Subdifferential Calculus
and
Duality Theory



Subdifferential Calculus

For all z € dom 0f,

of (@) ={v| f(z) + <vy—x fly) Vy e E}
={v[f(x)+ [ (v) = (v,2) }

= argmax[(v, z) — f*(v)] .

v

—~ ~

The subdifferential calculus is more subtle than differential
calculus due to issues with domains of functions under various
operations that preserve convexity.

For example, the sum rule for the subdifferential may fail:

O(fr + f2)(x) # 0f1(x) + O fa(x).



Subdifferential Calculus
For all z € dom 0f,

of (x) =A{v| f(z) + <v y—z) < f(y) Vy e E}
={v|f(z) + f*(v) > (v,2) }
= argmax|[(v,z) — f*(v)] .

v

The subdifferential calculus is more subtle than differential
calculus due to issues with domains of functions under various
operations that preserve convexity.

For example, the sum rule for the subdifferential may fail:
O(fr + f2)(x) # 0f1(x) + O fa(x).
For A :=clB(—1,0), B :=cl(1,0),
094npB(0,0) = 9(d4 + 05)(0,0) # 054(0,0) + 955(0,0).
But for A :=cl B1(—3/4,0), B :=cl(3/4,0),
0040 (0,0) = 0(64 + 05)(0,0) = 304(0,0) + 965(0,0).



Subdifferential Calculus

Nanp(z)

(a) Sum rule fails (b) Sum rule holds

Figure: Normal cone to an intersection.



Parametric Optimization Problems

Consider a convex function F': E x Y — R and the parametric
optimization problem:

ply) := inf F(z,y).

Think of y as a perturbation parameter and the problem
corresponding to p(0) as the original “primal” problem. The
assignment y — p(y) is called the value function.

Recall that p as the infimal projection of F' along the x
component.

We study the variational behavior of p(y) near y=0. In
particular, we compute dp(0) and examine when 0 € dom Jp.

In conjunction with the “primal” function p, we define a
corresponding “dual” function

q(x) :==sup, — F*(z,y).
We call ¢(0) the parametric dual to p(0).



p*, p™(0), and Weak Duality

p*(v) = Sl;p[@, y) —p(y)]

= Sl;p[(@, y) — ir%f F(x,y)]

= sup[((0,v), (z,y)) — F(z,y)]
(z.y)
= F*(0,v).

Therefore,
p™*(0) = sup[(v,0) — p*(v)] = sup —F*(0,v) = ¢(0),

so that



Parametric Optimization and Duality

Theorem: Suppose that F: E x Y — R is proper, closed, and
convex. Then the following are true.

(1) (Weak duality) The inequality p(0) > ¢(0) always holds.

(2) (Subdifferential)If p(0) is finite, then

Op(0) C argmax — F™(0,y).
y

If, in addition, the inclusion 0 € ri(dom p) holds, then equality holds.

(3) (Strong duality) If the subdifferential Op(0) is nonempty, then
p(0) = ¢(0) and the supremum ¢(0) is attained.



Example: Linear Programming Duality

Consider the linear program min {(b,z) | Az > ¢} and define
F(z,y) = (b,x) +6(y + ¢ — Az[R" ).
Then, p(0) = min {(b, ) | Az > ¢} and

F*(u,v) = sup[{(u, v), (z,y)) = (b,x) = 0(y + ¢ — Az[R™_)]

x7y
(use the substitution w :=y + ¢ — Az soy = w — ¢+ Azx)

— sup[((u,v), (a,w + Az — b)) — (¢, ) — 5(w|R"_)]

W

= sup[— (v, )+ ((u—b+ATv, ) —drn () + (v, w) — 6 (w]|R™)]

= —(v,¢) + gn (u—b+ATv) +05m (v)
= —(v,¢) + dy1(u — b+ ATy) + orm, (V) ,

giving the dual
q(0) = sup, —F*(z,y) = sup {{c,v) ‘ 0<v, ATv=0b}.



Parametric Optimization and Duality

Theorem: Suppose that F: E x Y — R is proper, closed, and
convex. Then the following are true.

(1) (Weak duality) The inequality p(0) > ¢(0) always holds.

(2) (Subdifferential)If p(0) is finite, then

Op(0) C argmax — F™(0,y).
y

If, in addition, the inclusion 0 € ri(dom p) holds, then equality holds.

