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We denote 3 unital, associstive k-algebra A with vvatinical;iov\ VA:A®A—>A

and unit n,: k—A ba (A,VA,le)

Del:  Given two unital, dssociative k-aQaebras (A0, and (Bqe),
9 twistiné map 1S 3 bide.ctN& k-LQinear wmap T:BRA—ARDB

30 that the s-’ol\owma die(c)vams commute

B® —~—k®B K®A —> ARk
I®lel lleQDI e l | I®Ne
BRA —— A®B BRA —— AQB

BOBRAGA— LRRA — - - AQR
QTSI | [ VeV

19T

BRASBRA —» ASBRARR ——— AQAGRRB



The diaOrew\

VOV L B®A

BRBRIARKA > AQB

TSI I \VAZAV A

I9TRI

BRAGRRA —+ AQRRAS®R ——— ASASR®B

commutes if ond OV\Qa f the diaéfaw\b

BRROA—RRA®R —— ASRRBR BRARA —» AQBRA - AQASR
8l I [:3v A 1®VA I N4
BOA L . A®B B®A L > A®B

Comwmote,



Let (A, (B¥n:) be unital, associative k-a(lée.bvas amd T:BOA—ARDB » twistiv\‘c)map

Defline
VA@HB . A®B®A®B B A®B ba

AGBRASR 28, ARAGBOBR 2o, AQR
nAe.B: k— A®B ba

®
k-0 k@K Vs ARB
Then, the twisted tensor product aﬂgebra is the unital, associstive k-aQSebra (A®TB'VA®TB'V1A&B)

where AQ:B=A®B a¢ a vector space

[Cap. Schichl,, VanZura, 1994]



Exew\ers:

) G, H=Pinite Srou?s where (2 acts on H vis P:(a— Aut(H)
'De.pine. T: k(J@kH_’ kH®kCJ ba 8®V\H(P(3)(h)®a for 3€G.h€H
Then kKGO kH=k(HX,()

2) k[x].k[a] = Po%nomiaﬁ r'més
Delline 'c:k[a]®k[x]—>k[x]®k[a] b(aj a@xl—bt"X@a Por 1€kx

Then K[x] ®tk[a] ~ k1[x,a] ~ k<x8>/ (q}(a_ax)z the Ci,uantuwu PQ&V\&

Le.t q': (ﬂ,aﬁ € M“(kx) st ﬁii=| ond 6“')1,\)azl
Then, we obtsin  Kylx,...x.] = k<x"""x“>/(x;xj- g%

Vig iteveked applications of the above



Exaw\er.s:

3) Tw\stiv\a b\«) 3 bicaracter
F.G = abelion groops
A= k- allgeora groded by F, B= k- algebra groded by Gr
F®,G—K s 9 Stoup Womowmor phisim
Define T:BOA—ARDB b6 Qineadla extending b®a — t(1aI®, b)) a®b

Then, T is o tw\stsné wap and we demote the vcsvltiv\:) aﬂsz\ora AR B b5 ARBR



We denote a counital, coassocistive K- c,oaﬂgebra A with
Covnuo.t'\\blication JAVY: A— ARA
and cownit E:A—k ba (A ALE)

(D_e?: Criven two coassociative coaQae.bvas (A o), (B.AE:)
ond o l:w'\stiv\é map T: DOA—ARB
define  A,e.: AQB — AQBRARR by
19T '@l

ASR 2285 ARAGBOR S AQRRARD

and Eropn: AQB—kK b Y

oty
AQB —— k®k "k



(D_e,p: Caiven two coassociative cooQae.bvas (A28, (B.ALE)end o l:w'\stiv\é map T: BOA—ARB
define 505 ABB— ABBEAGD by ARB 2225 AQARBERBR 22 AGBRASH
&,
£r0t ABB—K by ABB——kBk"Lok

(A®TB'AA®TB'£A®£) IS 8 Cowital coassociative K- coaﬂgebra if and onQb if the Po\\ow‘ma dibélaw\s Commute

A®B ——— BEA AGB —— B®A
g8l l l 1®E, I®ZB| l &9l
k@B ———B®k ARk —=— k®A
ARR ——— BRA—— . RRBRA®A
AA®ABI [ I®T™'®I 'Dia&raw\ %K

I9T™'®I

ARASRBBR — . AGBRASR 25 RRAGRRA



“The diabmum

'c -l AB®

JAN
A®B > BROA . . ROR®ARA

AA®AB‘ 19T '®l D iaéraw\ L

I9T'®I

ARASBRR — —» AQBRARR 5. RRAGR®A

Cowmmute s ic and o\AQb ic the diaofaw\b

T T

B®A > AQB BRA >» AQB

|®AA lAA®| AB® | l |®A3

Tal I®T T3l

RRAGA —— ARBRR®A =5 AQA®R RRRRA ——BRRAGR —— AGRRR

comwute, .



