Math 408 Homework Set 8 Solutions

(1) Let

(2)

To (i‘

(3)

K:=R: x{0}"*={v|0<v;,i=1,...,8,v,=0i=s+1,...,m}.
(a) Show that K° =R x R™™%.
Solution: Let (w,z) € RS x R™~*. Then, for every (u,v) € RZ x {0}"~%, ((w,2), (u,v)) = >;_; wju; <0
since w; > 0 and u; <0, =1,...,5. So Ry x R™™* C K°. Next let (w,z) € K°. If there is a jo € {1,...,s}

such that w;, <0, then ((w, 2), (—e;,,0)) = —w;, > 0. But (—e;,,0) € K which contradicts (w, z) € K°. So no
such jo exists giving K° C R§ x R™™%.

(b) Given z € K, show that Ng(z) ={w e K° |w;z; =0i=1,...,s}.
Solution: Given (u,v) € K,
Tr((u,0)) =A{(p;q) Ipi <0 € I(u) and ¢ =0},
where I(u) :={i € {1,...,s} |u; = 0}. Therefore,
Nk ((u,v)) = Tk (4, v))°
={(w,2) lw;>0ie€l(u), w;=0ie{l,....,s}\I(u)}
={(w,z) € K° |lwju; =0i=1,...s}.

Let A € R™*™ and b € R™, and denote the ith row of A by a; e R*, i =1,...,m. Let K := R x {0} ° and set
Q:={zx |[Ar —be K} and let 7 € Q.
(a) Show that

)={deR" [a]d<0icl(z)andald=0i=s+1,....m}={d€R" |Ad € Tk (AT —b)} =t A~' Tk (Az —b),

where I(z) := {i € {1,...,s} [af2=0}.
Solution: This follows immediately from the description of the tangent cone to K given in (1)(b) above.

(b) Show that

NQ(.’E): Z U;a; + Z U;Q; |O§uzz€I(i) = {ATU |U€NK(A1'—I))}:2 ATNK(Ax—b)
1€1(T) i=s+1

Solution: This follows immediately from the description of the normal cone to K given in (1)(b) above.

Give an example of a smooth nonlinear function f : R™ — R, a pair x,d € R™, and a number 0 < ¢ < 1 for which
f'(z;d) < 0 but the backtracking line-seach fails to terminate in a finite number of steps.

Solution: Let f(z) :=e @ —z,2=0,d=1,and c=%. Then f(z+td) = f(t) =e ' —t <1—t = f(z)+ctf'(z;d)
for all £ > 0.

Let F : R" — R™ be continuously differentiable with VF(z) invertible on R"™. The Newton iteration for solving
F(z) =0 is given by

"t = 2% — VF(@F) T R(2) .
Although this iteration converges at a quadratic rate locally, it may not converge if the initial point 2 is too far from
a solution. To compensate for this deficiency, the Newton iteration is often replaced by a damped Newton iteration
of the form

2F T = gk — 4, VF(2*) " F (2F)

for some choice of t; > 0. We consider one approach to choosing ty.
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(a) Consider the function f: R™ — R given by f(z) = ||F(x)||2. Show that if € R™ is such that F(x) # 0, then f

is differentiable at = with
7 F(z)

fx)

Vf(z) =VF(x)

Solution: Apply the chain rule in conjunction with the fact that the function ¢(y) = ||y||2 is differentiable at
every point except y = 0 with Vé(y) = y/||y|l2 for y # 0.

(b) Note that one can attempt to solve F'(z) = 0 by minimizing the function f(x). This indicates that a damped
Newton step size t, > 0 can be computed by doing a line search on the function f in the Newton direction
dy = —VF(x)"'F(x). As a first step, show that the Newton direction dy is a direction of descent at points x
for which F(z) # 0 by showing that

(@ dy) = —||F ()2 -

Solution: Just plug in to see that

T
Plasd) = V5@ dy = - (VP L) VF@ ) = ~[F @)l

(c¢) Show that the backtracking line search applies and takes the form

tpy = max ~°
st. se€{0,1,...} )
[F(@* +7%dy)ll2 < (1= ey)[|F (2|2

where v € (0,1) and ¢ € (0,1) are the line search parameters.
Solution: We have

Ja+tdy) < @) +etf (idy) < |F(a+td)lls < IF@)]z — ct| F@)]l2 = (1 — )| F(@)l>

(5) Let F: R" — R™ be continuously differentiable and consider the problem of finding a point z such that F(x) = 0.
This is the same problem that led to the development of Newton’s method except now we are interested in the case
where n £ m. If m < n, then there are most likely infinitely many solutions. On the other-hand, if m > n, then
there are probably no solutions. In this problem we consider the case when m > n. Since it is unlikely that there
exists an x satisfying F(zr) = 0, we instead try to find an x that makes ||F'(x)| as small as possible. For this we
define f(z) = 3||F(x)||3. Tt is easily shown (try it) that

2
Vi) = VF@)F@)
Vi f(x) = VF(@)"VF(x)+) Fi(z)V*Fy(x)
i=1
where the functions F; : R™ — R are the component functions of F'.

(a) In this setting we still try to follow the path suggested by Newton where we successively solve for the search
direction using the linearization of F'. But in this case the search direction is given as the solution to the linear
least squares problem

1 k kY 7112
GN min §||F(x )+ VF(z")d|;5 .
Methods using the solution to this problem as a search direction are called Gauss-Newton methods. Denote a
solution by dgn. Under what conditions does this problem have a unique solution?

Solution: Our work on the linear least-squares problem in Chapter 1 tells us that this problem has a unique
solution if and only if Nul (VF(z*)) = {0}.

(b) When a unique solution to the problem GN exists give a formula for dgy .
Solution: Again from Chapter 1, dgy = —(VF (2F)TVE (%)) "'V F(2*)T F(2F).



()

Use this formula for dgy to show that it is a descent direction for f giving a formula for f/(2*;dgn).
Solution: We Have

fl(a¥:dgn) = V(") Tdgy = —(VF (@) TF (@)D (VF (") TVE (@) 'VF )T F@Y) <0
whenever VF(z*)T F(2*) # 0 since (VF(z*)TVF(2%))~! is positive definite when Nul (VF (z*)) = {0}.
Show that dgy is also a descent direction for the function h(z*) = || F(z*)]|2-
Solution:
r F(z*)

T
” ) (VE(@M)TVE(*)'VE @@ TF (k) =

[F ()

<.
(%)l

B (2% dan) = — <VF(xk)
Assuming that VF(x) is continuous, show that
B (z;d) < ||F(x) + VF(z)d||2 — h(z) .

Solution: First observe that
h(y) = [|[F(x) + VF(z)(y — z) + o([ly — z|l2)|[2 = || F(z) + VF(2)(y — 2)|]2 + o(|ly — z[2),
so that

F tVFE(z)d|2 — ||F
(i) — tim @)+ V@l ~ [ F@)le
t10 t
Next note that for 0 < t < 1, the convexity of the norm implies that

[1F(z) + tVE(z)dlls = [[F(@)ll2 = [|[(1 = ) F(2) + t(F(z) + VE(z)d) |2 = [ F(2)]]2
<A =DIF @)+t F(z) + VE(z)d2 — [ F (@)l
=t(|F(z) + VFE(z)d|2 = [ F(2)l]2) -

Combining this inequality with the expression for h/(z;d) given above yields the result.



