ul' V2 f (2 )uk|’
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e € [0,1] with Ay = 1 if dY is not computed.
We will assume that (i) and (ii) do not occur and show that (iii) must occur. Since {dy}
is bounded, we have from Theorem 3.1.1 that f’(xy;dy) — 0, where

f@wdr) = =Xtk |V f (@)l = (1= )G
with
_ )0 if M\, =1
G = { |V ()T V2 f(2) 'V f(21)], otherwise.

Since {V?f(x;)} is bounded, for any subsequence J C N one has that tr 250 only if
IV f(z1)|| -3 0. Therefore, for every subsequence J C N for which iI}f Ar > 0 one has

IV (@)l 0.
Let J C N be any subsequence for which )\ki>0 and A\, # 1 for all k& € J. Then
G = |V f(xp)TV2f(2p) 'V f(21)| and, by construction, V2 f(z;) is positive definite for all
k € J. Moreover, ¢, — 0 since f’(zy; di) — 0. Since V2 f(z}) is bounded there exists M > 0
such that T V2 f(zy)v < M||v||?, or equivalently, vTV2f(x;,) " tvT > M~ |v|?, for all k € J.
But then,
0 < MYV f(zp)|? < VF(n) V2if(zr) ' V(2) — 0.

Therefore, |V f(z)| < 0.

Now, since ||V f(zx)|| <> 0 for every subsequence for which A, — 0 and for every subse-
quence on which Ay is bounded away from zero, we have that ||V f(xx)| — 0. ]

We can now apply Lemma 2.4.1 to obtain a local rate of convergence for the dog-leg
method.

THEOREM 2.4.2 Let the hypotheses of Theorem 2.4.1 be satisfied and let it further be as-
sumed that the backtracking parameter ¢ satisfies 0 < ¢ < % If T is a cluster point of the
sequence {xy} at which V2 f(T) is positive definite, then x;, — T at a quadratic rate.

PROOF: By construction, the sequence {f(xx)} is bounded below by f(Z). Therefore,
Theorem 2.4.1 and Lemma 2.4.1 combine to imply that z; — Z. Since V2f(T) is positive
definite and V f(z) — 0, we have that dY exists with ||dY| < ¢ for all k large. We now
show that the step length A\, = 1 for all £ large. This will establish the result since then the
method is locally equivalent to Newton’s method and so x; — T quadratically.

Since V2f is continuous, it is uniformly continuous in a neighborhood of Z. Let w(t) be
the modulus of continuity for V2f near T and let > 0 and M > 0 be such that

plloll* < vV f(z)v < M|

for all  near 7. Let £ > 0 be such that
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for all ¢ € [0,7] and let k be such that ||[dY| < 7 for all k > k. Then, for k > k and some
2 € [mk,$k + dév],

flap+dY) = f(zr) = Vf(x)TdY + 3dY V2 f(z)dy

< Vf(a)dY + 3N V2 fa)dY + w(|la )] |2
< V) dY + (1= o)V f(xe)'dy — 3V flap)"dy
+ (5 =) &l
= V(@) dY + (= 3) VI (@) V2 (2:) "'V f ()
+ (5 = ) LIV f (r) "V F ()2
< V() dY + (c— §) M7V £
+ (3= ¢) MYV f(a)|?
= oV (x)"d.
Therefore, the step length A, = 1 for all k large. (]

2.4.2 Trust—Region Methods

A similar result is easily obtained for trust-region methods by making more explicit the
requirement that the step s, be at least as effective as a step based on linear information
alone. This is done by requiring that the step satisfy the inequality established in Lemma
2.1.1. This inequality is a refinement of the Basic Assumption on the Trust—Region Step.

THEOREM 2.4.3 Let f : R® — R be differentiable and let xq € R™ be such that Vf 1is
uniformly continuous on the set co{x : f(x) < f(xo)}. Suppose {xr} is a sequence generated
by the trust-region algorithm of Theorem 2.1.3 with Hy = V2 f(x) and s, satisfying

1 1 VS ()l

T T2 o

for all k = 1,2,..., where ¢ > 0 is chosen to satisfy ||sklla < o||sk|| (note that such an sy

is guaranteed to exist by Lemma 3.1.1). If T is a cluster point of {xy} at which V?f(T) is
positive definite, then xi, — T and rp, — 1.
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PrOOF: Theorem 2.1.2 and Lemma 2.4.1 combine to imply that x;, — Z. Let ¢ > 0 and
0 > 0 be chosen so that
sTV2f(x)s > 0|s||? Vo €T+ eB.

Let k be such that z; € T + €B for all £k > k. Then for k > k

sk V2 (w)sie < =V f ()" s2 < ||V (wn)l2 sull2

N | —

)

el <
so that 5
(2.4.2) lsellz < 1V £ (@i)ll2-

Let oo > 0 be such that os||s|| < |[|s|ls. Note that 0oBy C B since if u € 03By, then
lu| < o3t||ulls < 030y = 1. Therefore,

|lv|lo = sup{(v,u) : u € B} > sup{(v,u) : u € 5B} = 3]|v]|2.

Thus, (2.4.2) implies that
50'2

22ls) < o3 19 £ ()l

or

J
osllsll < IV f@i)lo-
Combining this with assumption (2.4.1) yields the existence of a constant £ > 0 such that
1
—[Vf (@) s+ 55V (@k)si] > wllsill”

for all £ > k. Therefore,

f(@ats)=1f (@e)+V f(@r) T2+ 55T V2 f (k)]
—[Vf(zr)Tsk+35E V2 f(xr)sk]

|7”k—1| =

|f (@its6)—(F(@e)+V (@) T skt 2T V2 f () s))]
&|lskl?

IN

— 0 as k — 0.
[ |

COROLLARY 2.4.3.1 Let the hypotheses of the Theorem hold. If it is further assume that sy
is chosen as the solution to the subproblem P(xy,dy), then x. — T quadratically.

PROOF: Since 1, — 1 and s, — 0, we have ||sx|| < 05 for all k large. In this case, the
method is locally equivalent to Newton’s Method so the result follows from Theorem 2.3.2.
]
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Chapter 3

Conjugate Direction Methods

3.1 General Discussion

In this section we are again concerned with the problem of unconstrained optimization:

P :  minimize f(z)
subject to x € R"

where f : R” — R is C%. However, the emphasis will be on local quadratic approximations
to f. In particular, we study the problem P when f has the form

(3.1.1) f(x) = ;$TQ$ — b,

where () is a symmetric positive definite matrix. In this regard the notion of Q)-conjugacy
plays a key role.

DEFINITION 3.1.1 Let @) € R™™" be symmetric and positive definite. We say that the vectors
z,y € R"\{0} are Q-conjugate (or Q-orthogonal) if 7 Qy = 0.

ProproSITION 3.1.2 If Q € R™™ 1is positive definite and the set of nonzero vectors dy,

di,...,dy are (pairwise) Q-conjugate, then these vectors are linearly independent.

k
PROOF: If 0 = Y ayd;, then for i € {0,1,... &k}
i=0

k
T T
0= don[ZO aldl] = aiodioni7
Hence a; =0 for each i =0, ..., k. [ |

Observe that the unique solution to P when f is given by (3.1.1) is
= Qb

93
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If {dy,dy,...,d,—1} is a Q-conjugate basis for R", there are scalars «y, ..., o, such that

(3.1.2) ¥ =oapdy+ ...+ ap_1dn_1.

Multiplying this expression through by Qd; for each i =0,...,n — 1 we find that
_dfQxr  dlb

]

YT ATQd; AT Qd;
for each © = 0,...,n — 1. Therefore
. dl =l dyd!
T = Z dTQd - [Z dTQd]
=0 7 i=0 "1 7
so that
1 dd!F

It is important to note that the coefficients «; in the representation (3.1.2) can be computed
without knowledge of z*. This observation is the basis of the following result.

THEOREM 3.1.1 Let {d;}'=) be a set of nonzero Q-conjugate vectors. For any xo € R™ the
sequence {xy} generated according to

Tpy1 ‘= Tk + akdk, k > 0

with
ay = arg min{ f(z; + ady) : « € R}
converges to the unique solution, x* of P with f given by (3.1.1) after n steps, that is x,, = z*.

PROOF: Let us first compute the value of the a;’s. Set

= S dLQdy, + agi d, + f(x),

where g, = Vf(x1) = Qzy, — b. Then ¢ (a) = ad} Qdy, + g} d, hence

o — g d
k= — .
df, Qdy,
Now suppose x* — x( has representation
(313) - o = dodo + dldl + ...+ één_ldn_l.

Since z,, = xg+ agdy + . .. + a,_1d,,_1, the result is established if we can show that &y = ay,
for each k =0,1,...,n — 1. Multiplying (1.3) through by Qd}. yields

dFQ(z* — o)
3.14 dy = <~
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But Qz* = b and
di@.ﬁo = d%Q(.CEO + O./odo + ...+ ak_ldk_l)

Therefore .
A d; Q(zo—1z*)
Q= —"T0q
k k
_dg(ka—b)
dl' Qdy,
_ dl gi
dl Qdy,

= Q.
|
The following result provides further geometric insight into how the algorithm is pro-

ceeding.

THEOREM 3.1.2 (Expanding Subspace Theorem) Let {d;}") be a sequence of nonzero Q-
conjugate vectors in R™. Then for any xo € R™ the sequence {xy} generated according to

Tpp1 = Ty, t agdy,
_ 95 Ak
I (T
has the property that f(z) = %xTQ:c — bz attains its minimum value on the affine set

xo + Span {do,...,dx_1} at the point xy.
PrRoOOF: We establish the result by directly computing the solution to

min f(x)
(3.1.5) subject to  — 29 € Span {do,d1,...,dk_1}.

By setting Dy = [do, dy, . ..,dx_1] and z = x — zq we can rewrite (3.1.5) as
min f(z + xo)
(z,y)
subject to z = Dyy,

which can be written as
(3.1.6) myin f(Dry + xo).
Writing
e(y) = f(Dry + x0)
= "Dl QDY + g8 Dyy + f (o),

where go = V f(x(), we see that the solution to (3.1.6) is obtained by setting
0 = Vip(y) = Dy QDry + D go.

Now
DIQD,, = [dfQd;];;2

1,7=0

= diagd] Qd;|i,



56 CHAPTER 3. CONJUGATE DIRECTION METHODS

and
Dy go = [dg g0, d7 go, .- di_19,]""
Hence T
—a; 9o .
Y = TQd, fort=0,...,k—1.

Therefore, the solution (3.1.5) is

k—1 dTgo
Qik—SCo—i-Z dTQd

Consequently, the result will be established if we can show that

dfgy  dly

1. — - _
317 7Qd, ~ a1

for each i =0,1,...,k — 1. But this follows immediately from (3.1.4) since

o = — dZTgi = M
T T —=
47 Qd: arQd;
_dI(Q(zo+aodotardi+...+a;—1d;—1—b)
B 7 Qd;
_ dT go
_d?de‘
where the global minimum value of f is attained at x* and so satisfies QQz* = b. n

COROLLARY 3.1.2.1 In the method of Conjugate directions the gradients g, k =0,1,...,n

satisfy
gldi =0 fori<k.

Proor: This follows from a general property of minimization on affine sets. Consider the
problem

min p(z)

subject to x € ¢ + 5,
where ¢ : R" — R is C! and S is the subspace S := span {vy,...,v}. If V is the matrix
whose columns are given by v, ..., vk, then this problem is equivalent to the problem

min ¢(xg + Vz)
subject to z € R¥ .

Setting (;B(z) = (1o +Vz), we get that if z solves the latter problem, then VI Vp(zo+Vz) =
V¢(z) = 0. Setting T = x¢ + Vz, we conclude that T solves the original problem if and only

if Z solves the latter problem in which case VIV (Z) = 0, or equivalently, v} Vo (z) = 0 for
i=1,2,... k. n
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3.2 The Conjugate Gradient Algorithm

The conjugate direction algorithm of the previous section appears to be seriously flawed in
that one must have on hand a set of conjugate directions {dy,...,d,_1} in order to apply it.
However, one builds a set of Q—conjugate directions as the algorithm proceeds. The example
of such a procedure studied in this section is called the conjugate gradient algorithm.

The C-G Algorithm:
Initialization: zo € R", dy = —go = =V f(x9) = b — Qxo.

For k=10,1,2,...
(09 = _g]?dk/dZQdk
Tyl ‘= Tg + Otkdk
Grt1 = Qrpgr — b
Br = Gipa Qdi/di Qdy
dpv1 = —Gry1 + Brdy
k =k+1.

THEOREM 3.2.1 Conjugate Gradient Theorem
The C-G algorithm is a conjugate direction method. If it does not terminate at xy., then

~

. Span [go, g1, - - -, gr] = span [go, Qgo, - - - , Q" go]
2. Span [do,dy, . .., dg] = span [go, Qgo, - - -, ngo]
3. d{@di:(]forigk—l

4. or = g g/ d Qdy,

5. Br = i 19k+1/ 9% G-

PrOOF: We first prove (1)-(3) by induction. The results are clearly true for £ = 0. Now
suppose they are true for k, we show they are true for k + 1. First observe that

Gk+1 = gk + apQdy

so that g1 € Span[gy, ..., Q" go] by the induction hypothesis on (1) and (2). Also giy1 ¢
Span [dy, ..., dg] otherwise gry1 = 0 (by Theorem 3.1.2.1 since the method is a conjugate
direction method up to step k by the induction hypothesis. Hence gy41 ¢ Span [go, . . ., Q¥ go]
and so Span [go, g1, - -, gkr1] = Span [go, . .., Q¥ 1gg], which proves (1).
To prove (2) write
drs1 = —Gry1 + Brdy

so that (2) follows from (1) and the induction hypothesis on (2).
To see (3) observe that

di 1 Qd; = —gr1Qd; + Brd), Qd;.
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For ¢« = k the right hand side is zero by the definition of 5. For i < k both terms vanish.
The term g{,,;Qd; = 0 by Theorem 3.1.2 since Qd; € Span[dy, ..., ds] by (1) and (2). The
term d! Qd; vanishes by the induction hypothesis on (3).
To prove (4) write
—grde = gi Gk — Br—191, dr—1

where gl'dy_; = 0 by Theorem 3.1.2.
To prove (5) note that gf.,gr = 0 by Theorem 3.1.2 because gy € Spanldy,...,d].
Hence

91{+1Qdk = ingH[ng —gk] = ing+19k+1‘
y oy
Therefore,
B = igg+1gk+l _ iy 19k+1
oy di Qdy, 9i G
|
Remarks:

1. The C-G method decribed above is a descent method since the values f(x¢), f(z1), ..., f(x,)
form a decreasing sequence. Moreover, note that

V() dy = —gigr and g >0.

Thus, the C-G method behaves very much like the methods discussed at the beginning
of Chapter 2.

2. It should be observed that due to the occurrence of round-off error the C-G algorithm
is best implemented as an iterative method. That is, at the end of n steps, f may
not attain its global minimum at x, and the intervening directions d; may not be
Q-conjugate. Consequently, at the end of the n!* step one should check the value
|V f(z,)||. If it is sufficiently small, then accept x,, as the point at which f attains its
global minimum value; otherwise, reset x := x,, and run the algorithm again. Due to
the observations in remark above, this approach is guarenteed to continue to reduce
the function value if possible since the overall method is a descent method. In this
sense the C-G algorithm is self correcting.

