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Twisted tensor productof algebras
We denote a unital, associative k-algebra with multiplication:

and unit yik by, in

Def:Given two unital, associative k algebras in andB, BMB,

a twistingmap is a bijective k-linear map c:B B

so that the following diagrams commute
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Twisted tensor productof algebras
The diagram
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Twisted tensor productof algebras
Let .in, B. B.B be unital, associative algebras andc:BBatwistingmap
Define

B: B B Bby

B B B BBB

7 B:k Bby

k- kk B B

Then, the twisted tensor product algebra is the unital, associative k-algebra B, Bin is

where B B as a vector space

Cap, Schicht, VanEura, 1994



Twisted tensor productof algebras
Examples:

1) G, finite
groups where Gacts on via4:G Art

Define c:kG k kKG by gn Ygng for gEG, he

Then kGck -K yG

2)k,ky polynomial rings

k forDefine ciky k ky by y gy qek

Thenk cky-kg,y-k y gy y 3
the quantum plane

Let g gij GMulk) st Gii= and Gijgji=

Then, we obtain kg..... nk......
ijGijj i

via iterated applications of the above



Twisted tensor productof algebras
Examples:

3) Twisting by a bicharacter

7.G abelian groups

k algebra graded by , B Kalgebra graded by G

t:f G ck is a group homomorphism

Define :B isby linearly extending ba ta b(db

Then, is a twisting mapand we denote the resulting algebra isby the



Twisted tensor productof coalgebras
We denote a counital, coassociative k-coalgebra with

comultiplication .

and cornits: Kby,,
Def:Given two coassociative coalgebras . E, B. B.EB

anda twisting map c:B B

define is:B B Bby

B
B B B B B

andS.B:B Kby

B8 EBkkk



Twisted tensor productof coalgebras
Def:Given two coassociative coalgebras, E, B, B,Canda twisting map c:B B

define B: BB B by B
B B BB B

S EB
S B: BKby B kk* k

B. B,E.Bis a cornital coassociative k-coalgebra if andonly if the following diagrams commute
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Twisted tensor productof coalgebras

The diagram
L B

B

B
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B BB
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BB B B "B I

Diagram

commutes if and only ifthe diagrams
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commute.



Bialgebra structures on twisted tensor products
Let, 7,8, B, BB, B.EB bebialgebrasandc:BBatwistingmap

L
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B
Gtwistingmap B

EB
G k
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GB is a

EB
Bis a bialg

bialg G

s

k k

=>compatibility btwn - and the cornits is guaranteed
We justneed Diagram to commute to geta codly structure
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Bialgebra structures on twisted tensor products
Examples:

1) G, finite
groups where Gacts on via4:G Art

Define c:kG k k kG by gn Ygng for gEG, he

Then kGck -K yG

KC is a bialgebra with aiggg and said forget

Then, diagram does notcommute => kGck-k yG as algebras,

brtkGikwith kitis not a coalgebra, let alone a bialgebra

Note,kGik-K nG is a group algebra, so ithas a bialgebra structure



Bialgebra structures on twisted tensor products
Examples:

2) k,k y polynomial rings Define ciky k kky by y gy
for g 0CK

Thenk cky-kg,y-k y gy y
in the quantum plane

k is a bialgebra with:and 8:

Then, diagram commutes, andk cky, a gin any
is a coalgebra,

but k cky, agitkys kky,Ek ky
is nota bialgebra

↓

Similarly, for q gij GMulk) st Gii= andgijgji=,

k...... ....., ijGijs i

is a coalgebra butnot a bialgebra



Bialgebra structures on twisted tensor products
Theorem:Ocal,0. Let, 7, 8, B, BB, B.EB be bialgebras and

c.B Batwistingmap. Then, B. B17 iB, iB,E iB

is a bialgebra if only if is trivial.

proof:
B B ·B B
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012

EB S 2 coalg G 2 coalg E EB
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W 012 W

and the outside commutes bic "counit commutes w/ I and O2s"



Bialgebra structures on twisted tensor products
Theorem:Ocal,0. Let, 7, 8, B, BB, B.EB be bialgebras and

c.B Batwistingmap. Then, B. B17 iB, iB,E iB

is a bialgebra if only if is trivial.

Corollary:Let and B be Hopf algebras and c.B Batwistingmap.

