Math 408 Homework Set 5 Solutions

(1) Let @ € R™™ be symmetric and positive definite, and let dy,ds, ...,d, € R™ be a basis of
Q-conjugate vectors. Show that
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Solution: Let M := ", dTQd Then, for every x € R", we have x = 2?21 Ajd; for a
unique set of coefficients A, ..., \, since dy,ds, ..., d, for a basis of R". But then
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which implies that M = Q.
(2) Let A € R™"™ and b € R™, and suppose that Nul(A) = {0}. Consider the function
1
£la) = LAz — ]}

Show how to apply the CG algorithm to minimize f on R™ under the assumption that A is
not available but Az and ATy can be obtained for arbitrary vectors z € R™ and y € R™,

respectively.
Solution:
Initialization: zy € R", ro = Axg — b, dy = —go = —ATry.
For k =0,1,2,...
ap = —ri Ady /|| Ady|3
Tpp1 = Tp + agdy
Ther = ATpyr — b
Ger1 = ATrp (STOP if gpy1 = 0)
B = (Agry)" (Ady) /|| Adgl3
diy1 = —Grr1 + Brdy
k =k+ 1.

(3) Apply the conjugate gradient algorithm initialized at 2° = (0,0, 0)T to solve the problem
mingcgs %xTHx + g"z, where
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Solution: Later.

(4) Let f(z) := 32" Hx + g"x, where H € 8", and g € R". Let {°,...,2"} be the iterates of
the conjugate gradient algorithm applied to f initiated at 2° = 0.
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(a) Show that f(z*) — f(a**!) =1 ) , which establishes that f(z*) > f(z**!) when-

(Hdk ,dk>
ever d* # 0.
Solution: Since t;, = —%, we have
2
F@™*) = f(2*) + 1, (6", d°) + i(dk)THd’“ = f(a*) - <gk’—dk>-
’ 2 (d&)T Hd*

<gk+1 ’gk+1_gk>
llgk 12

(b) Show that the sequence {fj} generated by the CG-algorithm satisfies 55 =

Solution:
<gk+1 ’ Hdk> <gk+1 : t,;lH(xk“ _ xk)>
Pr= <dl~cT7 Hdk> - (d*, Hd¥)
(g (HaM ) — (Hab +g))) (5, g5 —gb)
B <_gk’ dk> - <_gk’ —gk +5k_1dk71>
B <gk+17 gt — gk>
gt g

(5) Let A € R™*"™ and b € R™, and consider the function
1
fla) = SlAz— 0l
Show that Vf(z) = AT(Ax — b) and V2f(z) = AT A.
Solution:
1
flx+ Az) = §||A(ZL‘ + Ax) — b3
1
= §||(Ax —b) + AAx) — b3
1 1
= §||Ax —b|j3 4+ (AT(Az —b), Az) + §HAA||2

= J(&) + (AT(Az — b), Ax) + S(Ax)T(ATA)(A2).

(6) Let f(x) := te"Hx + ¢g"x, where H € R™™ and g € R™.
(a) Show that Vf(z) = 3(H + H")z + g so that if H € 8", then Vf(z) = Hz + g.
(b) Show that V2f(z) = 1(H + H") so that if H € 8", then V*f(z) = H.

Solution:

flx+ Az) = %(x +Ax)TH(z + Az) + g7 (z + Ax)

= f(z)+ %((Aw)THa: + 2T HAz) + " Az + Z(Az) ' HAx

1
2
= @)+ (5(H + B+ g), Ax)+ (a0)" (5(H + HT)Aw.



(7) Let F: R® — R™ be a smooth function (has as many continuous derivatives as you want),
and define f(z) := || F(2)|3.

(a) Show that Vf(x) = VF(x)"F(z).
(b) Show that V?f(z) = VF(2)"VF(x) + 1", Fj(x)V*F;(x), where F; : R" — R are the

component functions of F', 7 =1,...,m.
Solution: Let F; be the i component function of F' so that f(z) = § 377 (Fi(2))*. For
each 7 =1,...,m, we have

Fio + Ax) = F(x) + VE (@) Az + S Aa"V2F () Az + of|| x|,

Hence,
S (Fle+ A0))? = L(F())* + (R(@)VE(), Az) + JA (VE@)VE ()" + Fi(@)VF(2)Az + of |Az]?)
Consequently,

flz+ Az) = % (Fy(x + Ax))?
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(Fi(2))* + (Fi(2)VFi(x), Az) + %AfﬂT(VFi(:v)VE(SJ)T + Fi(2)V?Fi(2))Az + of | Az|?)

.
Il

= f(z) +(VF(z)"F(z), Az) + %AZBT (VF(x)TVF(x) + Z E(:E)VQE(x)> Az + o(||Az]|?),
VFl (fL’)T
VF(x)= VFZ:(@ so that VF(2)'VF(z) = Z VE(z)VF(z)" .
VFm.(x)T =

(8) Let f: R™ — R be twice continuously differentiable, V' € R™* and & € R", where k < n.
Consider the function given by h(z) := f(z + Vz).
(a) Show that Vh(z) = VIV f(Z + Vz).
Solution:
h(z+ Az) = f(2+V(zAz2)) = f((2 4+ Vz2) + VA2)
(2) +(Vf(@+Vz), VAz) + o(||[VAz|)
(2) + (VIV (@ +V2), Az) +o([|Az])).
(b) Show that if Z is a local solution to min, h(z), then Vf(z + VZz) L Ran (V).
Solution: If z is a local solution to min, h(z), then 0 = Vh(z) = VIV f(2 + VZz), or
equivalently, Vf(z + Vz) € Nul (VT) = Ran (V).

(c) Let S be a subspace of R". Show that if z € & + S solves min {f(z) |z € £ + S}, then
Vf(z) LS.

Solution: Let the columns of the matrix V' € R™ ¥ form a basis for the subspace S
where k = dim S. Then the problem min { f(z) |z € & + S} is equivalent to the problem
min, f(& + Vz). By part (b), we have Vf(z) L Ran (V) = S.
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