3.3 Extensions to Non-Quadratic Problems

If f:R" — R is not quadratic, then the Hessian matrix V2 f(z;) changes with k. Hence the
C-G method needs modification in this case. An obvious approach is to replace Q by V2 f ()
everywhere it occurs in the C-G algorithm. However, this approach is fundamentally flawed
in its explicit use of V2 f. By using parts (4) and (5) of the conjugate gradient Theorem 3.2.1
and by trying to mimic the descent features of the C—G method, one can obtain a workable
approximation of the C—G algorithm in the non—quadratic case.
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The Non-Quadratic C-G Algorithm

Initialization: zy € R", go = Vf(x0), dp = —go, 0 < c< < L.

Having x otain x;; as follows:

Check restart criteria. If a restart condition is satisfied, then reset zo = z,, go = V f(z0),
dy = —go; otherwise, set

G{A‘A>%LVfuk+AmQ%ﬁzBVf@QT@”ami}

“ g+ Mdy) — i) < AV f(a1,)"dy
Thy1 ‘= Tk + Oékdk
Jk+1 = Vf(kaH)
T

g’“%ﬁ Fletcher-Reeves
/Bk — gk: Ik r

max {0, W} Polak-Ribiere

95 9k

dik+1 = —Gr+1 + Brdi
k =k 4+ 1.

Remarks

1. The Polak-Ribiere update for §; has a demonstrated experimental superiority. One
way to see why this might be true is to observe that

G (i1 — gr) = gl V2 f (1) di

thereby yielding a better second—order approximation. Indeed, the formula for §; in
in the quadratic case is precisely

Oék91{+1v2f(37k)dk
9k Gk -

2. Observe that the Hessian is never explicitly refered to in the above algorithm.

3. At any given iteration the procedure requires the storage of only 2 vectors if Fletcher-
Reeves is used and 3 vectors if Polak-Ribiere is used. This is of great significance if
n is very large, say n = 50,000. Thus we see that one of the advantages of the C-G
method is that it can be practically applied to very large scale problems.

4. Aside from the cost of gradient and function evaluations the greatest cost lies in the
line search employed for the computation of ay.

We now consider appropriate restart criteria. Clearly, we should restart when & = n
since this is what we do in the quadratic case. But there are other issues to take into
consideration. First, since V2 () changes with each iteration, there is no reason to think
that we are preserving any sort of conjugacy relation from one iteration to the next. In order
to get some kind of control on this behavior, we define a measure of conjugacy and if this
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measure is violated, then we restart. Second, we need to make sure that the search directions
dy, are descent directions. Moreover, (a) the angle between these directions and the negative
gradient should be bounded away from zero in order to force the gradient to zero, and (b)
the directions should have a magnitude that is comparable to that of the gradient in order
to prevent ill-conditioning. The precise restart conditions are given below.

Restart Conditions
1. k=n

2. gLk > 0.2g1 gx

3. =298 gk > gtdi > —0.2g] gk

Conditions (2) and (3) above are known as the Powell restart conditions.



Chapter 4

Matrix Secant Methods

4.1 Equation Solving

In this section we again study the problem of finding Z € R"™ such that g(Z) = 0 where
g : R* — R"is C1. Specifically, we will consider Newton-Like methods of a special type.
Recall that in a Newton-Like method the iteration scheme takes the form

(4.1.1) Try1 = 2 — My g(a),

where M, is meant to approximate ¢'(xy). In the one dimensional case, a choice of particular
note is the secant approximation

12) Mo = 9laie) — gl

L—1 — Tk

With this approximation one has

g(xr—1) = [g(wr) + g'(24) (vp—1 — 24)]

g'(xr)" = M = 9 (@) [9(xr-1) — g(z1)]

Also, near a point z* at which ¢’ is non—singular there exists an « > 0 such that

allz —y| < lg(z) —g)ll
Consequently, by the Quadratic Bound Lemma,

k-1 — @l?

g ()™ = M| <
¢ allg' (@) [l er-1 — ]

< K|zp-1 — x|

for some constant K > 0 whenever z; and x;_; are sufficiently close to x*. Therefore, by
Theorem 2.3.1, there secant method is locally two step quadratically convergent to a non—
singular solution of the equation g(z) = 0. An additional advantage of this approach is that
no extra function evaluations are required to obtain the approximation M.

61
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Unfortunately, the secant approximation (4.1.2 is meaningless in the n > 1 dimensional
case since division by vectors is undefined. However, this can be rectified by simply writing

(4.1.3) My (z—1 — x) = g(z—1) — g(xk).

Equation (4.1.3) is called the Quasi-Newton equation (QNE) at z;, and it determines M)}
along an n dimensional manifold in R"*™. Thus equation (4.1.3) is not enough to uniquely
determine M}, since (4.1.3) is n linear equations in n? unknowns. Consequently, we may
place further conditions on the update M}, if we wish to do so. In order to see what further
properties one would like the update to possess, let us consider an overall iteration scheme
based on (4.1.1). At every iteration we have (zy, M) and compute x4 by (4.1.1). Then
M1 is constructed to satisfy (4.1.3). If My is close to ¢'(x) and x4 is close to xy, then
M;.1 should be chosen not only to satisfy (4.1.3) but also to be as “close” to M, as possible.
In what sense should we mean “close” here? In order to facilitate the computations it is
reasonable to mean “algebraically” close in the sense that My, is only a rank 1 modification
of My, i.e. there are vectors u,v € R™ such that

(414) Mk+1 = Mk+UUT.

Multiplying (1.3) by
Sk = Th41 — Tk
and using (4.1.3) we find that

Y = Mk+1sk = Mksk + 'LLUTSk

where yy, == g(xr+1) — g(x). Hence, if v"s;, # 0, we obtain

Yk — Mysy
U= =
vT sy,
and v .
— My.si)v
(4.1.5) Myyy = My + = Meseo”

vT sy,
Equation (4.1.5) determines a whole class of rank one updates that satisfy the QNE where

one is allowed to choose v € R™ as long as v”s;, # 0. If s, # 0, then an obvious choice for v
is s; yielding the update

(4.1.6) M1 = My, =

(yx — Mysy)s),

st sy, '
This is known as Broyden’s update. Given the algebraically “close” updates in (4.1.5), it is
reasonable to ask whether there related updates that are analytically close.

THEOREM 4.1.1 Let A € R™", s, y € R", s # 0. Then for any matriz norms || - || and
|- ||| such that
IAB]| < [lAT{I1B]]
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and -
v
=l <1,
vt
the solution to
(4.1.7) min{||B — Al| : Bs =y}
18 ( As)s™
y— As)s
4.1.8 A, =A+>———.
( ) + T s
In particular, (4.1.8) solves (4.1.7) when || - || is the s matriz norm, and (4.1.8) solves
(4.1.7) uniquely when || - || is the Frobenius norm.

PROOF: Let B € {B € R"*": Bs =y}, then

(y — As)s” ss”
A=Al = |—"—I=I(B-A)—
4 -l = 2 - )%
ss”
< B=Alllll<lB - Al
sTs
Note that if ||| - ||| = || - ||2, then
vu” vu”
190 = sup{l el o = 1}

(v7)?
Sup{ ||U||2 : ”xH2 = 1}

= 1’
so that the conclusion of the result is not vacuous. For uniqueness observe that the Frobenius
norm is strictly convex and ||A - Bl|r < ||Al|r| B2 |
Therefore, the Broyden update (4.1.6) is both algebraically and analytically close to M.

These properties indicate that it should perform well in practice and indeed it does.
Algorithm: Broyden’s Method

Initialization: g € R", M, € R™*"
Having (xy, M) compute (xgy1, M,11) as follows:

Solve My.sp = —g(xy) for si and set
Tg41 ! = T+ Sk
ye: = g(zk) — 9(Tps1)
— Mysy)sy
My = Mk—i-(yk kk)k

Sk Sk

Due to its derivation we call methods based up (4.1.5) matrix secant methods. In the
literature they are also called Quasi-Newton methods.
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Observe that the derivation of (4.1.5) only relied upon the relations
My 18k = Yk

and
Mk_|_1 = Mk + UUT.

Thus by switching the roles of s; and yy, it is possible to obtain an inverse updating scheme.
That is if instead of (4.1.1) we write

Tpt1 = 2 — Wig(zy)
where Wy & [¢/(z)] ™!, then a matrix secant method for updating W}, would be

(s — Wrye)yd
Yk Yk

(4.1.9) Wit 1= Wy +

Y

since we want the QNE

Trp1 — Tk = Sk — Wipaye = Wi (9(zp11) — g(zr))

to hold. It would be interesting to determine if W, = M, ', For this we require the following
well-know lemma.

LEMMA 4.1.1 (Sherman-Morrison-Woodbury) Suppose A € RV U € Rk V ¢ R™*
are such that both A™* and (I + VTAT'U)™! exist, then

(A+UVH) P =AT1 - A WU +VTATIU) TVTAT
EXERCISE: Prove Lemma 4.1.1.
The above lemma verifies that if M ~! exists and s"M 1y # 0, then

_ M—ly)STM—l
L_ -t (s ‘
sTs + sTM—1y

(4.1.10) [A4<+A@i119{flfi]—

Consequently, it is not true that the Wy’s obtained from (4.1.9) and the M,’s from (4.1.6)
satisfy
W, = Mk_l.

However, (4.1.10) does indicate a variation on both (4.1.6) and (4.1.9). Specifically, in (4.1.5)
one could choose v = My, in which case one does obtain the inverse of (4.1.9). Conversely,
one could replace (4.1.9) with

(st — Wiyk) s Wy

4.1.11 Wiy = Wy +
(41.11) o = Wit )

yielding the inverse of (4.1.6).
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On the surface computing the inverse updates appears to be more attractive since then
we need not solve the equation

Bysi = yi

for s; at every iteration. However, this approach can suffer from fatal numerical instabilities
if ¢'(z*) is singular or nearly singular.

Although we do not pause to establish the convergence rates here, we do give the following
result due to Dennis and Moré (1974).

THEOREM 4.1.2 Let g : R® — R" be continuously differentiable in an open convex set
D C R". Assume that there exists x* € R™ and r, 8 > 0 such that z* +rB C D, g(z*) =0,
g (x*)7 exists with ||g'(x*) || < B, and ¢’ is Lipschitz continuous on x* + 1B with Lipschitz
constant v > 0. Then there ezist positive constants € and § such that if ||xg — z*||s < € and
|Bo — ¢'(x0)]| <6, then the sequence {xy} generated by the iteration

Tpy1 = T+ Sk where s solves 0 = g(xy) + Bys
—Bpysp)st
Bryr = B+ (yksgiks:)k where y, = g(py1) — g(7)

is well-defined with x; — x* superlinearly.

4.2 Minimization
In this section the underlying problem is one of minimization:
P minimize f(x)

where f : R" — R is C?. The basic idea is to modify and/or extend the matrix secant
methods of the previous section to the setting of minimization where one wishes to solve the
equation V f(z) = 0. In this context the QNE becomes

My 18k = Yk
where sy := 211 — x) and
Y =V f(@p41) = V f(zn).
A straightforward application of Broyden’s method would yield the update

(Yx — Mysk)sy,
st sy, .

My = My, +

However, this is unsatisfactory for two reasons:

1. Since M, is intended to approximate V2 f(z}) it is desirable that M} be symmetric.
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2. Since we are concerned with minimization, then at least locally one can assume the
second order sufficiency condition holds. Consequently, we would like the M,’s to be
positive definite.

To address problem 1 above, one could return to equation (4.1.5) for an alternate update
that preserves symmetry. Such an update is uniquely obtained by setting

v = (yp — Mpsy).

This is called the symmetric rank 1 update or SR1. Although this update can on occasion
exhibit problems with numerical stability, it has recently received a great deal of renewed
interest. The stability problems occur whenever

Vs, = Vf(zr)" M Y (Vf(xg) — V(1))

tends to zero faster than ||V f(z)]?.
The following alternate strategy has been proposed by Powell. One begins by symmetriz-

ing the Broyden update
(y — Ms)s”

sTs

My =M+
This is done by replacing M; with its symmetric part
_ 1 .
My = o (M + My).
But then the QNE fails. To remedy this set
(y — Mys)s™

M:; == MQ + T
sTs
But again symmetry fails so set
— 1 — —
My = 5 (Ms + My).

Proceeding in this way we get a sequence {M}} with

sT's

Mopsr = Mg + (y—Mays)s™
N _ =T
Moi1y = 3(Mopi1 + Moyy)

for £ = 0,1,.... Since the set S; = {M € R : Ms = y} is an affine subset of R"*"
and the set Sy = {M € R™™ : M is symmetric} is a subspace of R™" and the equations
(4.2) represent a sequence of alternating orthogonal projections in R™™ ™ onto S, and Ss
respectively, the sequence {M}} must converge to a fixed point solving the proximation
problem

min M — M||p

subject to M € Si,(M — M) € S,.
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It is possible to show that the solution is

Vi — Ms)s™ — Ms)T — Ms)T T
(4.2.12) M= M+ (y s)s" + 5(y s)" (y s)"sss
s's (sTs)2

The update (4.2.12) is called the Powell-symmetric-Broyden (PSB) update.

Update (4.2.12) was derived to preserve both symmetry and stability, however there is
no guarantee that if M is positive definite, then M is also. We now address the question
of when this is possible. That is, suppose M € R™ " symmetric and positive definite, we
wish to find M satisfying the QNE such that M is also symmetric and positive definite. Let
M = LL™ be the Cholesky factorization of M. If M is to be symmetric and positive definite
then there is a matrix J € R™*" such that M = JJ”. The QNE implies that if

(4.2.13) J's=wv
then
(4.2.14) Ju =1y.

Let us try to apply the Broyden update technique to (4.2.14), J, and L. That is, suppose
that

(y — Lv)v”
4.2.1 =L+ =
( 5) J +
Then by (4.2.13)
— Lo)T
(4.2.16) v s = LTs 4 WLV
vTy

This expression implies that v must have the form
v=al"s
for some o € R. Substituting this back into (4.2.16) we get

al”s(y —aLL"s)"s
a?sTLL"s '

o = sty
| sTMs|

Consequently, such a matrix J satisfying (4.2.16) exists only if sy > 0 in which case

al”s =L"s +

Hence

(y —aMs)s"L
asT™ s

sy 1/2
o =
sTMs ’

J=1L+

with




68 CHAPTER 4. MATRIX SECANT METHODS

yielding
— yy"  Mss"M
4.2.17 M=M — .
( ) + yTs sTMs
Moreover, the Cholesky factorization for M can be obtained directly from the matrices J.
Specifically, if the QR factorization of J7 is J* = QR, we can set L = R yielding

M=JJ"=R'Q"QR=LL".