Let (A% 002080, (B e, A5.E5) be b\aﬁae,\oras ond T: BOA—ARDB » twistina map

A®B - . B®A
% C} 'Lw'\sh'v\z wap A
I8E &_O ARk ——— k@A & E,‘:; &8l
1S3
\)’\3!.5 IR O &‘
ARk = > k®A

= Cowxpal:'\\oillita btwn T and the conits is 6u6(ante,e,d

We Jost veed 'Diaaram 4 to commite to qet 3 coaﬂé Strvckvee,

T DB,

AQB » BRA RPOBRAKA
AA®AB| | TRl 'Diaaram #

I9T'QI

ARAGBOR — —» ASBRARR L RRASRRA




Examples:

) G, H="linite grovps where (2 acts on H via P:(a — Aut(H)
Delice T:kGRKH — KHRK(a ba 3®hv—>q’(8)(h)®3 for 4€6. heH
Then kKGR kH=k(HX,()

kG is 3 b\aﬂse)ova with A":?)Hﬂ ond ZC,:SHI for 6&0\
Then, die(c)vam 42 dots wot Commute =D k(R kH =~ k(HX. () as a%e,b\ras,

but KG®kH with A e H is wot 3 colgeora, Ret alone, 3 b\aﬂ.gbm

Notc,k&@tkHz k(HX, () is 4 Jroup aﬂae,bva, So it has 8 biaﬂae.bva styvebwre



Examplles:

2) k[X].k[a] = Po%nom'\ao, r'més Deline ‘c:k[a]®k[x]-—->k[x]®k[5] bJ (l)®x'_”"x®b Por 1:&0 €k

s

KIx] is 3 b\aﬂge,bva With Ayt x — 19x+x81 and Ex : x—0

Then kIx] ®'Ck[b] & k1[X.(l)] & k[X.(L)] /q'x ) ie the Guantom PQane

-Thel/\ \ die(jvem ‘k Co wmmute s ) aV\d (k[X] ®'ck[a], Akm&:k[a] .E km@rk[a]) |S L) CO&Q&&b\'&,
bot (k[X] Q< k[a].vk[xl&k[a]o Nk ®rk[5]:AKEX] Bekiy RS ®rk[al) Is wot 4 bw!’a‘b”a

Simiﬂa«fbé, Lo 4= (qy) € M..(K) st gi=1 ond 4y45=1,

k.t[x.,...,x,.] = k¢x,,. is 3 COdQ»66bfa but vokt & b'\aﬁae\ova

. x“>/(x;xj - 1iJiji)



T heovem: [Ocal,0.] Let (A,VA,v\A,AA,ZA),(B,VB,qB,AB,ZB) be bia%e,bres ond

T:BOA—ARDB s twistina map. ~Then, (A®'CB:VA®rB'VlA®rB:AA®rB'£A®tB)

s 9 b'laQae,brd if ovaa § Tis tviviao..

roof: IS T®I
PR ROAGROA < REROAGA (e ('®t®iA®A%B®B —— AGR®ARD
AB®AA I (} # AA®A'B
O B@A ‘ ’A®B Oz
ABA, I ABA,
BRRRARA < BRA o, *AQDB » AQAQRBRRB
E.2I818¢, (} coaQs = (} = (} coan 18E,8E 8|
Jr J' Jr
kQBRARK —BRA oo *ARB > AQkRK®B

Nnd the outside Commutes ble ‘Comit commotes w/ T and Gzs



T heovem: [Ocal,0.] Let (A,VA,qA,AA,iA),(B,VB,qB,AB,ZB) be bia%e,bras ond
T: BRA—AQRB s twistiwa map. ~Then, (A®'CB:VA®rB"lA®rBoAA®rB»£A®tB)

s 9 b\aQae,bra if onQa § Tis tviviao..