(3) (Strong duality) If the subdifferential Op(0) is nonempty, then
p(0) = ¢(0) and the supremum ¢(0) is attained.



Parametric Optimization and Duality

Proof (2): Since p is proper, v € dp(0) iff p(0) + p*(v) = (0,v) = 0.
Hence,

q(0) = sup —F*(0,w) = p**(0) < p(0) = —p*(v) = —F*(0,v),
so that dp(0) C argmax, — F*(0,y).

Y
If 0 € ridom p, then

p(0) = clp(0) = p**(0),
and we have equality throughout the above inequality.

Proof (3): If v € 9p(0), then

p(0) = clp(0) = —F*(0,v) = sup —F*(0,w) = ¢(0) .



Fenchel-Rockafellar Duality

(P)  infzeg h(Az) +g(x)

We compute the dual to (P) using the inequality
f@) = f*(z) 2 (y,2) — f*(z) VyeE.

This yields
val(P) = inf b (Az) + g(x),

> igclf (g, Az) — h*(y) + g(x) VyeE
= —h"(y) - sup {(=A"y,z) —g(2)}
= —h*(y) —g" (=A%) Vy € E.

Giving the dual

(D) sup, —h*(y) — g*(-A"y) ,
with val(P) > val(D).



Examples: Fenchel-Rockafellar Duality

Primal (P) \ Dual (D) ‘
min 5[|Az — b[f3 + [z max, {—llylI*~ (b, y):[|ATyll <1}
min ||Az —b max — ||[ATyl[; — (b,

i | Iy B i 1A% yllz = (b,y)
min {{c,z): Az =b,z € K} max {(b,y) : Ay —ce K°}
min {1(Qz,z)+(c,z): Az >b} m%(_%<Q—l(c—ATy),c—ATy>+<b7y>
z y>

Table: Fenchel-Rockafellar dual pairs. The parameters are: K is a
convex cone, Q > 0, and p, P, q, 7 € [1, o] satisfy
plapl=glygl=1.



Fenchel-Rockafellar Duality

We now establish strong duality (P) and (D). Define
p(y) = infy F(z,y) := h(Az +y) + g()
so that the primal problem is p(0).

For the dual, observe that

F*(u,v) = 8;15[«% v), (2,9)) — h(Az +y) + g()]

(use the substitution w := Ax + y so that y = w — Az
= sup[(u, z) + (v,w — Ax) — h(w) — g(z)]

W

= sup[((u — A%v,z) — g(2)) + ((v,w) — h(w))]

T,w

= g"(u— ATv) + 1" (v)

giving the dual
q(0) = sup, —F*(0,y) = sup,[—h*(y) — g*(—ATy)].



Fenchel-Rockafellar Duality: Strong Duality

Strong duality follows from the condition 0 € ridom p, where
p(y) = infy F(z,y) := h(Az +y) + g(z) .

Note that y € dom p iff 3z € dom g such that Az + y € dom h,

or equivalently, z € dom g and y € dom h — Azx. In other words,

domp =domh — Adomg.
Therefore,
ridomp =ri(domh — Adomg) =ridomh — Aridomg.
Consequently, 0 € ridom p if and only
0 €ridomh — Aridomyg,
or equivalently,

Jx €ridomg such that Ax € ridomh.



Fenchel-Rockafellar Duality: Strong Duality

Theorem: Consider the problems:

(P) min h(Azx) + g(z)

xT

(D) max — " (=A%) = h*(y).

where g: E — R and h: Y — R are proper, closed convex
functions, and A: E — Y is a linear map. If the regularity
condition

0 € ri(domh) — A(ridom g) (1)

holds, then the primal and dual optimal values are equal and
the dual optimal value is attained, if finite.



Primal-dual optimality conditions
(P)  min h(Az) + g(z)

(D) max — " (=A"y) = h*(y).

Note that the direct optimality conditions for F-R primal-dual
pair are

0 € A*Oh(Azx) + dg(x)
0 € —Adg*(—A*y) +0h*(y) |

Two disadvantages of this representation are

(1) The variables z and y appear unrelated, even though they
are closely related.

(2) The fact that the subdifferentials Oh and dg are evaluated at
points in the image of A and A*, respectively, is inconvenient
for computation.