The question of course remains as to how one can assure the positivity of the product
s™y. Recall that in the iterative context

s =8 = =N M 'V f(xy)

and
y=yr = V[f(zp1) — V[f(xp)
Hence
y's=yrsk = VI(wra)se = V() s
= NV (@ + Ardi)"d — MV f () R
where dj, := —M, 'V f(x;). Now since My is positive definite the direction dj, is a descent

direction for f at xp and so i A\, > 0. Therefore, to assure that y”s > 0 we need only show
that we can choose A\, > 0 so that

for some € (0, 1).
Note that for any descent direction d of f at x; we can choose

A= argmin{f(z; + \d) : A > 0}

in which case A = +o00 or
Vf(ftk -+ Xd)Td = 0.
Therefore, Ay can always be chosen to make y/ s, > 0, and so the updating strategy (4.2.17)
can be used to guarantee both symmetry and positive definiteness if a suitable line search is
employed. We return to the question of what a suitable line search is later in this section.
The update (4.2.17) is called the BFGS (Broyden-Fletcher-Goldfarb-
Shanno) update and is currently considered the best available matrix secant type update
for minimization. Observe in (4.2.17) that if both M and M are positive definite, then they
are both invertible. The Sherman-Morrison-Woodbury formula shows that the inverse is
given by
(s = M~ 1y)s™ + s(s — M~ 1y)”
y's
(s — M~ 'y)Tyss”
(y"s)? '
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Thus the corresponding inverse updating scheme for the BFGS update is
(s = Wy)s" +s(s — Wy)”
y's
(s —Wy)Tyss”
(y7s)>

One can now use this representation of the inverse to write down an alternate update of
M, it is

wW=w

N o+ WMyt yly — Ms)"
y's
(y — Ms) yy"

(y"s)?

This is known as the DFP formula named after Davidon-Fletcher-Powell.
One can show that the DFP, BFGS, and SR1 updates are all members of a one parameter
family of updates known as the Broyden family. In order to see this set

a:=s"Ms, b:=y"s, c:=y" Wy,

and, assuming a, b, and ¢ are nonzero, define two vectors

y Ms
mi=%< — —
b a
and
s Wy
wi= - — —=
b c

satisfying m”s = 0 = w”y. Then define two parameterized families of matrices by

_ Mss™ MM yy”

(4.2.19) M(u) =M — + 2 + pamm?,
a

and W™ W .

(4.2.20) W) =W — ML % + veww?.

The following table illustrates the relationship between the updates and various values of p
and v:

Update I v
DFP 1 0
BFGS 0 1

SR1  b/(b—a) b/(b—c)

We now turn to the study of an appropriate line search procedure. In particular, this pro-
cedure should enforce inequality (4.2.18). The line search that we consider is a combination
of the Armijo-Goldstein procedure and (4.2.18).
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LEMMA 4.2.1 Let f : R" — R be C' and let x,d € R™ be given so that V f(x)"d < 0 and the
set {f(x+ Ad) : XA > 0} is bounded below. Then for every choice of the scalars 0 < ¢ < f <1

the set

o+ M) — (@) < AVF(2)"d, and
(4.2.21) { 0’ Vf(z+Ad)™d > BV f(z)"d }

1S non-empty.

EXERCISE: Prove Lemma 4.2.1.

Thus it is possible to choose a steplength A such that both the Armijo inequality

flx+Ad) — f(z) <cAVf(x)'d

and inequality (4.2.18) are satisfied. Concerning this steplength Powell [1976] has established
the following convergence result.

THEOREM 4.2.1 Let f : R" — R be C?. Assume that
1. V2f is Lipschitz continuous, and
2. V2f is strongly convex.
Let xy € R™, Hy € R™"™ symmetric and positive definite, and {x} be a sequence defined by
sp = —M_ 'V f(x), Tegr = Tp + \ese

where A is chosen from the set defined in (4.2.21) with A\, = 1 being used whenever it is a
permissible value, and My is defined as the BFGS update

ykyif MksngMk
My = My + — .
k+1 k YT sk ST Hysp

Then the sequences {xy} and {My} are well defined and {xy} converges q-superlinearly to T
the unique point at which f attains its global minimum value.

We omit the proof of the above result as it is rather involved. It may be found in

M.J.D. Powell, “Some global convergence properties of a
variable metric algorithm without exact line searches,” in
Nonlinear Programming. R. Cottle and C. Lemke, eds. AMS,
Providence, R.I. (1976) 53-72.

We mention though that it is still an open problem as to whether a similar result holds
for the DFP update.

The variable metric methods discussed in this section are by far the methods of choice
for most unconstrained optimization problems when good derivative approximations are
available. Observe that one could employ the PSB, BFGS, or DFP formulas to do inverse
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updating, but in general this is not done due to possible numerical instabilities that can arise
when the hessians are nearly singular. If one wishes to investigate these methods further an
excellent survey article is

J.E. Dennis, Jr. and J. J. Moré, “Quasi-Newton methods,
motivation and theory,” STAM Review 19 (1977) 46-89.
also see
J.E. Dennis,; Jr., and R. B. Schnabel, “Numerical Methods
for Unconstrained Optimization and Nonlinear Equations,”
Prentice-Hall Inc. (1983).
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Chapter 5

Optimality Conditions: Constrained
Optimization

5.1 First—Order Conditions

In this section we consider first—order optimality conditions for the constrained problem

P : minimize  fo(x)
subject to x € (),

where fp : R® — R is continuously differentiable and €2 C R" is closed and non-empty. A
very general result can be obtained by simply observing that z is a local solution to P if
f(z = d) > 0 for all directions d pointing into 2. To make this statement more precise we
define the tangent cone to (2 at a point x € ) to be the set of limiting directions obtained
from sequences in €2 that converge to x. Specifically, the tangent cone is given by

To(r) :={d : 37\, 0, and {z;} C Q, with x; — x, such that 7, *(z; — z) — d}.
THEOREM 5.1.1 If Z is a local solution to P, the

fi(@d) >0 for all d € To(7).

PRrROOF: The result follows immediately from the fact that

fole +7d) = fo(@) _ | fol@+75) — fol)

= lim )
0 s—
TN T i\o T

fola; d)

due to the fact that fy is continuously differentiable (just apply the Mean—Value Theorem).
|

Although this theorem is a first—order optimality condition, it is not particularly useful
without a more concrete description for the set T(Z). Recall that in the case of uncon-
strained optimization we derived the first-order condition V f;(Z) = 0. This condition is

73
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testable and provides a basis for stopping criteria for our algorithms. In its current form,
the condition given by Theorem 5.1.1 has niether of these properties. The derivation of a
more useful first—order condition requires a more concrete description of the set €2.

We begin by assuming that 2 has the form

(5.1.1) Q:={z: filr)<0,i=1,...,s fi(lr) =0,i=s+1,...,m},

where each f; : R® — R is continuously differentiable on R™. Observe that if x € Q
and d € To(z) then there are sequences {z;} C Q and 7, N\, 0 with z; — z such that
7. (z) — ) — 2. Setting dy, = 7, (2, — ) for all k we have that

filr + medi) — f(2)

Tk

fi(x;d) = lim
equals 0 for i € {s+1,..., m} and is less than or equal to 0 for i € A(x) where
Alx):={i : i e {1,...,s}, filx)=0}.
Consequently,
To(x) C{d : Vfi(x)'d<0,i€ Alx), Vfi(z)'d=0,i=s+1,...,m} .

Clearly the set on the right hand side of the inclusion above is a much more tractable
representation with respect to the optimality condition given in Theorem 5.1.1. Moreover,
it is a somewhat unusual case where these two sets differ. For this reason we make the
following definition.

DEFINITION 5.1.1 We say that the set € is reqular at x € € if
To(z) ={d e R": f{(z;d) <0,i € A(x), f{(z;d) =0i=s+1,...,m}.

Unfortunately, not every set is regular.

EXERCISE: Show that the set
Q:={r e R~} <y <2?}

is not regular at the origin. Graph the set €.

Before discussing conditions under which one can guarantee the regularity of €2 at a point
x € 2, we will use regularity to develop a set of tractable first-order necessary conditions for
optimality in P. In order to do this we need to recall the strong duality theorem of linear
programming.

THEOREM 5.1.2 (The Duality Theorem of Linear Programming) Let A € R¥*" a € R?,
B e R p c R™* and ¢ € R”, and consider the pair of linear programs

max cTx

(5.1.2) subject to  Ax < a,Bxr =10
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and
(5.1.3)

min a"u+ b
subject to  A"u+ B™v = c,u > 0.

The linear program (5.1.3) is called the dual of (5.1.2). They are related as follows:

1. The L.P. (5.1.2) has finite value if and only if (5.1.8) has finite value in which case
these values coincide and there exist an T € R™ feasible for (5.1.2) and dual variables
(w,v) feasible for (5.1.3) such that T solves (5.1.2), (u,v) solves (5.1.3), and

T =u"AT +7"Bx =a"u+ b'v.

2. If (5.1.2) [(5.1.3)] is infeasible then either (5.1.3) [(5.1.2)] is infeasible or the optimal
value in (5.1.3) [(5.1.2)] is —oco[+0oc0]. A

Although we will not take the time to establish this fundamental result we do observe
that if x is feasible for (5.1.2) and (u,v) is feasible for (5.1.3) then

"x =[A"u+ B"™|"r = u"(Az) + v"(Bx)
< au + b".

Hence (5.1.2) < (5.1.3) and every dual feasible pair (u,v) provide an upper bound to (5.1.2).

We will now apply Theorem 5.1.1 in conjunction with Theorem 5.1.2 to obtain the main
result of this section. Let T € Q2 be a local solution to P at which 2 is regular and consider
the the linear program

max (—=Vfo(z))"d
(5.1.4) subject to  V fi(xo)"d <0 i€ I(xg)
Vii(xg)"™d=0 i=s+1,...,m.

According to Theorem 5.1.2, the dual of (5.1.4) is the linear program

min 0
(5.1.5) subject 10 >icr(ne) WiV fi(wo) + XL iV fi(wo) = =V fo(z0)
0 S Uj, 1€ I({L’Q)

From our assumptions on zy, Theorem 5.1.1 tells us that the maximum in (5.1.4) is less than
or equal to zero. But d = 0 is feasible for (5.1.4), hence the maximum value in (5.1.4) is
zero. Therefore, by Theorem 5.1.2; the linear program (5.1.5) is feasible, that is, there exist
scalars u;, i € I(xg) U{s+1,...,m} with u; > 0 for i € I(x) such that

i€1(z0) i=s+1

This observation yields the following result.
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THEOREM 5.1.3 Let xq C €2 be a local solution to P at which ) is reqular. Then there exist
u € R™ such that

1. 0 =V, L(xg,u),
2. 0 =w;fi(xo) fori=1,...,s, and
3. 0<u,1=1,...,s,

where the mapping L : R™ x R™ — R is defined by
L(z,u) == fo(z) + > uwfi(x)
i=1
and 1s called the Lagrangian for the problem P.

PRrROOF: Fori € I(xg)U{s+1,...,m} let u; be as given in (5.1.6) and fori € {1,...,s}\I(zo)
set u; = 0. Then this choice of u € R™ satisfies (1)—(3) above. [

DEFINITION 5.1.2 Let © € R" and u € R™. We say that (z,u) is a Kuhn-Tucker pair for
P if

1. fi(xg) <0i=1,...,s, fi(xo) =0i=s+1,...,m (Primal feasibility),

2. u; >0 fori=1,...,s (Dual feasibility),

3. 0=w;fi(z) fori=1,...,s (complementarity), and

4. 0=V,L(z,u) (stationarity of the Lagrangian).

Given x € R"™, if there is a uw € R™ such that (x,u) is a Kuhn-Tucker pair for P, then
we say that x is a stationary point for P. A

5.2 Regularity and Constraint Qualifications

We now briefly discuss conditions that yield the regularity of €2 at a point x € ). These
conditions should be testable in the sense that there is a finitely terminating algorithm
that can determine whether they are satisfied or not satisfied. The condition that we will
concentrate on is the so called Mangasarian-Fromovitz constraint qualification (MFCQ).

DEFINITION 5.2.1 We say that a point v € Q) satisfies the Mangasarian-Fromovitz con-
straint qualification (or MFCQ) at x if

1. there is a d € R™ such that

Vii(z)"d <0 forie I(z),
Vi@)d=0 fori=s+1,---,m,

and
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2. the gradients {V f;(x)|i = s+ 1,---,m} are linearly independent.

We have the following key result which we shall not prove.

THEOREM 5.2.1 (MFCQ — regularity) Let f; : R" - R, i = 1,2,---,m be C' near
z € Q. If the MFCQ holds at &, then € is reqular at T.

The MFCQ is algorithmically verifiable. This is seen by considering the LP

min 0
(5.2.7) subject to Vfi(z)"d < -1 i€ I(x)
Vi@™d=0 i=s+1,---,m.
Cleary, if the MFCQ is satisfied at 7 if and only if the above LP is feasible and the gradients

{Vfi(z) |i=s+1,---,m} are linearly independent. This observation also leads to a dual
characterization of the MFCQ by considering the dual of the LP (5.2.7).

PROPOSITION 5.2.2 The MFCQ is satisfied at a point T € Q if and only if the only solution
to the system

iuini(i") =0,
- wfi(x)=0 i=1,2,---,s, and
u; > 0 1=1,2,--- s,
w$su; =0, 1=1,2,---,m.
PROOF: The dual the LP (5.2.7) is the LP

min Eie](a‘a) U;
(5.2.8) subject to  Yierm) wiV fi(T) + XL uiV fi(Z) = 0

This LP is always feasible, simply take all u;’s equal to zero. Hence, by Theorem 5.1.2, the
LP (5.2.7) is feasible if and only if the LP (5.2.8) is finite valued in which case the optimal
value in both is zero. That is, the MFCQ holds at z if and only if the optimal value in
(5.2.8) is zero and the gradients {V f;(Z) | i = s+ 1,---,m} are linearly independent. The
latter statement is equvalent to the statement that the only solution to the system

wifi(z)=0 1=1,2,--- s, and
u; >0 1=1,2,--- 5,

isu; =0, 1=1,2,---,m. [ |
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Techniques similar to these show that the MFCQ is a local property. That is, if it is
satisfied at a point then it must be satisfied on a neighborhood of that point. The MFCQ
is a powerful tool in the analysis of constraint systems as it implies many useful properties.
One such property is established in the following result.

THEOREM 5.2.2 Let & € Q) be a local solution to P at which the set of Kuhn-Tucker multi-
pliers

(5.2.9) K-T(z) :=u € R™ | u;fi(T) =

is non-empty. Then K-T(Z) is a compact set if and only if the MFCQ is satisfied at T.

PRrROOF: (=) If MFCQ is not satisfied at z, then from Theorem 5.1.2, Proposition 5.2.2, and
the LP (5.2.8) the existence of a non-zero vector u € R™ satisfying

ZulVfl(i’) =0and 0 < wu; with 0 = w; f;(z) fori =1,2,---s.
i=1

Then for each u € K-T(Z) we have that v + tu € K-T(z) for all £ > 0. Consequently,
K-T(Z) cannot be compact.

(<) If K-T(z) is not compact, there is a sequence {u/} C K-T(z) with ||v/|| T +00. With
no loss is generality, we may assume that

u’
[
But then
u; >0, 1=1,2,--,s,
uzfl(j) = hmz—)oo ”ZinfZ('f) = 07 1= 1727 S, and
SR ufi(@) = limge G = 0.
Hence, by Proposition 5.2.2, the MFCQ cannot be satisfied at z. [ |

Before closing this section we introduce one more constraint qualification. This is the so
called LI condition and is associated with the uniqueness of the multipliers..