Coro\\ar%: Let A and B be Hop! a%eabvas ond T: BRA—ARDB s twistinémap.

“Then, f AQB is o Hop‘2 a%obra, It is the temsov product H0p$ aQ&ebra AQ®B



(D_epz A tuple. (A%, 00 2084) is 8 Trobenivs a%e,bfa it (A,VA,le) IS an aﬂae\ova,

(AALE) 1S o COaﬂﬁe,\ora and the Pol\owma diaorams Ccommute

ABA—2 A ABA—2 A
28I l l A, |®AAI l A,
\V/
AGARA %, AA ASARA —=L, A®A

Examples:

|) Yor & p imte, 8\'0\){) C.)I, kGa is 3 Frobenivs alaebva with

ﬁc,: sl—v Zsmr" ond EC,: ao—vé’a,. for 66&

ré(a

2) KIx] / (x™ is  Frobenivs with

n-=\

Ay plx)y— Zo x;p(x)®x"'

' and gx : X8



Example:
G, H=finite grovps where (2 acts on H via P:(a— Aut(H)

Deline T:kGRKH — KHRK(G2 ba 8@»._»%3)(»\)@3 for 3€G.h€|-|

Then kKGR kH=k(HX,(2)

kG is 3 Frobenivs aQaebva with A 3'—> gi:. 3r®r" ond & SHJ’A,. for Séh

kH is a Frobenios afoe,bva w/ ﬁth'—-» %lk\r«xr" ond EH:h'—-»J’»... for WEH
4
Then, dieavem‘gx Commutes = (kC’@tkH'Kk&@TkH'gk&@tkH) 1S 8 coalae,bva

(kG®rkH, Vi@ kH M iH A y @t EraaiH) 18 3 Frobenivs aﬂse.bra

and Kk&&kH vecovers exact\a the Frobenivs aﬂacbva struckwie on k(HX,(a)



T heovem:[Ocal, 0] Let (A,VA,le,AA,ZA),(B,VB,QB,AB,ZB) be Frobenivs aﬂae.bras
nd T: BAA—AQRDB » twistina map So that diaaram X commutes. Then,

(A®TB'VA®TBo'lA®TB:AA®rBo£A®TB) IS a Frobemius a%ebva.



Del: Let (Awin) be an aﬂae\ova. A pairing is 8 k-Linear map B: ABA—K.
A Copairiné is 3 k-Linear map a:k— AQA.
A Pa\v'ma’ﬁ is V\o.n-de@ev\e(ato if there is 3 Copa'wiv\6 & So thet

the 90\\owiv\a diaavam Commutes

WA —— ARA®A —2P_, A®K
A ' . A

A Pd'w'mé B is associative if the 90\\owiv\a dieavem commutes

ARARA 2 AGA
ST
P

AGA

k

An aﬁae,bra (AN is Frobenivs if and on(),a if there is o nov\deawexate,,
dssociative pe'win(«j B: AQA—k.



Qiven a Frooenivs aQ&e,bfa (A,VA,le,AA,ZA), we can define

BARA AL L and sk AL AGA

Thewn B 1S an associative, non-dadmvate. Pairina with copaiving & .

Griven an aﬂae,bva (A,VA,qA) with &ssociative,,non-deaev\wate p&if'ma B ond copairing X,

we have that (A,VA,le,AA,EA) is 3 Froboenivs o%e,bra wheve A, ond &, are defined ba

I®
ARk —2 . AQARA Ak —Ys AA
~ VA®I ~ %
A, Y g, Y
A ARA A k
~ [:3vA ~ B

@A -2, ARAGA KA — s AGA



Proposition: [Ocsl 0] Let (A,VA,le,AA,EA),(B,VB,QB,AB,ZB) be Frobemivs aQae,bras
with Paivings Ba, B ond Copairinas &n, O vesp. and T: BORA—ARDB

] twisl.ina map So that diaavam 4 commotes. Then,

Bass: AQBRARR -0 ARARRR®B PP, k®k ——k

Pnon: k2o kK 2%, AQAGR R 2T, AQRRAGR

are AN associative, non-deamvat& ?airina and C,Opaivina op (A®1:B.VA®rB"lA®rBoAA®rB.£A®t3)