Primal-Dual optimality conditions
Theorem: Consider the Fenchel-Rockafellar duality framework:

(P) min h(Az) + g(z)

(D) max —g"(=A"y) = h*(y).
where g: E — R and h: Y — R are proper, closed, convex
functions, and A € L[E,Y]. Suppose that the optimal values of

(P) and (D) are equal, as is implied, for example, by either of
the two regularity conditions:

0 € ri (dom h) — A(ridom g)
0 € ri(dom ¢g*) + A*(ridom h*).

Then x is the minimizer of (P) and y is the maximizer of (D) if

and only if
o) <[ 0 )] ot <on



Primal-Dual Optimality Conditions: Proof

Since the primal and dual optimal values are equal, we deduce
that z is a minimizer of (P) and y is a maximizer of (D) if and
only if equality holds:

0= (h(Az) + g(z)) + (9" (—Ay) + 1" (y)) - (2)
The F-Y ineq. guarantees
h(Az) + h*(y) > (Az,y) and g"(-=A"y) +g(z) > (-Ay,z). (3)

Adding the two inequalities in (3), we see that the right side of
(2) is always lower-bounded by zero. We therefore deduce that
(2) holds if and only if the inequalities (3) hold as equalities.
This happens precisely when the inclusions, Az € 0h*(y) and
—A*y € 0g(z), hold. Again, by the F-Y ineq., these two
inclusions are exactly the system (3) which implies (2).



Subdifferential Calculus

Theorem: Let g: E — R and h: Y — R be proper, closed
convex functions and A: E — Y a linear map. Then for any
point z € E,

dg(x) + A*Oh(Az) C (g +h o A)(x) .
Moreover, equality holds if

0 € ri(domh) — A(ridom g).



Subdifferential Calculus

Proof: If v € dg(z) and w € Oh(Azx), then

Adding these two inequalities yields
9(@) + h(Az) + (v + A"w,y — x) < g(y) + h(Ay) VyecE.

Hence,

dg(z) + A*Oh(Azx) C 9(g + ho A)(x).

For the reverse inclusion we set f(x) := g(x) + h(Ax).



Subdifferential Calculus

Now assume 0 € ri (dom h) — A(ridom g) and let v € Of(z).
WLOG v = 0, else replace g by g — (v, -).

Then z € argmin f. The F-R Duality Theorem guarentees that
f(x) = max, —g* (- A"y) — *( ) and
S := argmax, [—g*(—=A*y) — h*(y)] # 0. Then for any y € S,

0= (g9(x) + h(Az)) + (9" (=A"y) + 1 (y))

= (9(z) + " (=A"y)) + (h(Az) + h*(y))
where the final inequality follows from the F-Y Ineq. Hence
equality holds throughout and, again by F-Y Ineq.
g(x) + g*(—A*y) = (x, —A*y) and h(Az) + h*(y) = (Azx,y).

Hence

= —A*y + A%y € dg(z) + A*Oh(Az),

as claimed.



Nanp(z) = Na(z) + Np(z)
Corollary: Let A and B be close convex sets in E such that
riANrti B # (. Then, for all x € AN B,
Nanp(z) = Na(z) + Np(z).

Proof: The theorem tells us that
6(5Am3(ac) = a<(5,4 + 53)(.%‘)

= 004(z) 4+ 00p(x)

= NA(Z‘) —I—NB(iv) ,

since ridomdy =ri A and ridomdg = ri B.



f(z) :=max{fi(z)|i=1,...,k}

Theorem: Let f; : E — R be closed proper cvx, i =1,2,...,k, and
define f(z) :=max{fi(z)|i=1,...,k}. Then

0f (2) = conv (Uyes(r) 05i()) .
where I(z) := {i| fi(x) = f(z) }.

Proof:
v € 0f(x) <= (v, —1) € Nepir(z, f(x ))

— (v,-1) € N((z, f(= |ﬂeplfz

(v, 1) ZNeplf

— J(wi, ;) € Nepi g, (, f(2)) (i = 1,..., k) s.t. (v,—1) = Z(w ;)



f(z) :=max{fi(z)|i=1,...,k}

3 (w;, Vi) € Nepi g, (z, f(x)), vi <0(i € I(x))
k

At st. (v,—1) = Z (wi, v3),

i€l(x)

where the final equivalence comes from the fact that if f;(z) < f(z)
then (x, f(z)) € intrepi f; so Nepi 7, (z, f(x)) = {(0,0)}.