DEFINITION 5.2.3 The LI condition is said to be satisfied at the point x € § if the constraint
gradients

{Vfi(x) |ie(x)U{s+1,---,m}}
are linearly independent.

Clearly, the LI condition implies the MFCQ. However, it is a much stronger condition in
the presence of inequality constraints. In particular, the LI condition implies the uniqueness
of the multipliers at a local solution to P.
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5.3 Second—Order Conditions

Second—order conditions are introduced by way of the Lagrangian. As is illustrated in the
following result, the multipliers provide a natural way to incorporate the curvature of the
constraints.

THEOREM 5.3.1 Let Q have representation (5.1.1) and suppose that each of the functions
fi,1=0,1,2...m are C?. Let T € Q be such that Q is reqular at T. If (T,u) € R" x R™ is
a Kuhn-Tucker pair for P such that

d"V2L(z,u)d > 0
for all d € To(T), d # 0, with V fo(T)"d = 0, then there is an € > 0 and v > 0 such that

fo@) < foz) — vz —7|*

for every x € Q with ||z — || <€, in particular T is a strict local solution to P.

PROOF: Suppose to the contrary that no such ¢ > 0 and v > 0 exist, then there exist
sequences {x;} C Q, {vx} C R, such that zy — T, v, | 0, and

folzr) < fo(@) + villze — 72

for all £ = 1,2,.... Now for every z € 2 we know that u” f(x) < 0 and 0 = u” f(Z) where
the ith component of f: R"™ — R™ is f;. Hence

L(zp,w) < folzr) < fo(@) + vz, — 7|2
= L(7,u) + v||z, — 7|

Therefore,
(5.3.10) fo(@) + Vfo(@)" (@r — 7) + o(llar — 7)) < fo(7) + vicllaw — 7]
and
L(z,u) +V.L(Zu)"(x;, —7T)
(5.3.11) +3(zr — )" V2L(T,0)(xp — T) + o ||z — T||?)
< L(Z,u) + v||ze — T .
Now, with no loss of generality, we can assume that

Tp — X

dy : %QETQ(T)

Al =7

By dividing (5.3.10) through by ||z; — Z|| and taking the limit we find that V fo(z)d < 0.
Since ) is regular at T, we know that

To@) ={d:Vfi(@)"d<0,icl(@), Vi) d=0,i=5+1,...,m}.
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Therefore V f;(2)"d < 0, i € I(z) U{0} and V f;(x)"d = 0 for i = s+1,...,m. On the other
land, (7, u) is a Kuhn-Tucker point so

Vi@ 'd=- > wVfi()'d=>O0.
i€I(T)
Hence V f3(7)"d = 0, so that
d'V2L(z,uw)d > 0.

But if we divide (5.3.11) by |lzx — Z||* and take the limit, we arrive at the contradiction
1— —
§dTViL(T, w)d < 0,

whereby the result is established. [ |

The assumptions required to establish Theorem 5.3.1 are somewhat strong but they do
lead to a very practical and, in many cases, satisfactory second-order sufficiency result.
In order to improve on this result one requires a much more sophisticated mathematical
machinery. We do not take the time to develop this machinery. Instead we simply state
a very general result. The statement of this result employs the entire set of Kuhn-Tucker
multipliers K-T(z).

THEOREM 5.3.2 Let T € ) be a point at which ) is reqular.

1. If T is a local solution to P, then K-T(x) # 0, and for every d € To(Z) there is a
u € K-T(T) such that
d"V2L(Z,u)d > 0.

2. If K-T(x) # 0, and for every d € To(Z), d # 0, for which V fo(T)"d = 0 there is a
u € K-T(T) such that
d"V2L(z,u)d > 0,

then there is an € > 0 and v > 0 such that
fo(@) < folz) — vz —z|?

for every x € Q with ||z — || <€, in particular T is a strict local solution to P.

5.4 Optimality Conditions in the Presence of Convex-
ity

Just as in the unconstrained case, necessary conditions for optimality become sufficient

conditions in the presence of convexity. A key observation in this regard is the equivalence

(5.4.12) To(z)=JQ-2).

A>0
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This equivalence can be refined to

(5.4.13) To(z)=J@Q—2).

if it is further assumed that €2 is polyhedral.

THEOREM 5.4.1 If in the problem P both the function fy and the set {2 are assumed to be
convex, then xqy is the global solution to P if and only if

Jo(zo;y —x) >0

for ally € Q.

PROOF: By Theorem 5.1.1, we know that if z is the global solution to P, then f/(x¢;d) >0
for all d € Tq(x). Thus, in particular, this inequality holds for d = y — ¢ for all y € 2 due
to the equivalence 5.4.12.

In order to see the reverse implication recall that fl(z;y — ) < fo(y) — fo(x) for all
x,y € R". Therefore,

0 < fozosy — ) < foly) — fo(wo)
for all y € R™. "

The assumption of convexity also yields a somewhat different second—order result. In
particular, we now obtain a second—order necessary condition.

THEOREM 5.4.2 Let fy: R* — R be C? and T be an element of the convex set Q.

1. (necessity) If T € R™ is a local solution to P with Q a polyhedral convex set, then
V(@) (y—=) >0 for all d € To(z) and

A" fo(z)d > 0
for all d € To(z) with V f(Z)"d = 0.
2. (sufficiency) If T € R™ is such that V fo(Z)"(y —T) > 0 for all d € To(z) and
d"V? fo(z)d > 0
for all d € To(2)\{0} with V fo(T)"d = 0, then there exist €,v > 0 such that
fo(@) < fo(x) —v|jz —z|?

for all x € Q with ||z — z|| <e.
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PrOOF: (1) Let € > 0 be such that fo(Z) < fo(x) for all z € Q with ||z — Z|| < € and let
d € To(Z) = Uy>0(2—2). Then thereisay € Q, y # 7, and a A9 > 0 such that d = \o(y—7).
Set A = min{ g, e(Mo|]|ly — Z||)™'} > 0 so that T+ Ad € Q and |7 — (T + Ad)|| < € for all
A € [0, A]. By hypothesis, we now have

fo@) < fo(+ Ad) ]
= fo(T) + AV fo(Z)"(y — T) + 5 d"V2 fo(T)d + 0o(A?)
< fo(T) + 5d"V2 fo(@)d + o(A?),

where the second inequality follows from Theorem 5.4.1. Therefore
d™V? fo(z)d > 0.

(2) We show that fo(T) < fo(x) — v||z — T||* for some v > 0 for all x € 2 near z. Indeed,
if this were not the case there would exist sequences {z} C Q, {rx} C Ry with 2y — 7,
v, 4 0, and

folar) < fo(@) + il — 7)°

for all £ = 1,2,... where, with no loss of generality, ﬁ — d. Clearly, d € To().
Moreover,

fo(@) + V fo(@)" (zx — ) +olllxr —Z|)
Jo(xk)
Jo

() + vk ||z — 7|2

IA I

so that Vfy(z)"d = 0.
Now, since V fo(Z)"(zx, —Z) >0 for all k =1,2,.. .,

fo(@) + 3(@k = )"V fo(@) (2 — T) + ol — T|?)
< fo(@ ) + Vfo(T)" (xr — T) + 5 (2 — T)"V2fo(T) (24 — 7)
+o(llax — 7%
- fﬂ(xk>
< fo(@) + vz — 2%,

(572 ) g (72 <y )

lzx — ]| [k — | [k — |2

Hence,

Taking the limit in k£ we obtain the contradiction
0 < d"V2fy(z)d <0,

whereby the result is established. [ |

Although it is possible to weaken the assumption of polyhedrality in Part 1. of the above
theorem, such weakenings are somewhat artificial as they essentially imply that T(x) =
Ux>0(€2 — x). The following example illustrates what can go wrong when the assumption of
polyhedrality is dropped.
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ExAMPLE: Consider the problem

min 1 (z, — 23)

subject to 0 < @9, 23 < 2.
Observe that the constraint region in this problem can be written as Q := {(z1,22)" :
|21]2 < 25}, therefore
1 2
folz) = 5(552—171)
1 3
> (nlf ~ |nl)
1, s
= Ll -lmlh) >0

whenever 0 < |z1| < 1. Consequently, the origin is a strict local solution for this problem.

Nonetheless,
To(0) N[V fo(0)]" = {(6,0)" : 6 € R},

while
-1 0
2 _
Vfo(o)—[ 0 O] .
That is, even though the origin is a strict local solution, the hessian of fy is not positive
semidefinite on 75 (0).

In employing the second-order conditions given above, one needs to be careful about the
relationship between the hessian of fy and the set K := To(x) N [V fo(z)]*. In particular,
the positive definiteness (or semidefiniteness) of the hessian of f; on the cone K does not
necessarily imply the positive definiteness (or semidefiniteness) of the hessian of f; on the
subspace spaned by K. This is illustrated by the following example.

ExAMPLE: Consider the problem

min(z} — 113)

subject to —x1 < 29 < 27.

Clearly, the origin is the unique global solution for this problem. Moreover, the constraint
region for this problem, 2, satisfies

To(0) N [VF(0)]" = Ta(0) = 2,
with the span of Q being all of R2. Now, while the hessian of f; is positive definite on €, it

is not positive definite on all of R?.

In the polyhedral case it is easy to see that the sufficiency result in Theorem 5.4.2 is
equivalent to the sufficiency result of Theorem 5.3.1. However, in the nonpolyhedral case,
these results are not comparable. It is easy to see that Theorem 5.4.2 can handle more
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general situations than Theorem 5.4.2 even if  is given in the form (5.1.1). Just let one
of the active constraint functions be nondifferentiable at the solution. On the other hand,
Theorem 5.4.2 can provide information when Theorem 5.4.2 does not. This is illustrated by
the following example.

ExaMPLE: Consider the problem

min zo
subject to 2?2 < z.

Clearly, z = 0 is the unique global solution to this convex program. Moreover,

1
i(xf + z3)
1 2
5(.1'2 + x35)

< = fo(w)

fol@ + 5l — 2

IN

for all x in the constraint region Q with ||z — z|| < 1. Tt is easily verified that this growth
property is predicted by Theorem 5.4.2.

5.5 Application to Solving Trust-Region Subproblems

Let us recall the form of the basic trust-region subproblem for unconstrained minimization:

1
TR min ¢’z + —2T Qux
(TR) lzl|l<A 2 ¢

where Q € R*", ¢ € R", and A > 0. In this discussion, we assume that the norm is the
usual Euclidean norm || - [|s. Although the matrix @) is not assumed to be positive semi-
definite, this problem behaves very much like a convex programming problem with respect
to its optimality conditions.

THEOREM 5.5.1 Consider the problem (TR). A point & € AB solves (TR) if and only if
there is a X > 0 such that

(a) A[|lzll — A] = 0.
(b) ¢+ (Q+ M)z =0, and

(c) Q+ N is positive semi-definite.

PROOF: (=) First observe that since [|0]| < A the Slater constraint qualification holds.
Therefore there exists A > 0 such that (a) and (b) hold. To see (c) observe that for every
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x € AB we have
1 1
0 < cz+ ixTQx — 'z — §TTQT

= —77(Q+ Nz + leQ:v +77(Q + N)T — ;:I;TQx

L 7 T 7T7 L A Ag

= = _ T — 2 Ly B

5% Qr — 7' Qx + xQ:C+)\ 5% :z::c—|—2:r;x —|—2:c:C 5% T
1 _

= - @+ —7) +

l\D\y\

1[I = [l=[1”]

S0
Mizll* = IZ]"] < (= = 2)"(Q + M)(z — 7).
If A = 0, then this inequality implies that @ is positive semi-definite. If A > 0, then ||Z||? = §.
Therefore,
0<(z—2)"(Q+ \)(z —7)
for all z € AB with ||z]| = A. Let d € R"™ be such that d’T # 0 and ||d|| = 1. Setting
r =7 — 2d7Td we get that ||z|| = A so that (2d77)?d” (Q + AI)d > 0. By continuity, Q + A/
is therefore positive semi-definite.
(<) Consider the Lagrangian

1 A
L(xz,\) = c:c+2:cTQ:c+ [[|z]|* — A?]

1 _
= o+ §$T[Q + M|z — ;AQ.

Since @ + M is positive semi-definite, L(x,)) is convex in z. Therefore, L(-,\) attains
a global minimum at any point x for which V,L(x,A\) = 0. Hence T is a solution to
min{L(z,\) : x € R¥}. Thus, in particular, for all z € AB

1 1 A
e+ §$TQJU > T+ JUTQJU + 5 [HxHZ A%
> L(z, )\)

= Iz + xTQx

Consequently, 7 is a global solution to (TR). n

This is a remarkable result on the structure of the problem (TR). It also provides the
key to a very efficient method for solving (TR). Indeed,either there is a unique solution to
(TR) lying in the interior of AB, in which case @) is necessarily positive definite, or there is
a solution lying on the boundary of AB. In the latter case, we need only solve the system

(Q+N)x = —c
0<A  l2fI* = A
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subject to the condition that ) + AI is positive semi-definite. In this regard, observe that
if Ay < Ay < --- < A, is the spectrum of @, then A+ XA\ < A+ X < --- < A+ )\, is the
spectrum of Al + ). Hence the condition that A > 0 and @ + AI is positive semi-definite

boils down to saying that
A >\ = max{0, =\ }.

That is, A; is a lower bound on A. In the case that A # 0, one can also obtain an upper
bound on A. Indeed, if A # 0, then ||Z|| = A. In this case the condition \T = —(c + QT)
implies that B

Azl < el + QI

and since ||Z|| = A we have

X< o =\,
< 2+||Q||

is an upper bound on X. If it is further known that @ is positive semi-definite then this
upper can be refined. In this case we have

'z =z -2"Qz < -z < ||| |7,
and so A < ||c||/A = X! is a better upper bound. Also observe that since @ is symmetric

QI = max{[As], [Anl},

and both A; and A, can be estimated using the power method.
Having both upper and lower bounds on A one can now consider applying Newton’s
method to the system

(Q+X)x = —c
|| = A

over [\, \,]. Although this approach is reasonable, it is far from the most efficient. We
now discuss an alternative approach based on well-known facts from the theory of rational
functions.

Consider the function . .

e(A) =+ —
R [EY eI
on the interval (A\*, +00). We claim that ¢ is a convex function on the interval (A\*, +00). In

order to see this let {vq, ..., v,} be an orthonormal basis of eigenvectors for ) with associated
eigenvalues \; < \y < --- < \,, respectively, and suppose

Then
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Hence

n . 2 =3/271n . 3
=[BT B )]
and

ro=a S ()] (B ) ) (B ) - (B )

2

Recall that the Cauchy-Schwartz inequality implies that

n 2 n n
[z ab] <3 a3 R
=1 =1 =1

2
Setting a; = &5~ and b; = it (/\i/\) , we find that

lil“i_l ()\ TAZ-)T = [En:l ()\ iAﬂ lé’“‘f </\ ﬁxﬂ ‘

‘2

Therefore, ¢”(A\) > 0 on (A\*,+00) so that ¢ is convex there.
Moreover, ¢ is nearly linear on (\*, +00) and is essentially flat for all large A. This is
1

obvious from the expression for ¢”(\) given above since ¢”(\) = O (X)

We can now describe a general procedure for solving (TR). First obtain an estimate for A\
the smallest eigenvalue of Q). If A\; > 0, then @ is positive definite. In this case we terminate
at a solution T = —Q e if [|Q 7 '¢c|]| < A. If Ay < 0 or [|[Q '¢|]| > A, then apply Newton’s
method to locate a zero of the function ¢ on the interval ()\1, % + ||Q||} That is, we are
applying Newton’s method to a nearly linear convex function on R. Since ¢ is nearly linear,
this procedure converges rapidly if a solution exists. Since ¢ is convex we also have that

>‘k?+1 < )\k if A < )\k

and
)\k—i-l > A\ if A > Ak

Moreover, if A\, < A, then A,y < X. All of these facts follow from the subdifferential
inequality of convex analysis.