EYOO‘p:
Pe'wmé on AQB induced bDZA&B
AVAZQVA
ABBRARR 2L ARAGRER G - ASB
\: @ /
ISVAS VA ®I
k®ARARBRIBRK kRARBRK
= @) = QB qA®|®|®|®l®%l (a NASI12I8g 'tc'f\d ; En®Cs

A, ‘ ounits i 0‘:‘ .

oy ‘:st ASARAGBEBEB——ASASBEB ™
IBVA® VA ®I

V01818V assov of  Pa®Ps

® C} Win v
[ pawings Rk

' ISTRI 7
AQBRARR —— AQAQRBRDB

%A&B



F.Gr = gbellion grovps, A= K- allgeora groded by F, B-= K- allgeora groded by G

b F®,G—K i 9 Sroup Womower phisim

Define T:BRA—ARB ba Q‘meada e,xtendina b®a — L(laI®,lbl) a®b

Then, T is @ tuisting wap and w2 deucte the vesolting aliglors A<D b:j AG'R

Theovewm: [0csl,0] Let A and B be Frobenivs K- aﬂ,aebvas araded b() Fand Gr vesp. wWheve

the Comultiplication waps A, A, are gacled waps of deé"'e‘ daand dp vesp.

Then, A®tB is 3 Yrobenivs aQ&b\ova ! and owQa if

t(121®;161) = t((1a1+d,)®;Ibl) = t(1a1®, (Ibl+dy))

Covo\\ensz TP dy=0; and dz=0,, A®'B is 3 Frobenivs aQ@b\om.



n=\

k[X]/<Xn> is  Trobenivs with K,(:p(x)'—>izzxoxip(x)eax""'i and é’xzxi_,sm_,

Exsmple: Let q,= (ﬂ,iﬁ € M“(kx) st Cpg=| ond 6“')1,\)a=|
and m=(m,,...m,)
“The, Complete Ci,uawtvwx mtevsections Aq_,M: k"[x"""x“]/<x.“,"‘...,x.'f‘">
Con be understood as 3w itevated twisted temsor prodock wheve the
{Lw'\sts come ‘?(OW\ the bichavacters tﬁ((@ZS)ijj Us'ms the Z-Sfadina on k[x"]/<xi"“)

The Covvatipﬂicatiovx ﬁxi s Sraded of dc&fee, w; -\

Covo\\er\sz If Gh) is 8 root of Unita whose ordev divides éccl(m""""‘d_') Por eacn L
then Aq‘,m is 8 Frooemivs a%&bm

Further, We Can Compote. the Paivivxé

n -l n
A (00 k@@ Oxe) =TT TTa25TT 8500, mym Which is Sumwetric
4 J=2 = J L=

“This Pavtiallé vecovers yesolts fromn [%%»\,ZODQ]



(Dep: An é%ebra (A,VA,qA) IS Se.parab% i < hes a Yié\f\t mverse

as on A—b'moduﬂe. MOYP\I\iSM

A F(OW“U& aQ{)&bva (A:VA:VlAnAA:ZA) |§ SQQUQ& "c
A—24, ARA

N

A

Commites ie (Aw,n,) 1S Separavle Wi ria\nt nverse A,



T heovew:[Ocsl,0] Let (A,VA,le),(B,VB,v\B) be Sepaveble aﬁae.bras w/ inverses ‘z and ‘; vesp
ond T: BOA—ARB s twistiw(e) map (A@tB.VA&B"lA@rB) IS A Separsble a%e,bva with inverse

lel} .
.. A®B ——% AQARBREB 2%, AQRRAGR

if and OnQD il the ﬂollowiwa diaofmms Commute,

T

BRA > AQB BOA >» AQB
1e]? ‘ Vet Nei ‘ 18]7

Tl I®T Tl

RRARA —— ARRRA = AQARBR RRRRA ——RBARR —— AGRSBR

Covo\\ens: Let (Anu2nén), (B e, A5.85) be Special Froboenivs a!Zaebras
ond T: BRA—ARDB s twislivsa map So that diaarom 4X Commotes. Then,

(A®1:B.VA®&»'1A®$.AA&B,EA&g) IS a Spec\a!L Frobe,nius s%ebva.



1 hank 250\) !

A uestions ¢