Set \; = —V;, iU = w; (Z S I(l‘)) Then

vedf(z) < (v,—1) = Z Ai(vi, —1)

i€l (x)

with 32, ) A =1 and 0 < A; (i € I(z)). Therefore,

af( —conv( U afi(x) ] .
i€l(x)



N1o(z) = A*No(Az)

Corollary: Let A € LIE, Y| and @ C Y be such that Q is
closed cvx and Im(A) Nri@ # 0. Then, for all z € Q,
Ny-1g(z) = A*Ng(Axz).

Proof: In the subdifferential calculus theorem take h = d¢g and

Then, by hypothesis, 0 € ridomh — Aridom g = ri Q — Im(A).

Since §4-19(x) = dg(Ax), for all x € AT1Q,
Ng-1g(w) = 06 4-10(x)

= 6<5Q e} A)(Z’)

= A"Ng(Az).



Level Sets

Let f : E — R be closed proper cvx, and consider the lower
level sets

leve(r) :=={z| f(z) <r}.
If we let M, be the affine set M, := E x {r} and P be the
projection P(x,u) := x, then

levy(r) = P(M, Nepif) = P({(z,p) [p=r, (z,n) €Eepif})
Hence, if > inf f|

rilevy(r) = ri P(M, Nepi f) = Pri(M, Nepi f) = P(M, Nriepi f)
={x eridom f | f(z) <r},

and

clleve(r) = {z|cl f(z) <r}.

Moreover, all these sets have the same closure.



Level Sets: Tangent and Normal Cones

Theorem: Let f: E — R be closed proper cvx and Z € dom df be
such that f(Z) > inf f. Then

T(zllevy(f(2))={d| f'(z;d) <0} and N(z[levs(f(2)))=R40f(z).



Level Sets: Tangent and Normal Cones

Theorem: Let f: E — R be closed proper cvx and Z € dom df be
such that f(Z) > inf f. Then

T(zllevy(f(2))={d| f'(z;d) <0} and N(z[levs(f(2)))=R40f(z).

Proof: Since Z € domdf, f'(Z;-) = §*(x|9f(z)) is closed proper cvx.
Since f(z) > inf f, levy(f(z)) = cl{z € ridom f | f(z) < f(Z)} so
T(z[lev(f(2))) = cl{A(x —2) [ f(x) < f(Z), A >0}
=cl{d|It>0st. f(z+td) — f(z) <0}
= cl{d]| f'(z;d) <0}
={d[f'(x;d) <0}.
In addition,

N(z|levy(f(z))) = T(z|levs(f(2)))°
={d[5"(d|9f(z)) <0}°
={d|{v,d) <0Vvedf(z)}°
={d|{v,d) <0VveRIf(2)}°

= (R40f(2))°)°

)

=R, If(Z (since 0 ¢ Of(Z))



Normal Cones to Constraint Regions

Theorem: Let f; : E—>R (i=1,...,k), A€ LIE,Y],and Q C Y.
Define F : E — RF to have component functions f;, K := R* x Q,
and Q := {z| (F(z), Az) € K }. If there exists # € E such that
fi(@)<0(i=1,...,k) and AZ €riQ,
then, for every = € 2,
No (@) = Srere R 0fi(@) + A*Ng(A2),
where I(z) = {i| f;(x) =0}.

Proof: Let h = dg and g := Zle 5levh(0)- The hypotheses imply
that f := ho A+ g satisfied the regularity conditions of our theorem
on the subgradient calculus, hence
of(z) = A*0h(Az) + 9g(T)
k
= A*Nq(AT) + > N(z|levy, (0))

=1
= A"Nqg(Az) + Y Ry0fi(1).

i€l(T)



Normal Cones to Constraint Regions

Theorem: Let f; : E—>R (i=1,...,k), A€ LIE,Y],and Q C Y.
Define F : E — RF to have component functions f;, K := R* x Q,
and Q := {z| (F(z), Az) € K }. If there exists # € E such that
fi(@)<0(i=1,...,k) and AZ €riQ,
then, for every = € 2,
No (@) = Srere R 0fi(@) + A*Ng(A2),
where I(z) = {i| f;(x) =0}.

Proof: Let h = dg and g := Zle 5levh(0)- The hypotheses imply
that f := ho A+ g satisfied the regularity conditions of our theorem
on the subgradient calculus, hence
of(z) = A*0h(Az) + 9g(T)
k
= A*Nq(AT) + > N(z|levy, (0))

=1
= A"Nqg(Az) + Y Ry0fi(1).
i€l(T)

Slater Constraint Qualiﬁcation

dz st fi(z)<0(=1,....k), AT € riQ.