The difficult case occurs when A = );. In this case Q + A\ is not invertible if @ is not
positive definite. If in measuring the behavior of the iterate, it is thought that A = \;, then
one can terminate by computing a least-norm solution to the equation —c = (Q + \I)z.

The best known methods basically work in this way. However, they also incorporate more
sophisticated methods for approximating and updating A; and )\, at each iteration. We do
not go into this here. Nonetheless, we should mention that if the Newton step A;1; is such
that

Ak < N

(Ax + A;) in order to preserve the inclusion Ay € (A, Ay].

then one should reset A\gq = 3
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Chapter 6

LP’s, QP’s, and LCP’s

6.1 Introduction

The KKT conditions for linear and quadratic programming yield an instance of a more gen-
eral class of problems called linear complementarity problems. In order to see this connection,
consider the quadratic program

Q minimize %UTQU —cluy
subject to Au < b, 0 < u,

where () € R™", A € R™" ¢ e R" and b € R™. If we assume that () is positive semi-
definite, then Q is a convex programming problem. By setting () = 0, we recover linear
programming as a special case.

Define

(6.1.1) M:(_QA %T> and q:<z>.

Then the KKT conditions for the quadratic program Q are equivalent to the conditions
y=Mz+q, y'z=0 0<z and 0<y,

where

The classical approach to solving Q when () = 0 is the simplex algorithm due to George
Danzig. If @) # 0, then the corresponding method is called Lemke’s algorithm. Both of these
approaches are known as pivoting methods. There is an enormous literature on methods of
this type. Nonetheless, we do not consider pivoting strategies in this section. Rather we
consider an approach of a much more modern vintage. This approach is defined for a more
general class of problems known as linear complementarity problems or LCP’s.

89
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(LCP) Find = € R™ such that
y=Mz+q, 27y=00<z 0<y
where M € R™*™ and ¢ € R".

We denote by S the solution set to (LCP):
S ={(r,y) eR"xR": F(x,y) =0,0 <z,0<y}.

Of special interest to us is the case where M is assumed to be positive semi-definite, but
not necessarily symmetric.

DEFINITION 6.1.1 The problem (LCP) is said to be a monotone linear complementarity
problem if the matrix M is positive semi-definite.

6.2 Boundedness Properties of LCP

The algorithms we consider are designed to solve monotone LCP’s. One of the most impor-
tant properties of monotone LCP’s is that they are naturally associated with the following
convex quadratic program:

minz”(Mz + q)

(QP-LCP) subject to 0 < Mx +¢q, 0 < x.

That this is a convex QP follows immediately from the fact that M is positive semi-definite.
Moreover, the optimal value of (QP-LCP) is non-negative since 0 < Mz +¢q and 0 < z. The
optimal value is zero precisely when S # () in which case the solution set is given by

{z : 3 y > 0 such that (z,y) € S}.

This observation is the key to analyzing the boundedness properties of the set S and the
sets
Ft)={(z,y):0<z, 0<y, Mo +q=y, o'y <t}

for t > 0. These sets play an important role in the analysis to follow.

Note that since (QP-LCP) is a convex quadratic program its solution set is a convex
set. Thus, in particular, this implies that the set S is always a closed convex set (although
possibly empty). Moreover, since 27 (Mxz + q) is a convex function, all of its level sets are
convex as well. In particular, we get that the sets

Filt)={z : 0< 2, 0< Mz +q, 27 (Mx+q) <t}
are closed convex sets for every t > 0. Therefore, the sets

Ft) =A{(z,y) s w € A(t), y =Mz +q}
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are closed convex sets as well since they are the linear image of a closed convex set.
We now consider the boundedness of the sets F(t). For this we make use of the following
sets:

F = {(z,y) eR"xXR": Mz +q=y,0 <z,0 <y}
Fio = {(@y) eR"XR": Mo +q=y,0<z,0<y}

THEOREM 6.2.1 If M is positive semi—definite and F. is nonempty, then F(t) is bounded
for allt > 0.

PROOF: Let (7,7) € F, and let (x,y) € F(t). Then (x —Z)T(y — ) > 0 since M is positive
semi-definite. Therefore,

t+zly>aly+ 2y >y + 9" > k| (z,y)h

where £ :=minj_1 2 {%;, ¥} u

6.3 The Central Path

Given a vector x € R™ we denote by X the diagonal matrix diag(z). Hence Y = diag(y),
U = diag(u), W = diag(w), etc. Consider the function

Mz —y+q
Flea) = | Y501

where e € R™ is the vector of all cones. Clearly, (z,y) € R" x R" solves (LCP) if and only if
0 <z,y, and F(x,y) = 0. The basic idea behind interior point algorithms for solving (LCP)
is to apply a damped Newton’s method to the function F'(z,y) on the interior of the cone
R x R%. In this regard, following result is key.

THEOREM 6.3.1 If M is positive semi-definite, then F'(xz,y) is non-singular whenever 0 <
xz, 0 <y.

PROOF: Let (z,y) € int(R" x R™) and suppose that F'(x,y) < :j ) = 0. Then

v=Muand v=—-X""Yu.

Hence, 0 > —u" X 'Yu=u"Mu>0,s0u” X 'Yu=0oru=0. But then v =0 as well. B

Thus, the Newton step is well defined at points in int(R} x R’). Moreover, one can
always choose a step length so that a damped Newton step stays in int(R”} x R’} ). However,
it may happen that the iterates approach the boundary of R? x R? too quickly and the
procedure gets bogged down. For this reason we introduce the notion of a central path.
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DEFINITION 6.3.1 The set
C:={(x,y) € F: XYe=te for somet > 0}

is called the central path for (LCP).

We now proceed to show that if F, # () and M is positive semi-definite, then C exists.
The first step is to establish the following lemma concerning the function

u(z,y) = XYe.
LEMMA 6.3.1 Suppose M is positive semi—definite and F # ().

(1) The system
U((L‘7y) =a and ([E,y) S ]:-l-

has a solution for every a > 0.

(2) The mapping u : R" x R™ — R™ is diffeomorphism between F., and int(R}), i.e. u
is a one-to—one surjective mapping between F, and int (R%) with v € C* on F, and
ut € C™ on int(R7).

PROOF:

(1) Let a > 0 and (7,7) € F;. Set @ = u(T,7y). Consider the function
Flao.y,t) = Flay) - | |
S ’ (1-ta+ta |-

Note that F(z,7,0) = 0 and

~ M -1
Hence, by the implicit function theorem, there is an open neighborhood U C R™ x R”
containing (Z,7), d > 0, and a unique smooth mapping ¢ — (z(t),y(t)) on [0,4) such
that

(2(t),y(t)) € U and F(z(t),y(t)) = 0 on [0, d).

Let ¢ be the largest such § in [0,1]. We claim that 6 = 1. First observe that
(x(t),y(t)) € F(t) for t := max{a’e,a’e}. Moreover, F() is a compact set by
Theorem 6.2.1. Hence, for some sequence t; 1 & there exists an (Z,7) such that
(z,(t;),y(t;)) — (z,9). Clearly, (Z,y) € F,i. Applying the implicit function the-
orem again at (Z,7) yields a contradiction to the maximality of §. Finally, observe
that

F(z(1),y(1)) = a
which establishes the result.
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(2) In Part (1) above, we have already shown that u is a surjective map from F to R’.
We now show that it is one-to—one. Assume to the contrary, that u(x!, y') = u(z?, y?)
for distinct points (z!,y') and (2%, 9?) in F,. Then

Mzt —2?) =y' —y* and 2y} =27y >0Vi=1,... n.
Since (z! — 22)T M (2! — 22?) > 0, we have
(' —2?)(y" —y*) 2 0.

Hence for some i with x] # 22 we must have (z} — 2?)(y} —y?) > 0. If 2} > 22, then

yl > y? > 0. But then x}y; # z?y?. Similarly, if z; < 22, then 0 < y} < y?, so again

xiy}l # x?y?. This contradiction establishes that u is one-to—one.

Finally, it is clear that u is C*. To see that u~' is C* simply note that (u™')'(a) =
[XM +Y]™ where u='(a) = (x,y). To see that [X M + Y] ! exists write [XM + Y] =
X[M + X~'Y] where both X and [M + X ~'Y] are positive definite matrices.

An immediate consequence of this Lemma is the following existence theorem for (LCP).

THEOREM 6.3.2 If M is positive semi-definite and F, # 0, then there exists a solution to
(LCP).

PRroor: Let (Z,7) € F,. Then F(z'7) is compact by Theorem ??. Moreover, the system
Y + Y

F(z,y) = 2&:Tye 1 is solvable for all p € (0,1]. Hence there exist {(z;,v:)} C Fy, i 40,

and (Z,7y) € F such that (z;,y;) — (Z,9) and F(x;,y;) = [ y e 1 But then F(z,7) =0

Ty
so that (Z,7) € S. u

The existence of the central path can now also be established. The proof is similar to
the proof given for Part 2 of Lemma 6.3.1.

THEOREM 6.3.3 If M is positive semi-definite and F # (), then the central path C exists
as a smooth curve in F,.

PROOF: Just compose the smooth trajectory {te : ¢t > 0} C int (R") with the diffeomor-
phism ©~! in Lemma 6.3.1 to obtain the result. |
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6.3.1 Asymptotic behavior of the central path

In this section we study the limiting behavior of the central path as ¢ | 0. In particular,
we show that this limit exists and is a solution of (LCP). The key to this analysis is the
potential function

P(z,y,t) =27y — tz In(x;y;)

i=1
defined over the set Fy x {t > 0}. Let us first observe that for fixed ¢ > 0 the function
P(-,-,t) is strictly convex on F,. In order to see this observe that

VZ )P(x7y7t) = [

(z,y

txX—2 I
Ity 2|

Hence if (x1,11), (z2,92) € F, then

T

[ Zl _ Zz ] V?x,y)P(a:,y,t)l ?le B} :;2 ]=t[(931962)TX_2(x1952)+(y1y2)TY_2(y1y2)H2(11xz)T(y1y2)>0~
1= Y2 1= Y2

Therefore, for each ¢ > 0, the solution to the problem

(Pt) min P(I‘,y,t)
subject to (z,y) € Fi,

if it exists, is unique. With this in mind we give the following theorem.

THEOREM 6.3.4 If M is positive semi-definite and F, # 0, then the unique solution to the
problem (P,) exists and corresponds to the unique solution of the equation F(x,y) = [ tOe ],

i.e., it lies on the central path.

PROOF: Due to our observation concerning the strict convexity of P(x,y,t), we need only
show that the unique solution, (z(t),y(t)), to F(z,y) = [ toe satisfies the first-order opti-

mality conditions for (P;). The first-order conditions for (F;) are
1

VP, yt) Eker[| M I | =Ran [ % ] |

y—to !

x—ty !
existence of a vector v € R" such that

Since Vz 4 P(z,y,t) = , where (x71); := (z;)7!, these conditions imply the

y—tx™t = Mv

T — ty’l = —.
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Multiplying the first of these equations by X and the second by Y, we get the system
Xy—te =XMv
Yr—te =-Yv.

Therefore, [X M +Y|v = 0, or equivalently, [M + X 'Y ]v = 0. But [M + X 'Y] is a positive
definite matrix so we must have v = 0. Consequently, the conditions Xy =te, 0 < z, 0 < y,
and Mz + q = y, are equivalent to the first-order necessary and sufficient conditions in (F;).
The unique solution of this system is (z(¢),y(t)) so this is the unique solution to (F;). ®

Next set

E = {i:z;=0=y; forall (z,y) € S},
B = {i:x;#0 for some (z,y) € S}, and
N = {i:y; #0 for some (z,y) € S}.

We make the following observations about these index sets:
1. Since S is convex, there exists (Z,y) € S with

;>0 V 1€ B, and
Yy >0 V 1€ N.

To obtain (Z,7) just take a convex combination of points (z,y) for which x; >0 € B
and y; > 0 for i € N.

2. Due to the above observation we have BN N = (). This implies that the sets B, F,
and N form a partition of the integers from 1 to n, i.e. {1,2,...,n} = BUN U E with
BNN=0,BNE=0,and NNE = (.

3. For all (z,y) € S we have z; = 0 for all i € {1,2,...,n}\B and 5 = 0 for all
ie{l,2,...,n}\N, where B=BUF and N=NUFE.

4. The solution set § has the representation

_J (@y) | 0<ap, 0<yn, _
(6.3.2) S = { 0= v, 0=y, Mpxp+q=yn ¢,
We claim that the limit as ¢ 0 in the central path is the unique solution to the problem

(Pg) min—[Yglnz; + > yIny]
subject to (z,y) € S.

One can view the problem (Pg) as the limit of the problems (P;) as ¢ \, 0. Observe that

e () (1)
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Therefore, since —In(u) is strictly decreasing for p > 0, minimizing — In KH xz> (H yzﬂ
B N

over § is the same as maximizing (H :EZ) <H yi) over §. That is, (Py) is equivalent to the
B N

problem
2 | |
(6.3.3) (Fo) me(ga%><gy0
subject to (z,y) € S.
Using this fact we can show that the problem (Pj) has a solution and that it is unique.

LEMMA 6.3.2 If M is positive semi-definite and F, # 0, then the solution (z*,y*) to (Pp)
exists, is unique, and satisfies x; > 0 and yy > 0.

PrRoOOF: By Theorem 7?7, § is a compact set. Hence the solution to (]50), or equivalently
(Py), exists since problem (]50) is the maximization of a continuous function over a compact
set. The fact that the solution is unique is the consequence of the fact that the objective
function in (Py) is strictly convex on S as seen by considering the representation (6.3.2). The
condition that the solution (x*,y*) satisfies #3; > 0 and yy > 0 follows from the finiteness
of the optimal value. [ |

Before proving the main result, we first establish the following technical lemma.

LEMMA 6.3.3 Let (z*,y*) € S be the unique solution to (Py), let (z,y) € C, and set y =
2y /n. Then XYe = e, g % + >N Z—i <n,xrp> %x}; >0, and yy > %y}*v > 0.