Then, if B is a Hopf algebra, it is the tensor product Hopf algebra B



Twisted tensor products of Frobenius algebras
Def:A tuple is a Frobenirs algebra if, in is an algebra,. in.E

.S is a coalgebra and the following diagrams commute

Examples:

1) For a finite group G,
KG is a frobenius algebra with

N

big Enyrr" andEag Sg, for get

2) Kn is Frobenius with

W

P1) pl) mri
and:Sin



Twisted tensor products of Frobenius algebras
Example:

G, finite
groups where Gacts on via4:G Art

Define c:kG k k kG by gn Ygng for gEG, he

Then kGck -K yG

KG is a Frobenius algebra with
~

Gig grand aig Sgrforget

k is a Frobenius algebra w/ ~in Ehrrandsin SanforheH

Then, diagram commutes ->KG ik,kaik,Exinis a coalgebra

kG ck , k kkG ck , kGik,ExGik is a Frobenius algebra

and "rainrecovers exactly the Frobenius algebra structure onk a



Twisted tensor products of Frobenius algebras

Theorem:Ocal,0. Let, 7, 8, B, BUB, B.EB be Frobenirs algebras

and :B Batwistingmap so thatdiagram commutes. Then,

B. iBi B, iB,E isis a frobenius algebra.



Twisted tensor products of Frobenius algebras
Def:Let, in be an algebra. Apairing is a k-linear map B: k.

A
copairing is a k-linear map dik -

A
pairing B

is non-degenerate if there is a copairing a so that

the following diagram commutes
& B

k k

s s

Apairing B is associative ifthe following diagram commutes

B
B

k

An algebra, in is Frobenius if and only if there is a nondegenerate,
associative pairing B.K.



Twisted tensor products of Frobenius algebras
Given a Frobenirs algebra, in.,, we can define

S n
B: K and a:k

Then B is an associative, non-degenerate pairing with copairing a.

Given an algebra, in with associative, non-degenerate pairing B and copairing ,
we have that, in.,S is a Frobenirs algebra where and I are defined by

& n
k k

s s B
S

k

s s B

& n
k k



Twisted tensor products of Frobenius algebras
Proposition:Ocal,0. Let, 7, 8, B, BB, B.EB be Frobenirs algebras
with pairingsB, BB and copairings &, AB resp. and :B B

a twistingmap so thatdiagram commutes.Then,

B. B:B B
L

BBBBB kk
-

k

& 13:k kk&&B BB BB

are an associative, non-degenerate pairing andcopairing
of B, iBi7 iB, iB,

E
B

proof:
pairing on B induced by5 iB

L B

B B BB B

s G
s

B

k B B k k B k

G G
n B G 7 B

G S EB

.
Bave counits induced

unital algs
BBB BBby pairings

Bassoc of B BB
L

B
BBBG pairings

B B BB kk

BiB



Twisted tensor products of Frobenius algebras
F,G abelian groups, K algebra graded by, B K algebra graded by G

t:f G ck is a group homomorphism
Define :B B by linearly extending ba ta b(db

Then, is a twisting mapand we denote the resulting algebra isby the

Theorem:Ocal,0. Let and B be FrobeniusK algebras graded by and G resp. Where

the comultiplication maps, Bare graded maps of degreed anddi vesp.

Then, tBis a Frobenius algebra if and only if

t(ab) t)(a +d)b) t(a(b +di))

corollary:If a O,and di Ou, tis a Frobenius algebra.



Twisted tensor products of Frobenius algebras
k

n
is Frobenirs with ips) Epl) mri

and:Gine

Example:Let q gij GMulk) st Gii- andGijgji=
and m m,....,mn

The complete quantum intersections aim kg...... ..., mn

can be understood as an iterated twisted tensor product where the

twists come from the bicharacters ti(r s) =gis using the grading on
k.

mi

The comultiplication is graded of degree mi-1

corollary:If gij is a root of unity whose order divides gcdmi-1,mj-1 for each i.ji
then

aim
is a Frobenius algebra

Further, we can compute the pairing

Baim ... an b.
...

bu "gribs, Santbe,me- which is symmetricR

This partially recovers results from Bergh, 2009



Twisted tensor products of Frobenius algebras

Def:An algebra, in is separable if has a right inverse

as an A-bimodule morphism

AFrobenius algebra, in.,s is special if

s

commutes it, in is separable w/ right inverse



Twisted tensor products of Frobenius algebras
Theorem:Ocal,0. Let, in, B. B.HB be separable algebras w/ inverses andIresp
and :B Ba twistingmap B. B. isis a separable algebra with inverse

S E
S.B:B B B B B

if and only if the following diagrams commute
L L

B B B B

4 4 Fis Tis

B
L

B
L

B BB
-
B B

L

BB

Letcorollary: in.,E, B, B.B. B.EB be special Frobenius algebras
and:B Batwistingmap so thatdiagram commutes.Then,

B. iBi7 iB, iB,E isis a special frobenius algebra.



Thankyou.

Questions?