Constrained Convex Optimization

Theorem: Let fi: E—->R (i=1,...,k), A€ LIE, Y], and

() C 'Y satisfy the conditions of the previous result including the
Slater CQ. In addition, let fy : E — R be closed proper convex
and 3% € ridom fy s.t. fi(2) <0 (i=1,...,k), AT €1iQ.
Then Z solves mingcq f if and only if there exist multipliers

y; > 0 (i € I(z)) such that

0€dfy(z Z vi0fi(z) + A"No(Az),

i€l(Z

where I(z) = {i| fi(x) =0}.

Proof: The hypotheses imply that the function

f=fo+ Zle 516"1% (0) T g o A is closed proper cvx with

Z € ridom f. Hence Z solves mingcq fo if and only if 0 € 0f(z).
The previous results show that the inclusion 0 € dfy(z) is
equivalent to the statement given in the theorem.



Lagrangian Duality
Consider the constrained optimization problem

(P) minimize,  fo(x)
subject to  fi(z) <0 (i=1,...,k),
filz) =0 (z:k+1,...,m),

where fo: E—~Rand f;: E— R (i=1,...,k) are closed proper
cvxand f;: E—>R (i=k+1,...,m) are affine.

We define the Lagrangian for (P) to be the mapping L : E x R¥ = R
given by

L(z,y) := fo(x) + (y, F(x)) — 65 (y),
where K := R x {0}™~*. Since K is a closed convex cone, we have
83 = dro where K° = RE x R™~F,



Lagrangian Duality
Consider the constrained optimization problem

(P) minimize,  fo(x)
subject to  fi(z) <0 (i=1,...,k),
filz) =0 (z:k+1,...,m),

where fo: E—~Rand f;: E— R (i=1,...,k) are closed proper
cvxand f;: E—>R (i=k+1,...,m) are affine.

We define the Lagrangian for (P) to be the mapping L : E x R¥ = R
given by

L(z,y) := fo(x) + (y, F(x)) — 65 (y),
where K := R x {0}™~*. Since K is a closed convex cone, we have
83 = dro where K° = RE x R™~F,

For every z € E,

sup, L(z,y) = fo(z) + ok (F(x)),
hence the problem (P) can be written as
(P) inf, sup, L(x,y).



Lagrangian Duality

The Lagrangian dual to the problem
(P) mingeo fo(r) = inf,sup, L(z,y)
is the problem
(D) sup, ®(y) = sup,inf; L(z,y),

where dual objective function ® is given by
O(y) :=inf L(z,y) = nf fo(z) + (y, F(2)) — 6% (y)-

We may write the dual as

sup inf[fo(z) + (y, F(2))] .
yeKe T

The weak duality inequality is
Val(P) = inf, sup, L(z,y) > sup, inf, L(z,y) = Val(D) .



Strong Duality Theorem

(P) min fo(z) = infsup L(z,y)
e T oy

(D) sup ®(y) = supinf L(z,y)
yeK® y T

Q={z|filx) <0 @GE=1,....k), filz) =0(i=k+1,..m)}={z|F(z) e K}
Theorem: Consider the problem (P) as defined above. If
Jx €ridom fy s.t. fi(z) <0(i=1,...,k) and fi(x) =00 = k+1,...m),

then the primal and dual optimal values are equal and the dual
optimal value is attained.



Strong Duality Theorem: Proof

The proof follows from the perturbation framework given by
F(z,2) := fo(z) + 0 (F(x) + 2).

The strong duality assumptions are satisfied as the Slater condition
holds. To see the that we have computed the dual correctly, observe

that
F*(0,y) = sup[{(0,y), (z,2)) — fo(z) — 6 (F(z) + 2)]

(,2)

= sup (y,w — F(2)) = fo(x) = dx (w)

(z,w)

= sup[{y, w) — o (w)] — inf{fo(x) + {y, F(2))]

=0xo(y) — wf(fole) + (y, F(2))].
So the dual is

sup —F*(0,y) = sup inf[fo(z) + (y, F(x))] = sup @(y).
Y yeKe T yeK®°



Lagrangian Duality: Quadratic Programming

1
(QP) minimize §xTQ:U +clx
subject to Az <b
where Q €S, cc R", Ac R™*" and b € R™.



Lagrangian Duality: Quadratic Programming

1
(QP) minimize ixTQ:U +clx
subject to Az <b
where Q €S, cc R", Ac R™*" and b € R™.