PROOF: As usual,
0 < (@—2)"(y—y")
— xTy _ {L‘*Ty o xTy* —FZL‘*Ty*,

SO
Ty + 2Ty < 2Ty = np.
Since (z,y) € C, we have XYe = pe so

r=py ' and y = px
But then

513_1 +y*Ty—1) S a:*Ty+y*Tx
= pun,

or equivalently,
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Due to the positivity of each term in the sum, we get that

¥ y*
—+<n forieB and = <n foriée N,
T Yi

or equivalently,
1
—o5 <z and —yn < yn.
B ="B nyN > YN

THEOREM 6.3.5 Let M be positive semi-definite, Fy # 0, and assume that E = (. Then
the limit of the central path C exists ast | 0 and is the solution to the problem (Py).

PrROOF: Let (Z,7) be any cluster point of C as ¢ | 0. Since (Z,y) € S, we have that
T3 = 0 and g5 = 0. Since this is true for every cluster point, we obtain that z+(¢) — 0 and
yg(t) = 0.

Letting (z*,y*) be the unique solution to (Py) and taking the limit as ¢ N\, 0, we obtain
from Lemma 6.3.3 that . .
(6.3.4) PREEE SE AP

B Li N Yi

ip > ELxy >0, and gy > =2y% > 0. Thus, in particular, (&,9) is feasible for (Py).

Next recall that the arithmetic—geometric mean inequality says that for any collection
{71,72,---,7n} of non—negative real numbers we have that

NoOANYN N
, < o
(l}v) <SG
Therefore, by (6.3.4) and the fact that BUN = {1,2,...,n}, we have
R ¥ L7 yé‘)" .
— 1= —-— + = <1"=1.
)= (2 i-xs

Consequently,

LR

But then (Z,7) must also be a solution to (Py) in which case (z,7) = (z*,y*) by uniqueness.
Since (x*,y*) is the only possible cluster point, it must be the case that the limit of the
central path is (z*, y*). ]
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6.4 A Theoretical Infeasible Interior Point Algorithm

In this section we consider a specific algorithm for solving the equation
F(z,y)=0

where, as before,
Mz +q—
Pl = | M.

The procedure is initiated in the region int(R? x R’) and generates iterates that stay in
this region. For this reason such methods are called interior point methods. Given a point
(2°,9°) € int(R x R) one needs to compute an iterate that reduces the value of both

| Mz°+ g —1°|| and 29740 If it so happens that Ma°+ ¢ —y° = 0 from the outset, then this
quality is preserved. Indeed, if all of the iterates must satisfy the equation Mx +qg—y =0,
then the method is called a feasible interior point method (FIP). If the iterates do not
necessarily satisfy this equation, then the method is called an infeasible interior point method
(ITP). From the practical point of view, the (IIP) methods are more tractable since it is often
very difficult to obtain an initial (z°,3°) > 0 with Mz° + ¢ = »°. Indeed, it may be that no
such (z°,1°) exists. Nonetheless, if we set

Filg) ={(z,y) >0: Mz + q = u},

and
Flg) ={(z,y) > 0: Mz +q =y},

then if F(q) # 0 and € > 0, there exists § with ||¢ — g|| < € such that F,(q) # 0. Simply
take (7,7) € F(q) and (u,v) > 0 and choose § > 0 such that 6||Mu — v|| < ¢, then set
(Z,9) = (T+ du,y+ ov) >0 and § = ¢ — §(Mu — v) so that ||¢ — || < e while

Mz+q = MzZ+dMu+q—dMu+ dv
= y+dv=7.
The algorithm that we consider has two basic features:

(1) The quantities 27y and ||[Mx + g — y|| are reduced at the same rate at each iteration,
and

(2) all iterates stay in a fixed neighborhood of the central path;
N(t)={(z,y) 20 : ¢u(z,y) <8}
where $ > 0 and the function ¢ : R™ x R” — R is given by

di(x,y) = ||te — XYell2/t .



6.4. A THEORETICAL INFEASIBLE INTERIOR POINT ALGORITHM 99

The basic idea of the iteration is as follows: At each iteration we take a damped Newton
stet (the predictor step) for the equations

XYe=0, Mx+q—y=0;
This step is followed by a Newton step (the corrector step) for the equations
XYe=te, Mx+q—y=—s

for a suitably chosen vector s. The purpose of the corrector step is to return the iterates to
a position closer to the central path.

Infeasible Interior Point Algorithm:
Initialization: Choose (8, 1, 32) € R? satisfying

0<fBy<Br<fa<y/fBo<l1

and set

(6.4.5) n+1 fo — B

" Bo+ Vv
Find (2°,4°,ty) € R3"™! satisfying

e1,(2°,9%) < Bo.

Having (z",y",t,) obtain (zT!, ¢y**+1

Predictor Step: Set

,t,41) as follows:

(6.4.6) =2+ 0,Ax", § =y +0,Ay, = (1-0,)t"
where (Az”, Ay”) is the unique vector in R*" satisfying

YVAZ 4+ XYAy = X'y,
(647) MAzY — Ayy — —(M.CEV + q— yl/)’
and 6, is the largest 6 € (0, 1] satisfying (z” + 0Az”, y” + Ay”) > 0 and
(6.4.8) ©a-o),, (" +0Az", y”" +0Ay") < Bi.

Corrector Step: Set
(6.4.9) P AT, g = ATt = (L= )P

where 7, is the largest v € (0, ] satisfying
(6.4.10) It,e — XV5" — XY (M2 +q— 3|/t < Bo,
and (Az”, Ag¥) is the unique vector satisfying

%\V[X\V]—lAZEV + X\VA?’J\V — i\ue o X\V@\V

6.4.11 . ~ ~ N
( ) MAZ" — Ay = —v,(MZ"+q—7").

Remarks:
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. To obtain 6, in the predictor step, first compute the largest value, 8, of 6 € (0, 1] for

which
(x” + 0Ax", y" + 0Ay") > 0.

Then solve the equation

©a—oy,, (@ + Az y" + 0Ay")? = B2,

This is a fourth degree polynomial in . Take 6, to be the largest root of this polynomial
that is less than 6.

. To obtain =, in the corrector step, just find the roots of the quadratic polynomial

lfve — X5 = /X" (ME" + q — )| = (Bol")’

and take v, to be the largest root less than 7.

. The expression “t” [5(\ ¥I71” in the computation of the update in the Corrector step can

be replaced by “Y*” without effecting the convergence of the iterates. We choose the
so-called primal scaling in order to simplify the analysis.

One choice for Sy, f1, and [y is By = .2, 57 = .201, and By = .3. In this case one can

_ 11
take n = STi07m

. The initial values for (2%, y°, ¢y) can be taken to be 2° = e, ¢y’ = e, t; = 3. However,

this ignores the feasibility condition Mx 4+ ¢ = y. This can slow down convergence
and inhibit rapid local convergence. To compensate for this set u = .9||Me + q||} if
Me + q # 0; otherwise set u = 0. Then take (z°,14°,t9) = (e,e + u(Me + ¢),.9) and
By = 1. This choice is allowed since z° > 0, y° > 0, and || X y° — ¢e||» = p||Me + q2 =

|Metala
9l < 9,

Our first objective is to show that the iterates defined in this way all satisfy

(¥, y”) > 0 and ¢y, (z",y") < Bo.

LEMMA 6.4.1 Fiz any (Bo, B1,52) € R3 s0 that 0 < By < B1 < B2 < V/Bo < 1, and let
m be given by (6.4.5). If (z¥,7",1,) € R>*1 satisfies ¢ (37,9") < Bi, then the quantity
(Az”, Ay”,v,) computed by the corrector step satisfies

(@ + A3 5+ AF) >0, 9,5, (7 + A5+ AF) < fh

PROOF: For simplicity, set (z,y,t) = (2*,7", %) and (Az, Ay) = (AZ”, Aj¥). Let

r=te— Xy, s=Mz+q—y, andd=X 'Ax.



6.4. A THEORETICAL INFEASIBLE INTERIOR POINT ALGORITHM

Then (6.4.11) can be written as
(6.4.12) td+ XAy =r, MXd— Ay = —vs.
Since (XM X + tI) is positive definite we can solve for d to obtain
d=(XMX +tI) ' (r —vXs).
Since X M X is positive semi-definite, we get
td|]* < dN(XMX +tl)d

(6.4.13) = d'(r —~Xs)

< |ldlf [lr =X,
so that
(6.4.14) |d|| < ||r —yXs]|/t.
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Let ' = 2+ Az and ¢y = y + Ay. Equations (6.4.10) and (6.4.14) yield ||d|| < 2 < 1 so

that e +d > 0. Also z > 0, so 2’ = v+ Xd = X (e + d) > 0. Therefore,

te— X'y = te— (I +D)X(y+ Ay)
= td— DX(y+ Ay)
= Dlte — Xy — XAy]
— tDd,

where the last three equations follow from (6.4.12). Hence

[te = X"y'lls = t][Dd]|

t| Ddly

tldll3

Ir — v Xs||?/t

(B2)%t.

VAN VAN | I VANSI

Since By < 1 and 2’ > 0, this relation implies that 3’ > 0. In conjunction with the triangle

inequality, the relation also implies that

(1 —y)te = X'y/|| /(L = )t)

[te — X"/ |I/((1 = 4)t) +vv/n/(1—7)
(B2)?/(1 =) 4+ yv/n/(1 =)

[(B2)? +7/n)(1 —~)7!

[6(/32)2 + my/nj(1 —mn)~"

wa-e(@',y)

A IAIA I

The following lemma allows us to bound ||(z¥,y")|| from above and certain components

of (z¥,y") from below.
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LEMMA 6.4.2 Let (z*,y*) € S, p € [0,1], and (2°,¢°), (z,y) € R? x R} with and Mz +
q—y=p(Mz°+q—1y°). Then

1@y + 472 < 2y + @y + 2Ty + 20Ty
and

(1 —u)(xTy* +yT£E*) S {L‘Ty—FM(ZL‘OTyO—i—ZL’*TyO —|—$0Ty*).

PROOF: Since Mzx* + q = y*, we have

Mz — pa’ — (1= p)a*) = (y — py® — (1 — p)y").

Multiplying both sides by x — pz® — (1 — p)z* and using the fact that M is positive semi-
definite yields

0< (@ —pa® — (1= pwa) (y — py° — (1 - p)y).
Rearranging this inequality yields the inequality

platy” +y"a®) 4+ (L= )Ty +y'aY)
<aly 4 pty? 4 p(l— )ty + 2%y

since z*Ty* = 0. This yields the result since p € [0, 1]. |

We now have the following global convergence result.

THEOREM 6.4.1 Let {(«¥,y",t,,3", 7", 1,,0,,7,)} be generated by Algorithm 6.4. Then

(6.4.15) (2”,9") >0 , @, (2", y") < o
(6.4.16) ty=pto , Ma"+q—y" =p,(Ma"+q—1°)
(6.4.17) t,=(1—0)mto , M +q—7"=(1—0,)p (M’ +q—1°)

for all v, where
o = (1= %-1)(L = 6p1) -+ (1 = 0)(1 — o).

If {(z",9")} is bounded, then S # 0. If S # 0, then {(Z",7")} and {(z",y")} are bounded
and for any (z*,y*) € S we have v, > min{n,n2} for all v where ny = ny if Ma®+q—y" = 0;
otherwise

(B2 = B)to(min ) /|| M2 + ¢ = "o

(1 + /Bl)nt() + fL'OTyO + :L‘*Tyo + xOTy* .

e =

PRrROOF:The relations (6.4.16), (6.4.17), and (6.4.17) are easily verfiied by induction on v.
Now for every v we have o; (7”,7”) < 81 which implies that

XU < (1+ B)ie.

This, in turn, yields
(6.4.18) 27 < (1+ Bn(1 — 6,)uto
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by (6.4.17). The inequality ¢; (2”,3”) < 1 also yields the inequality

vae_j(\ygy_'VX\V(M%\I:‘FQ_??V)H/{V R
< ¢, (2%, 97) + | X (M2 +q —57)[l/1
< B+ XMz +q—7")|/t,

for all v > 0. Let 7 be the largest  for which the lefthand side of this inequality is less than
or equal to . This designation for 7" implies that ¥ = min{n;,7"}. Note in particular,
that this value for 7 must exceed the value of v for which the righthand side of the inequality
is equal to (s, i.e., ¥ = +o0 if Ma* + q — y° = 0; otherwise

> _ BB (BBl
(6.4.19) T2 Rl = M ey
o B2—p1)to

27 [I,| Ma®+q—3°|oo

where the equality follows from the relations
ty=(1=0,)mto and Mz +q—7 = (1 -0, (Mz"+q—y°)

(see relations (6.4.17).

Let us now assume that the sequence {(z",7")} is bounded. In this case (6.4.19) implies
that 7, > n for some n > 0. Hence 7, = min{n;,7,} > min{n;,n} for all v and so u, — 0.
Since (z¥,9") > 0, relations (6.4.18) and (6.4.17) imply that any cluster point of the sequence
{(z",9")} isin S.

Next assume that S # () and fix (z*,y*) € S. The relations (6.4.16) and (6.4.17) imply
that the conclusion of Lemma 6.4.2 holds with (x,y) = (z¥,9") and u = (1—6,) i, Therefore,

12 |1 (min ) + {17 |1 (min 27)
fVTyO + Z”/\VTQ;.O

BTG 1, + 2Ty + 2Ty 4 20Ty
(14 Bi)nto + 20790 + 2¥Ty0 4 20Ty

IA TN IA

where the last inequality follows from (6.4.18). Since (2°,4°) > 0 this shows that {(z",7")}
is bounded. A similar argument using (6.4.17)shows that the sequence {(z",y")} is bounded.
Combining the above inequality with (6.4.19) yields 7, > n; if M2°+ g —4° = 0 and

5, > (B2 — Bu)to(min; 1) /| M) — 4°]|
V= (14 B1)nty + 20Ty0 + 2*Ty0 4 20Ty

if Mz +q—14° +#£0, for all v. Hence v = min{n;,7,} > min{n;,n}. ]
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6.5 A Practical Infeasible Interior Point Algorithm

A major drawback of the algorithm presented in the previous section is the tortuous care
with which the parameters defining the algorithm must be chosen. The second drawback is
that the algorithm does not perform in practise nearly as well as similar algorithms that are
much more easily designed and implemented, but for which a complete convergence theory
does not yet exist. We present just such an algorithm in this section. Again, the basic idea
is to try to follow the central path to the solution. In order to do this the algorithm must be
constructed so that it stays close to the central path while reducing the homotopy parameter
t at each iteration. Then as t is reduced to zero we hopefully converge to a solution. There
are several obstacles that must be overcome for this strategy to succeed. The most obvious
and significant of these is that it is very difficult to locate points in the set F, let alone
points on the central path. For this reason we consider algorithms that initialize at points
satisfying 0 < x and 0 < y but for which the affine constraint Mx + ¢ = y may be violated.
Algorithms of this type are called infeasible interior point algorithms.

Infeasible interior point algorithms must balance reduction in the homotopy parameter ¢
with reduction in the residual of the affine constraints Mx+q = y. Indeed, the overall success
of the procedure depends on how this balance in achieved. In general, one must reduce these
two quantities at roughly the same rate while simultaneously staying sufficiently close to the
central path. An algorithm that attempts to achieve this balance is given below.

Infeasible Interior Point Algorithm for LCP

Initialization
¢ —10-8 stopping
tolerance
o —03 homotopy
’ scaling parameter
0 =2 (initial )
(v°); = max{(M2"+q);, 2}, i=1,2,...,n (initial y)
homotopy
— (0T, 0

T N (x ) y /n ( parameter )

p =|Mz"— 4"+ gl (residual)

Iteration While nt > e or p > ¢,

Step 1 (Compute the Newton Step)

Solve the linear equation
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or equivalently, solve the equation
M -1 ar \ [ —MazF+yF —g¢
Yy X ay | ore — X, Ye ’
for az and ay.

Step 2 (Compute a Feasible Steplength)

t, = min{zy;)zi  (ax); < O}
t, = min{1, 0.999¢,}

. —(yk).
t, = mln{ (g”y));  (ay); < 0}

t, =min{1, 0.999¢,}

Step 3 (Update Iterates)

ot = 2 toax

vt =yt +tay
Eo=k+l
T = ()T /n
p = [IMz* —y" + gl

Step 4 (Update Scaling Parameter)

{1 ,if nt <eand p > e,
g =

min {.3, (1—1t,)% (1 —t,)% ;i_lggl} , otherwise.
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Chapter 7

The Gradient Projection Algorithm

7.1 Projections and Optimality Conditions
In this section we study the problem

P min f(x)
subject to x € Q)

where  C R" is assumed to be a nonempty closed convex set and f is C'. The solution
method that we will study is known as the gradient projection algorithm and was pioneered
by Allen Goldstein of the University of Washington in 1964. In Theorem 5.4.1 we found that

if T is a local minimum for P then
(7.1.1) Vi@ (y—z) <0

for all y € 2. Moreover, if f is convex, then condition rfeqgpl implies that 7 is a local
minimum for P. An instance of the function f that is of particular significance is

In this case problem P becomes one of finding the closest point Z in ) to xy. By applying
Theorem 5.4.1 one obtains the celebrated projection theorem for convex sets.

THEOREM 7.1.1 Let xqg € R" and let 2 C R"™ be a nonempty closed convex set. Then T € ()
solves the problem

1
mm{in — 20|37 € Q}

if and only if
(7.1.2) (T —20)"(y —7) >0

for all y € Q. Moreover, the solution T always exists and is unique.
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Proof. Existence follows from the compactness of the set
{z € Q:llz —zolla < [|2 — zol|2}

where z is any element of €2. Uniqueness follows from the strong convexity of the 2-norm
squared. The remainder of the theorem follows immediately from Theorem 5.4.1 once it is
observed that if

1
F@) = e — ol
then
Vi(x)=1x— . ]

DEFINITION 7.1.1 Let Q C R™ be nonempty closed convex. We define the projection into €2
to be the mapping Pqo : R™ — Q given by

1 o1
sl1Pa(z) =zl = min{Zlly — =[5 : y € Q}.

Observe that Py is well-defined by Theorem 7.1.1.

We now introduce two geometric concepts that aid in interpreting the optimality condi-
tion given in Theorem 7.1.1. Recall that the tangent cone to ) at a point zy € € is given
by

A>0
Dually, we call the set

No(z):={z:(z,y —2) <0 forallyeQ}

the normal cone to 2 at z.

Using the notions of a normal cone and a tangent cone we obtain the following restate-
ments of Theorems 5.4.1 and 7.1.1.

THEOREM 7.1.2 Let T be a solution to problem P and suppose that f is differentiable at T,
then
(7.1.3) —V f(T) € No(T).

Moreover, if f is convex then (7.1.3) is sufficient for T to be a global minimizer of f on €.
Proof. We need only show that condition (7.1.3) is equivalent to the statement that
Vi@ '(y—7)>0 forallyecq.

But this is clear from the definition of the normal cone. B

THEOREM 7.1.3 Let Q) be a non-empty closed convex subset of R™ and let Py denote the
projector into Q). Then given x € R™ we have z = Po(x) if and only if

(7.1.4) (x — 2) € No(2).
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Proof. We need only show that (7.1.4) is equivalent to (7.1.2), but again this follows
immediately from the definition of the normal cone. ®
We have the following interesting corollary.

COROLLARY 7.1.3.1 Let x € 2, z € Ng(x), and t > 0, then
Po(z +tz) = x.
Proof. Simply observe that
(x +tz) — Po(x + tz) =tz € Ng(x),

so that the result follows from the theorem. B
This yields the following corollary to Theorem 7.1.1 in the context of P.

COROLLARY 7.1.3.2 Let T be a solution to P, then
(7.1.5) Po(z —tVf(T) =7

for allt > 0.

Proof. Just apply Theorem 7.1.1 and Corollary 7.1.3.1. &
We now show how (7.1.5) can be used both as a stopping criteria for our algorithm and
as a method for generating search directions.

—|[Poe — 19 /(@) — 2>
t

Vf(z)'d <
Proof. Simply observe that

[Pa(z =tV f(2)) — 2" = (Pa(z — tV f(z)) — 2, Pa(z — tV f(2)) — 2)
= —tVf(2)'d+ (Po(z — tVf(2)) — (x — tVf(2)), Po(z — tV f(2)) — )
< —tVf(z)'d

where the last inequality follows Theorem 7.1.1 equation rfeqgp2. ®
Based on these observations we have the following algorithm.

7.2 The Basic Gradient Projection Method

Initialization: = € Q, v € (0,1), c € (0,1)
Having xp obtain x5, as follows

1. Set dy := Po(xr, — Vf(xy)) — g
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2. Set

A = max?y’
subject to s € {0,1,2,...}
f(@e) +7°di) — flax) < e’V f () dy.

3. Set Lpt1 = T + )\kdk
We now apply Theorem 2.1.1 to yield a convergence theorem for this method.

THEOREM 7.2.1 Let f: R™ — R be C' and let  C R"™ be a nonempty closed convex set.
Let g € Q be such that f" is uniformly continuous on the set co{z € Q : f(x) < f(xo)}.
If {zx} is the sequence generated by gradient projection algorithm given above with starting
point xqy, then one of the following must occur.

1. There is a ko such that —V f(z,) € No(2g,)-
2. f(zg) | —oo.
3. The sequence {||dy||} diverges to +oo,

4. For every subsequence J C N for which {dy}; is bounded, we have that dk?(), or

equivalently
[Pa(ze — V f (k) — 24l - 0.

COROLLARY 7.2.1.1 Let the hypotheses of Theorem 7.2.1 hold. Furthermore assume that

the sequence {dy} is bounded. Then every cluster point T of the sequence {xy} satisfies
—V f(T) € No(Z).
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7.3 The Computation of Projections

We now address the question of implementation. Specifically, how does one compute the
projection onto the convex set 2. In general this is not a finite process. Nonetheless, for
certain important convex sets () it can be done quite efficiently.

Projection onto box constraints

™

Let us suppose that Q is given by Q := {z € R" : ¢ < z < u}, where f,u € R
with R = QU {+00,—oo} and ¢ :< wu,i=1,...,n0; # +o0i = 1,...,n and u; # —00

1 =1,...,n. Then P, can be expressed componentwise as

Thus, for example, if 2 = R, then

PQ(.CE) = T4.

Projection onto a Polyhedron

Let € be the polyhedron given by
Q={reR" :a]r<a;i=1,...,3,alx =a;i=s5+1,...,m}.
Then Py is determined by solving the quadratic program

min |z — y|13
subject to a
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Chapter 8

Exterior Penalty Methods

8.1 Basic Theory

We now return to the constrained optimization problem

P min fo(x)
subject to  fi(z) <

i()

Observe that the problem P is really composed of two problems. The first is the problem of
feasibility, that is, we need to identify points x € R™ such that

1=q+1,...,m.

reQ:={x: fi(x) <0 i=1,...,q¢ filr)=0 i=gq,...,m}.

This problem is quite difficult in its own right as is evidence by the effort devoted to its
solution in the previous chapter. In particular, given the problem P one cannot be positive
that 2 is non-empty. In P the feasibility problem is complicated by the secondary problem
of trying to minimize fy over 2. In all methods designed to solve P a balance must be struck
between trying to attain feasibility and trying to minimize f;.

In the methods of this section we replace P by an unconstrained optimization problem
of the form
(8.1.1) min P,(z),

where
P,(z) = fo(x) + af(x).

The function § appearing in the definition of P, is called a penalty term, « the penalty
parameter, and P, an exterior penalty function. The role of the function § is to penalize
non-inclusion in 2, 5 must satisfy the following three conditions:

(7) B : R™ — R is continuous.
(17) B(z) > 0 for all z € R™.
(7ii) B(x) = 0 if and only if x € Q.

113
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Several examples of functions satisfying (8.1) were examined in the previous chapters, for
example

q

Bole) = > (max{0, @} + > ()]

Bil) = Dm0, Ao} + 3 ()
Boo(x) = maix{(); file),i=1,...¢|fi(x)li=q+1,...,m}
Ba(z) = (205(x))"? .

The function Bg has an advantage over [3; i = 1, 2, oo since it is differentiable on R whereas the
others are not. However, as we will see, a price must be paid for this differentiability. Given
a way to construct the penalty function P,, consider the following algorithm for solving P.

Exterior Penalty (E-P) Algorithm

Initialization: Let {o;} < Ry be such that «; T oo with a; < a4 for alli =1,2,. ...
For k =1,2,..., let xy solve min{P,, (z) : v € R"}.

Although the above algorithm appears to be somewhat unwieldy we will show that it has
several practical refinements. In order to visualize how the method behaves we consider a
two dimensional example:

min(z? — )
subject to x1 + 2o —1=0, 0 < x .

The solution is clearly the point (x1,z2) = (0,1). Set

Py(z) =23 — 2y + %((3:1 + - 1)+ (—xl)i)

Then

(a) 222 = 22y + a(21 + 22 — 1) — (—21)4)

OPo(x) .
(b) “ows 1+ Oé(l‘l + x9 1)
Let us set these to zero and solve.

First assume that z; > 0, then from (b) a(x; + 22 — 1) = 1 so (a) implies 71 = —1/2, a
contradiction. Thus it must be the case that x1 < 0. In this case we use a(z; +xo — 1) =1
in (a) to see that

—1
 2+a
Hence 5 = 1+ £ + 51a- Therefore, as a — oo (x1,22) — (0,1). We now establish the
convergence of the method. We begin with the following lemma.

X1
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LEMMA 8.1.1 Let {ay} be as in the E-P Algorithm and assume that

argmin{ P, (x)} # 0

for all k = 1,2,... (for example if | lﬁm fo(x) = 4+00). If {xx} C R"™ is generated by the
Z||—00
E-P Algorithm , then

1. Py (1) < Py, (T41),
2. B(xy) = Bar41) and
8. flar) < f@pe)

forallk=1,2,....

PROOF: Let us first observe that

POék (xk) S Pak (xk‘-i-l) S POtk.+1 (mk-‘rl))

which establishes (1). In order to see (2), we use (1) to write

f(zr) + arfB(zr)

< f(@re1) + arB(wry1) and
flrr) + g1 Blzp) < f

(zr) + a1 B(wk).

Adding these we get
(apr1 — ) B(re1) < (1 — o) B(x).

Hence B(zy+41) < B(xy).
To obtain (3), we use (1) and (2) to write

f(xr) + arB(wr) f(wrg1) + o B(@g41)

<
< fxrn) + arB(rg).

Hence f(xy) < f(xg41)- |

THEOREM 8.1.1 Let {ay} be as in the E-P Algorithm and suppose that

arg min{ P, ()} # 0

for all k. Further assume that Q # 0. Then every cluster point of {xy} is a solution to P.
In particular, if a cluster point exists, then a solution to P exists.

PROOF: Let z € €2 and observe that for each £ =1,2,...,

(8.1.2) [() = Pay(@) = Poy(1) > f(a0).
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Let x* be a cluster point of {z;}. Since {f(x})} is an increasing sequence and {f3(x)} is a
decreasing sequence, we know that

flze) T f(2") and B(a) | B(z").

Also, by (8.1.2) {P,, (xx)} is an increasing sequence that is bounded above. Hence there is
a P* such that P,, (x) 1 P*. Consequently,

lim B(zy) = lm(Py(zr) — f(7k))ag’
— 0,

so that f(z*) = 0 or z* € Q. Also, by (8.1.2), f(z*) < f(z) for all z € Q. Hence z* solves
P. [

COROLLARY 8.1.1.1 Let oy > 0, xy € argmin P,, and € > 0 be given. Choose ¢ € [0,1) so
that

(1—0)y>1 and  de < B(xo).
Select T € {z : B(x) < de} and take

a > max{ye"'|f(zo) — f(Z)|, a0} -
Then, either xqg or & solves P, or
Blza) <€ and  f(za) < min f(z)

where z, € argmin P,.

PROOF: Assume that neither x or Z solves P and that the result is false. Then f(x) < f(T)
and B(z,) > €. Hence

0 > Pu(z,) — P.(T)
f(@a) = f(T) + aB(aa) — af(7)

> flzo) = [(Z) + a1 —d)e
> =|f(zo) = @)+ (1 = 0)7[f(20) — f(T)]
= (1 =9y —=D|f(z0) — f(T)| >0,
which is a contradiction. [ |

Corollary 8.1.1.1 implies that good approximate solutions can be obtained using the
Exterior Penalty method without sending o to +o00. In situations where the constraints
have a “soft” character to them this is quite acceptable .
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8.2 Exact Penalization

Clearly the most unpleasant feature of exterior penalty function methods as we have dis-
cussed them thus far is the requirement that the penalty parameters diverge to +oo. For
obvious reasons this requirement could instill serious numerical instabilities in any method
proposed to solve the subproblems. In this section we will study a class of penalty terms
f(x) that do not necessarily require the divergence of the penalty parameters. Specifically,
we will show that for certain choices of 5 there is a finite @ > 0 such that if T is a local
solution to P, then 7T is also a local solution to P, for all a > @. Such a function P, is called
an exact penalty function. By the example of the previous section, it is clear that Sy does
not in general yield an exact penalty function. As an alternative let us apply Bg and f; to
the problem

(8.2.3) min .

0<x
The solution to this problem is x = 0. If we minimize
o
Pala) =+ [(~0),

1

we get x = —a~ " as the solution, and as a T oo x — 0. Next, if we minimize

P.(z) = xz+a(—x);
{x ifxz>0
(1-—a)z ifx<0

we get no solution for o < 1, infinitely many solutions ({z : x < 0}) for a« = 1, and the
unique solution x = 0 for @ > 1. Therefore, (8.2.3) is an exact penalty function for this
problem.

EXERCISE: Show that f(; is also an exact penalty function for the example in the previous
section. Choose a@ > 1.

In the general case, determining whether 3; is an exact penalty function or not is sub-
stantially more difficult due to the nondifferentiability of 5;. Nonetheless, it is possible to
approach the problem in the general setting via convex composite functions. We do not do
this here. Instead we will simply state the relevant results.

THEOREM 8.2.1 Let T € (), then T is a Kuhn-Tucker point for P if and only if T is a
stationary point for the penalty function

P,(z) == fo(z) + adist(f(z)|K)
for all o > @ for some @ > 0, where
K = RS_ X {O}Rmfs

and
dist(y|K) := inf{||ly — z|| : z € K}
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where || - || is any given norm on R"™. Moreover, the parameter @ can be chosen to equal
|[@||lo where @ is any Lagrange multiplier vector at T and || - ||o is the norm dual to the norm
employed in the definition of dist(-|K).