Let Q have Cholesky factorization Q = LLT where L € R"*F
with k the rank of Q. Then rewrite (QP) as

1
(QP) minimize 3 2] + T

subject to Az < b, [LT, 1] <§> = 0.



Lagrangian Duality: Quadratic Programming

In this case, K = R™ x {0}*, and

A 0 x b
1.2 . T _ _
fo(fL',Z) -2 ||Z|| +c’z and F(LE,Z) - |:LT —I:| <Z> (O> :
Given (u,v) € K° =R™ x R the dual objective is

1
P,0) = inf [l + " 4 ((w,0), P, 2)

)

1
= (inf) 3 2] + Tz + (u, Az — b) + (v, LTz — 2).



Lagrangian Duality: Quadratic Programming

In this case, K = R™ x {0}*, and

A 0 x b
1.2 . T _ _
f(](fE,Z) -2 ||Z|| +c’z and F(LE,Z) - |:LT —I:| <Z> (O> :
Given (u,v) € K° =R™ x R the dual objective is

1
P,0) = inf [l + " 4 ((w,0), P, 2)

)

1
= (inf) 3 2] + Tz + (u, Az — b) + (v, LTz — 2).

This optimization problem can be solved by solving the
equations
0=c+ATu+ Lo

O0=z—v



Lagrangian Duality: Quadratic Programming

O=c+ ATu+Lv
O=z—-w
Plugging this information into
®(u,v) = inf(, . 3 2112 + T + (u, Az — b) + (v, LTz — 2)
we find that
@(u,v) = 3 [v]* = (u,b) = ||v||* + 60y (c + ATu + Lv).
Hence the dual problem becomes

1
sup —[5 o] + (u,b)] s.t. ¢4+ ATu+ Lo =0, 0 <w.

(u,v)



Lagrangian Duality: Quadratic Programming

Since ker L = {0}, (LT L)' exists, so we can multiply
c+ ATu+ Lv =0 by LT to find v = —(LTL)"'LT(c + ATu) allowing
us to remove v from the dual and obtain the dual

supgey, —[(c + ATu)TL(LTL) 2L (¢ + ATu) + (u,b)] .



Lagrangian Duality: Quadratic Programming

Since ker L = {0}, (LT L)' exists, so we can multiply
c+ ATu+ Lv =0 by LT to find v = —(LTL)"'LT(c + ATu) allowing
us to remove v from the dual and obtain the dual

supgey, —[(c + ATu)TL(LTL) 2L (¢ + ATu) + (u,b)] .

Primal Solution Recovery: Suppose instead we use the compact
singular value decomposition of @ = UDU?', where D is the diagonal
matrix of the k& nonzero singular values of Q and UTU = I.

In this case that L = UD'/2, where D'/? is the diagonal matrix of the
square roots of the singular values. If u solves the dual, then the
optimal x satisfies
DVUTe =LTe =z2=0
= —(L"L)'LT (c + ATw)
_ _(Dl/QUTUDl/Q)—lDl/QUT(C + ATU)
_ —D_1/2UT(C+ATU).
So UTz = —D71UT (c + ATw).



Horizon Cones

Given S C E, we define the horizon cone of S to be

goo {{d|3{xk}CS tr 4 0 s.t. ||kaTooandthk—>d} 75
{0} =

Clearly, S is always a closed nonempty cone, and S is bounded iff

5% = {0}.

0,
0.



Horizon Cones

Given S C E, we define the horizon cone of S to be
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Clearly, S is always a closed nonempty cone, and S is bounded iff
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Lemma: If Q C E is convex, then Q° is a convex cone and
Q¥ ={d|lz+XdeQVzeQ, A\>0}.



Closedness of the linear image of sets

Theorem: Let C' C E be closed and A € L[E,Y]. If
ker AN C* = {0}, then AC is closed and (AC)>® = AC>
although, in general, we only have AC>® C (AC)>.



Closedness of the linear image of sets

Theorem: Let C' C E be closed and A € L[E,Y]. If
ker AN C* = {0}, then AC is closed and (AC)>® = AC>
although, in general, we only have AC>® C (AC)>.

Proof: First suppose that {z;} C C is unbounded. We show
that ker A N C* = {0} implies that { Az} is also unbounded.
Indeed, WLOG zy/ ||zk|| — d € C* with ||d|| = 1. If {Axy} is
bounded, then 0 = A(xy/ ||zk||) = Ad giving the contradiction
d € ker AN C™.

Next let y € cl AC so 3{z}} C C s.t. yp = Az, — y. By what
we have just shown, {x;} must be bounded so WLOG 3,z € C
such that xp — z soy = Az € AC.



Closedness of the linear image of sets

Theorem: Let C' C E be closed and A € L[E,Y]. If
ker AN C* = {0}, then AC is closed and (AC)>® = AC>
although, in general, we only have AC>® C (AC)>.

Proof: First suppose that {z;} C C is unbounded. We show
that ker A N C* = {0} implies that { Az} is also unbounded.
Indeed, WLOG zy/ ||zk|| — d € C* with ||d|| = 1. If {Axy} is
bounded, then 0 = A(xy/ ||zk||) = Ad giving the contradiction
d € ker AN C™.

Next let y € cl AC so 3{z}} C C s.t. yp = Az, — y. By what
we have just shown, {x;} must be bounded so WLOG 3,z € C
such that xp — z soy = Az € AC.

Clearly, AC*® C (AC)®°. The reverse inclusion uses

ker AN C* = {0}. Let y € (AC)*®.i.e.,

I{xx} C C, tx | 0 s.t. tgAxg — y. We have shown that this
implies that {¢;x} is bounded, so WLOG tpz — d € C*, i.e.,
y € AC.



Closure of the sum of sets

Corollary: Let C; CE (i =1,...,k) be closed. If

k
0= di, d;ieC®i=1,... K = [di=0i=1,...

=1

then Zle C; is closed.



Closure of the sum of sets

Corollary: Let C; CE (i =1,...,k) be closed. If

k
0= di, d;i€eC®i=1,... .k = [di=0i=1,....k|,

=1

then Zle C; is closed.

Proof: Let X := Hle E, C= Hle C;, and A € L[X,E]| be
given by A(z1,...,x) = Y% ;. Then

ker A= {(di,....dx) ‘ 0=3F di pand €= =[TE, O,
Hence, the result follows from the theorem.



Horizon Functions

Given f: E — R, we define the horizon function for f to be the
function f* : E — R satisfying epi f* = (epi f)*®

exceptional case occurs when f = +oo, in this case epi f = ) so
(epi f)*° = {(0,0} which is not the epigraph of a function.

Lemma: The proper Isc function f: E — R is coercive iff
f°(d) >0VdeE. If fis cvx, the requirement that f be
proper lsc can be omitted.



Horizon Functions and the Perspective map f™

Theorem: For any f: E — R with f # +oo, ™ is positively
homogeneous with
(x)  f*(d) =liminf f7(u, A),
A0
where f™ is the perspective map for f, i.e., f™(u, A) = Af(u/A)
for A > 0.

If f is convex, then f°° is sublinear, and if f is closed proper
cvx, then, for every Z € dom f,

) o) — i TEETD @) S ) — (@)

T1oo T >0 T



Horizon Functions and the Perspective map f™

Proof: By definition, f* is Isc and pos. homog. . Since
f2(d) = inf {pu| A L0, Ae(@, ) = (d, 1), (i, i) € (epi f)V K},
£°°(d) is the inf of the values u for which
I 40, up — d st M f(ug/Ak) = p
giving (*).
In the cvx case, we have shown that w isa

nondecreasing function of 7 > 0 for all x € dom f. Hence, the
supremum in (%*) exists so that (%*) follows from ().



foo _ Sx
— Ydom f* -
Theorem: Let f: E — R be closed proper cvx. Then

foo :6§omf* and (f*)oo :6§omf :

Proof: Since f** = f, we need only show (f*)>® = Sdom f-
Given v € dom f*, d € E and 7 > 0,

frlotrd)= sup [(v+7dz) - f(z)]

rze€dom f
< sup [<U, 1‘> - f(x)] +7 sup <U7 d> :f*(’U) + T(S::iomf(d)'
z€dom f zedom f

Hence,

(1) (d) = sup,.o[F2=E) < 5 (d),
On the other hand, if (f*)*°(d) < §, then, for all v € dom f*,
fflv+7d) < f*(v) + 76 V7 >0. Hence, Vz € E,

(v+7d,z)y — f*(v+ 7d)
(v,2) — f*(v) +7({d,x) — B) ¥7>0.

Hence, for all z € dom f, (d,z) < f8 so that §3,,, ;(d) < 3 giving
Oom £(@) < (f*)>(d).