THEOREM 8.2.2 Let (T,u) be a Kuhn-Tucker point for P and suppose that
d"V2, L(z,w)d > 0
for every d € R"\{0} such that
Vi(@'d = 0
Vi@)'d < 0 i€ A)
V6i@)'d = 0 ie{s+1,...,m}.
Then T is a such that there exist € > 0 and v > 0 for which
folw) > f(@) + |z — 72
for all x € QN (T + eB) and
Pu(a) = Pul(@) + vz — 73
for all x € (T + €B) for all o > |[u||o where
Fo() := fo(x) + adist(f(x)|K)
and || - ||o is the norm dual to that used in the definition of dist(-|K).
Theorems 8.2.1 and 8.2.2 indicate that any exterior penalty function of the form
Pu() = folx) + adist(f(2)|K)

is an exact penalty function for P. Unfortunately such functions are not differentiable. Thus
locating points at which they attain they’re global minimum value may be a difficult if not
impossible task. The situation is of course complicated by the need to compute an estimate
for an appropriate value of the penalty parameter a. Nonetheless, even in the face of such
difficulties these methods can be quite successful. We now show how this can be done in the
special cases where the norm is chosen to be either the ¢, or ¢; norm.

Observe that for the ¢; norm

dist(y|K) = i(ym + i i,

i=1 i=st1
while for the /o, norm
dist(y|K) = max{0;y;, i =1,...,s;|ysli =s+1,...,m}.

Thus the penalty functions associated with these norms are easily computed. Let us now
consider an algorithm for minimizing

m m

Pa(x) = fo(z) +a[d_ filz)s + > fi2)l].

=1 1=s+1
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The S¢,QP Algorithm

Initialization: Let zq € R", Hy € R™" with H, symmetric and positive definite, § > 0,
v € (0,1), ¢ € (0,1), and let the norm on R™ be the ¢; norm.

Having (x;, H;) obtain (x;,1, H;11) as follows:

1. Let d; be the solution to

1
||I¢ﬂ|i?5 V fo(xi)"d + idiTHidi + adist (f (z;) + f'(2;)d|K)

where K :=R* x {0}gm-s.
2. Stop if A(z;,d;) = 0; otherwise set
A ¢ = max~y’
subject to s € {0,1,2,...}, and
Po(wi +v°d;) — Po(xi) < ey’ Az, di),

where
A(z;d) := Vfo(z)"d + af[dist(f(z) + f'(x)d|K) — dist(f(z)|K)].

3. Update ;11 := x; + \id;, Hiq € R™™ symmetric positive definite.

Remark: The use of the 1-norm is not crucial to the algorithm.

The convergence theory for the above procedure rests on the following two facts about
the function A(z,d).

THEOREM 8.2.3 Letx € R", § > 0, and H € R™" be symmetric positive definite.

1. For alld € R®
P (z;d) < Az, d).

2. If d solves
min V()" + ;dTHd +adist(f(z) + f'(x)d|K),
then A(z,d) < 0 with equality if and only if
Po(x;d) = 0
for all d € R™.

Theorem 8.2.3 in conjunction with Theorem 2.1.1 yield the following convergence result.
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THEOREM 8.2.4 Let f; : R" - R i =0,1,...,m be C' with Vf; uniformly continuous on
{z : Py(z) < P,(x0)} for some xq € R", where P,(z) := fo(z) + adist(f(x)|K). If {xx} is
the sequence generate by the SC,QP Algorithm with initial point xo, then one of the following
must occur:

1. There 1s an ig such that
A<xi07 dio) = O

2. P,(x;) | —o0.

Thus, every cluster point of the sequence is a stationary point for P,. If this stationary point
is feasible for P, then it is a Kuhn-Tucker point for P.

We now address the question of how one can solve direction finding subproblems of the
form

(8.2.4) min V fo(w)"d + 3d" Hdo + dist(f (2) + f'(2)"d|K)

subject to ||d|| < 4.

In this regard one can simply employ the same tricks described in the final section of
Chapter 7. For example, if we use the -norm on R™, then (8.2.4) can be written as the
quadratic program

QP ming, g Vfo(x)Td—l—aeTz—i—%dTHd
subject to file) + flx)'d <z i=1,...,s
0<z 1=1,...,s
-z < filx) + Vf(@x)'d<z i=s+1,....,m
—de < d < e

Similarly, if both R™ and R™ are equipped with the /. -norm, then (8.2.4) becomes the
quadratic program

ono min('y,d) Vfo(x)Td + oy + %dTHd
subject to filx) + Vfi(x)"d<~y i=1,...,s
v < fi(x)+ Vfi(x)"d<vy i=s+1,....,m

—de < d < e

However, it should be noted that the penalty functions based on the 1— or 2—norms are
vastly superior in practise to one based on the co—norm. The reason is that the co—norm
penalty function only works on the most violated constraints at a particular point. Whereas
the 1— and 2—norm penalty functions work on all of the constraints simultaneously.

Finally how does one update the matrices H;? For reasons that will be made clear in
subsequent sections, one should construct H; so that it approximates the hessian of the
Lagrangian at z;. In order to do this, we first need approximations to the Kuhn—Tucker
multipliers. There are two standard methods for obtaining these multiplier estimates. In the
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first method the estimates come directly from the subproblem used to compute the search
direction d;. For example, if the SI;Q) P algorithm is used, then the subproblems are of the
form QP;. One then simply uses the Kuhn—Tucker multipliers for the constraints in this
subproblem as estimates of the multipliers for P. In the second approach, one computes least
squares estimates for the Kuhn—Tucker multipliers. That is, let the multiplier estimates be
a solution to the unconstrained subproblem

min ;Hv Folzs) + 3wV 5 ()2

ER™
u =

or, perhaps, the constrained subproblem

. 1 u
min SV fo(z:) + 2w V@5
uj>0, j=1,2,s j=1

Once the multiplier estimates are obtained, we update the H;’s using the BFGS formula
with s; := z;4,1 — z; and

Yi = VmL($z‘+17Uz’+1) - VmLa(fvi,Uz‘)-
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Chapter 9

The Method of Multipliers

9.1 Introduction

In our study of exterior penalty functions in the previous section we found that there was a
compromise between differentiability and exactness. That is given a penalty function

Folx) = fo(z) + afb(z)

either the penalty term is differentiable in which case the penalty parameter o must tend
to +o0 or f(x) is nondifferentiable in which case o need not tend to +oo. In this section
we consider a modification to the quadratic differentiable penalty term Bg which avoids the
need to send a to 4o00.

Recall that in each step of the exterior penalty method applied to

Puw) = o)+ | (A0 D (@)

one solves the unconstrained minimization problem

min P, (z).

The solution z, satisfies
(9.1.1) 0=VP,(zs) = Vfo(za) + ZS: Vfilxa)(afi(xa)s) + i Vi(xa)(afi(x)).
i=1 i=s+1

Setting
(Ua); == {afi(xa)Jr ifi=1,...,s
U lafi(r,)  ifi=s+1,...,m
we can write (9.1.1) as
O = VIL(xouua)

123
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where L(x,u) = fo(x) + u” f(z) is the Lagrangian for the problem P.

min Jo(x)
subject to  fo(x) <0 i=1,...,s
folx)=0 i=s+1,....m

Consequently, if x, — T a local solution to P, then every cluster point of {u,} is a Kuhn-
Tucker multiplier for Z. This indicates that we should think of the vectors u, as multiplier
approximates that are to be updated at each iteration. By doing so, we avoid the need
to send the penalty parameter o to +00. The strategy is as follows: given a > 0 and an
estimate of the multipliers u € R™, let x,, be the solution to the equation

0 = Vfo(x) + Xi Vfi(x)(afiz)+u)
+ Xl Viil@)(afi(z) + i) -

Then update the multiplier estimates u; via the equations
U; = (Oéfi(xa,u)"i‘ui)Jr for i = 1,...,8
and
u; = (afi(®an) +u;) fori=s+1,...,m.

This procedure describes the basic structure of an algorithm known as the method of multipli-
ers. Before we provide a precise description of this algorithm let us first examine expression
(9.1) more carefully.

9.2 The Augmented Lagrangian

Observe that expression (9.1) is a first order optimality condition for some function. In order
to recover this function we can integrate the right hand side of (9.1) in the variable x. By
adding in the appropriate constant term this integration yields the function

L(z,u.a) = fo(x) + seldistylaf(z)+ulK] - [ull3]
= folx) + 5 Sia((afi(@) +ui)i)® — uf
+ 5 e fil@)(fi(x) + w).

where K := R® X {0}gm-s. The function L(x,u, «) is called the augmented Lagrangian for P.
The name is derived from the fact that if s = 0, that is there are only equality constraints,
then L(z,u,«) takes the form

«
Leu,0) = L) + S F@)I
where L(z,u) = fo(x) + u” f(z) is the usual Lagrangian. Thus L(z,u,a) can be thought of

as arising from the usual Lagrangian after one has incorporated a vehicle for penalizing con-
straint violation. The augmented Lagrangian possesses the following remarkable property.
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THEOREM 9.2.1 Let a >0, f;, 1 =0,...,m differentiable at x € R™. Then
0= V,.L(z,u,«a)
if and only if (x,u) is a Kuhn-Tucker pair for P.

Proor: Note that 0 =V, ,L(z,u, «) if and only if

0 = Vhole) + Ylofi@) +u)iVh@ + S (@fi(e) +u) Vi)
=1 i=s+1

w, = (afi(z)+u)y i=1,...,s

0 = file) i=s+1,...,m.
Hence the result will be established once we have shown that
[(a=b)y —a=0<=a>0,b>0,ab=0].

Casel: a—0>0

If a—b>0, then (a —b); = a — b so that b = 0. Consequently, a >0, b > 0, ab = 0.
Case 2: a—b<0

If (a—0b) <0, then (a —b); = 0 so that a = 0. Consequently, a > 0, b > 0 and ab = 0.
The converse is trivial. [ |

Thus it would seem that we need only find the roots of the equation 0 =V, , L(z, u, @)
in order to locate Kuhn-Tucker points for the problem P. This is precisely what the method
of multipliers attempts to do.

In order to investigate the rate of convergence for these methods we require the nonsin-
gularity of the hessian

V2. Lz, u, ).

Unfortunately, V2, L(x,u,«) does not always exists since (a.f;(x) + u;)4 is not everywhere
differentiable. A sufficient condition under which V2, L(z,u,a) does exist near a Kuhn-
Tucker point (Z,u) for P is strict complementary slackness.

DEFINITION 9.2.1 Let (z,u) be a Kuhn-Tucker pair for P. We say that the strict com-
plementary slackness condition (SCSC) is satisfied at (T,u) if u; > 0 whenever f;(T) < 0
1=1,...,s.

Observe that if the SCSC is satisfied at the K-T pair (Z,w) then
(afi(x) + ui)y =0
for all (x,u) near (z,u) for each i ¢ A(z) = {i: f;(Z) = 0}, and

(afi(m) + i)y = (afi(r) + u;)
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for all (z,u) near (z,u) for each i € A(Z). Consequently, V3  L(z,u,a) exists near (T,7)
and is given by

Veul(z,u,a) fp@)” filz) 0O

9 B () 0 0 0

Vo L(r,u,a) = " () 0 0 0
0 0 0 —Llry

Here we have reordered the components of the vector u into the multipliers associated with
the equality constraints ug with E' = {s+1,...,m}, the multipliers associated with the active
inequality constraints uy with A = A(Z), and the multipliers associated with the inactive
inequality constraints uy with N = {1,...,s}\A(z). Also for any matrix M C R™*" and
index set J C {1,...,m}, M; represents that matrix whose rows are those of M with index
in J. Finally,

VeeL(z,u,0) = Vfo(z) + Z aV fi(2)V fi(2)" + (afi(z) + w) V2 fi(x)

€A
+ i aV fi(2)V fi(x)" + (afi(x) + ) V2 fi(x)

i=s+1

= Vi, L(z,u) +a > V@)V fi(x)" + fi(x)V? fi(x)

1€ AU{s+1,....,m}

In order to establish the nonsingularity of V2L(x,u,a) we need the following three facts
from linear algebra whose proof are left as an exercise.

LEMMA 9.2.1 Let A € R™" B € R"™" and D € R™*". If
1. the rows of D are linearly independent,
2. Dr=0,2#0= 2"Bx >0, and
3. p =0,

B+ pATA DT

D 0 18 nonsingular

then the matriz

THEOREM 9.2.2 [Finsler’s Theorem] Let B,C € R™ ™ with C positive semi-definite. Then
2Bz > 0 for every x € R*,  # 0 such that x7Cx = 0 if and only if B + uC' is positive
definite for all p > 1 for some .

THEOREM 9.2.3 [Debreu’s Theorem] Let A € R™ " and B € R™". Then " Bx > 0 for
every x € R™ with x # 0 such that Ax = 0 if and only if B + uAT A is positive definite for
all p > [ for some i.

The following result is an easy consequence of these linear algebraic results.
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THEOREM 9.2.4 (The positive definiteness of V2, L(Z, U, ) and the nonsingularity of V2 L(T, U, a))
1. Let (z,u) be a Kuhn-Tucker point for P and suppose that
(a) (Strict Complementary Slackness)
u; > 0 whenever fi(z) <0 i=1,...,s.

and
(b) (Second—Order Sufficiency)

Vi@ Td=0 ic A@U{s+1,...,m} = d'V, L@ u)d > 0.
Then V .. L(T, @, o) is positive definite for all o > @ for some @ > 0.
2. If in addition to the hypotheses in (1) we assume that

(¢) (The LI Condition) the gradients {V fi(ZT) : i € A(Z)U{s+1,...,m}} are linearly
independent

Then V2L(T,u, «) is non-singular for all o > 0.
PROOF: (i) We have that

where I = A(Z) U {s+1,...,m). Consequently, the result follows from Debreu’s Theorem
9.2.3.
(ii) This just follows from Lemma 9.2.1. ]

We now formally state the method of multipliers.

9.2.1 Algorithm: The Method of Multipliers

Let (2%, 4% o) € R" x R™ x Ry stop if [VL(z",u’,a’)| < e. Having (z*,u’,a’) determine
(x’“,u“r1 a’“) as follows

1. Let 't solve

L(z"™™ v, op) = min L(z,u’, a")
S

or

\V4 L( 'H-l 2) = 0.
2. Set '™ =u' + ;V,L(x" u', ') or equivalently
uit = (@' fi(x™) + )y forj=1,....s

and |
zH = (' fj(z") +u') forj=s+1,...,m.
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3. Set

ot {o/ if [[u™ — o < Flluf — v

10’ else

In the following theorem we provide a sample of the type of convergence result that can
be obtained for this method.

THEOREM 9.2.5 Let the assumptions (a), (b), and (c) of Theorem 9.2.4 hold and let o >
a@. Let fy and f be C? near the Kuhn-Tucker point T. Then for o sufficiently large, but
finite, there is an open neighborhood V,, of @ such that for u® € V,, there is an 2° such that
V.L(z% v’ ) = 0 and the iterates (x',u') generated by algorithm 9.2.1 exist and converge
to (T,w) at the linear root rate

||x’ —7,ul — ul| < 5(e/a)i

for some positive constants € and §.