The horizon cone of f

Theorem: Let f: E — R be closed proper cvx. Then there is a
nonempty cvx cone K C E such that K = (levy(a))* for all
« > inf f.

Proof: Let inf f < a; < ap. Cleary, levy(a1)™ C levy(az)™, so we
show the reverse inclusion.

Let d € ler(ozg)"o A€ (0,1),t>0, z; €levg(ey) i = 1,2 and set
= g2 )\)t Then, f(Azx;+ (1= A)(z2+ ud)) < Aoy + (1 —N)ag and so

F@r 1) + (1= N)aa) = N+ (1= Va2 + 72 5714)

A)
= f(Az1 + (1 = A)(22 + pd))
<Aar+ (1= MNag

Since f is lsc, we can take the limit as A 7 1 to obtain f(x1 +td) < aj.
Since ¢t > 0 was arbitrarily chosen, we obtain the result.



The horizon cone of f

Theorem: Let f: E — R be closed proper cvx. Then there is a
nonempty cvx cone K C E such that K = (levy(a))* for all
« > inf f.

Proof: Let inf f < a; < ap. Cleary, levy(a1)™ C levy(az)™, so we
show the reverse inclusion.

Let d € ler(ozg)"o A€ (0,1),t>0, z; €levg(ey) i = 1,2 and set
= g2 )\)t Then, f(Azx;+ (1= A)(z2+ ud)) < Aoy + (1 —N)ag and so

PO +td) + (1= Naz) = FOar + (1 )

A)
= f(Az1 + (1 = A)(22 + pd))
<Aar+ (1= MNag

(22 +

Since f is lsc, we can take the limit as A 7 1 to obtain f(x1 +td) < aj.
Since ¢t > 0 was arbitrarily chosen, we obtain the result.

We call K := hzn f the horizon cone of f.



hzn (f*) = (Rydom f)°

Lemma: Let f : E — R be proper cvx. Then hzn f* = (R, dom f)°
and (hzn f*)° = clR dom f.

Proof: Let a > inf f* and w € dom f*. Then

han f* = {w| f*(w) < a}™
={v|f(w+tv) <aVt>0}
={v|(w+tv,z) — f(m)gav:cedomf,t>o}
—{v’ (v,z) <t 'a+ f(z) — (W,z)) Vo €dom f, t >0}
= {v| (v, >§0Vw€d0mf}
={v|{v,z) <0Vz e Ridom [}
— (Rdom f)°.



Convexity of Compositions

Theorem: Let f : E — R be closed proper cvx and
G : Y — E be concave with respect to hzn f, i.e.,

G()\yl-f—(l—)\)yg)—[)\G(yl) + (1 — A)G(yg)] €hzn f Vy,y2 € YA € [0, 1].
Then f is non-increasing relative to hzn f, i.e.,
f(z+w) < f(z) whenever w € hzn f,

and f oG is convex on dom f o G = {y|G(y) € dom f }.



Convexity of Compositions

Proof: Let 2 € E be such that w € hzn f = (Rydom f*)°. Since
f=1r

fle+w)= sup (z+wv)—[f"(v)
vedom f*

= sup (z,v)— f*(v)+ (w,v)
vedom f*

< sup [{z,v) — f*(v)] (since (w,v) <0)

vedom f*
= f(=),
so f is non-increasing relative to hzn f. Hence, for y1,y> € dom f o G,

A€ 0,1], x = AG(y1) + (1 — N)G(y2) and
=Gy + (1= Ny2) = (AG(y1) + (1 = A)G(y2)),

(foG) (1= Ny1 + Ay2) = f(z +w)
< f(x)
=1 =X (foG)(y1) + A(f o G)(y2).



Closedness of the linear image of epigraphs

Lemma: Let f: E — R be proper cvx and L C E a subspace.

Then
LNridomf # 0 <= LJ‘ﬂleV(S* (0) {0}

= L' Nlev(s(0) = {0}.

Proof: We prove the equivalence of the negation. Observe that
LNridom f =0 iff 0 ¢ (ridom f) — L =ri(dom f — L). The
separation theorem tells us that

0&ri(domf—L) < Jvst. (v,x—w)<0Vzeridomf, weL

< Jus.t. (v,z) < (v,w) Vx €ridom f, w € L
«— JuelLtst (v,z)<0Vzcridom f
— Jvelt 04vst. Sdom £(v) < 0.



