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Big picture

Goal. [Lots of people here, throughout history, etc.]

Study symmetries in algebra.
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Symmetries in algebra

o Fix a field k.

® Want to study symmetries of

ieN

an N-graded, locally finite kk-algebra.

Favorite example.
The polynomial ring A = k(x1, ..., x,].

Also connected (Ag = k) and commutative.
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How to study symmetries?

¢ (lassically, symmetries are captured by group actions.

ThelRentag

Co ~ tiger Dyp ~ pentagon

* A= (@ieNAia m:ARkA—>A, u:k— A) has structure.
® Should preserve algebra structure and grading,.

W
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Classical symmetry

® Suppose A is connected and commutative.

® Study group actions such that:

g-(ab) =(g-a)(g-b) and
g 1a =14,

[A is a G-module and 7 and 1 are G-module morphisms] and
g(Aj) CA; foralli

[each A; is a G-module].

Example. [Extremely rich history]
Finite group G < GL,(k) ~ A = Kk(x1, ..., x4].
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Quantum rigidity

Example.

Let g € k*. Define the quantum plane
k (x,y)
k[x,y] = ——2"
N = gy
e If ¢ preserves grading, then g(x) = ax + Sy and g(y) = vx + dy.
® For g to extend to I,[x, y], must send yx — qxy to A(yx — gxy).

1. If g = 1, no restriction so
Autg (k[x,y]) = GLa(k).

2. Ifg=—-1l,a=0=00rf=v=0s0
AUtgr(]k—l[xay]) = (]k><)2 x (o).

3. Ifg#+1,8=~v=0s0
Autg (kg [x, y]) = (L)?.
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Bialgebras

® A bialgebra H over k is a k-algebra (H,m, u) and a k-coalgebra

(H, A, ¢) such that

(a) m and u are coalgebra morphisms
A(ab) = A(a)A(b) and Al)=1®1
(@’) A and ¢ are algebra morphisms

A(ab) = A(a)A(b) and e(ab) = e(a)e(b).

¢ Sweedler Notation. A(a) = a1 ® as.

® A Hopf algebra is a bialgebra with a k-linear antipode S

S(a1)ay = a1S(ap) = e(a).
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Quantum symmetries

® Bialgebra (co)actions capture quantum symmetries.
® Let yM be the category of left H-modules.
® Ais called a left H-module algebra if A € g M such that

h-(ab) = (hy - a)(ha - b)
h- 1A = E(h)lA.

Theorem. [Etingof-Walton, 2013]

Let H be a semisimple Hopf algebra over an algebraically
closed field of characteristic zero. If A is a commutative domain
that is an H-module algebra, then the H-action factors through
a group action.
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Hopf algebras as quantum symmetries

Theorem. [Etingof-Walton]

Semisimple Hopf actions on commutative domains are
captured by group actions.

3
Hopf algebras I Quantum symimetry AS regular algebras
3 |
Groups I Classical symmetry Polynomual rings
d
Hopf algebras “=" Quantum groups
Bialgebras “=" Quantum semigroups

[Extremely rich theory.]
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Hopf algebras as quantum symmetries

In this picture:

Hoptf algebras AS regular algebras
| Groups I Classical symmetry Polynomial rings

noncommutative connected

¢

commutative connected

Motivating question.

How do we enlarge this picture?

(Quotients of) path algebras of quivers: so Ag # k.
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What is symmetry?

® Group: g.(ab) = (g.a)(g.b) and .1 = 1.
e Hopf algebra: h.(ab) = (h1.a)(h2.b) and h.1 = e(h)1.
* (C,®,1) a monoidal category. An algebra object in C is
(A, m,u) where A is an object, m and u are morphisms satisfying:

ARA) @AY A (AcA) CAsA 1A% AA w1

m®IdAi J/m \ J/m/
A
ARA A A

m

® Group: (A, m,u) an algebra object in monoidal category ycM.
® Hopf: (A, m,u) an algebra object in monoidal category gM.
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A more general framework?

Look for H with yM or M monoidal.

Many generalizations of Hopf algebras:

Weak Hopf algebras

Quasi-bialgebras with antipode

Hopf algebroids

Hopf bimonoids in duoidal categories

AR

Hopfish algebras
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Weak Hopf algebras

® A weak bialgebra H over k is a k-algebra (H,m,u) and a
k-coalgebra (H, A, ¢) such that

(1) A(ab) = A(@)A(b),
@) (AoId)oA=(ADD1® A1) =12 A1)A01)®1),
(3) e(abe) = e(aby)e(bac) = e(aby)e(bic).

® Bialgebra if and only if A(1) = 1® 1 if and only if (ab) = e(a)e(b).
® A weak Hopf algebra is a weak bialgebra with antipode S:

S(a1)ay = lie(aly), a15(az) = e(13a)1,, S(a1)axS(az) = S(a).
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Counital maps

® The maps appearing in the antipode axioms:
S(ay)ap = 11e(aly), mS(a2) = e(Lia)ly

are important.

source counital map target counital map
es:H—H e:H—H
es(a) = 11e(aly) er(a) = e(lya)ly
source counital subalgebra target counital subalgebra

® H; and H; are antiisomorphic separable, semisimple,
finite-dimensional, codieal sub-k-algebras.

® A weak bialgebra is a bialgebra if and only if H; = H; = k.
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Why weak Hopf algebras?

¢ Introduced by [Bohm-Nill-Szlachanyi 1999], motivated by
physics: study symmetries in conformal field theory.

® Axioms are self-dual, so the dual of a finite-dimensional weak
Hopf algebra is again a weak Hopf algebra.

Example.

If H, K are bialgebras, then I ¢ K is an algebra as usual and a
coalgebra under

A(h,k) = (h1,0) ® (h2,0) + (0,k1) ® (0,kp)

e(h, k) = en(h) + ek (k)

But A(1,1) = (1,0) ® (1,0) + (0,1) ® (0,1) # (1,1) ® (1,1).
(HeK);=(H®K); =ka k.
So H @ K not a bialgebra, only a weak bialgebra.
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Why weak Hopf algebras?
If G, H are groups, then G Ll H is not a group, but a groupoid.

Example.

G is a groupoid. kG the groupoid algebra is a weak Hopf
algebra.

ForgeG: Alg=g®g e@=1 5@ =g

(kG); = (kG)s = ke @ key.

Weak Hopf algebras “=" Quantum groupoids
Weak bialgebras “=" Quantum semigroupoids
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Why weak Hopf algebras?

Theorem. [Hayashi 1999, Szlachanyi 2001]

Every fusion category is equivalent to g My for some weak
Hopf algebra H.

o If (H,m,u,A,¢)is an algebra and coalgebra such that
A(ab) = A(a)A(b), then
A axiom = " M and M are monoidal,

€ axiom = g M and Mpy are monoidal.

® But not @y! [Nill 1998], [Bohm—Caenepeel-Janssen 2011],
[Walton—Wicks—W arXiv: 1911.12847]
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An important example

Example. [Hayashi]
Q a finite quiver, e.g.:
Q=1-">2-"15,3.

Define a graded weak bialgebra $(Q):
® k-basis: {x,5 | a,b € Q¢, ¢ € N}

= {xij | 1 <1,j <3 U{Xpp, Xpg: Xg.p X9} U {Xpgpq}-

Xaepd, if ac and bd are paths
® Multiplication: x, px. g4 = ac,bd ; p
S 0, otherwise.

® Unit: 155(Q) = Zi,jEQO Xij.
® As an algebra, H(Q) = kQ [Calderon-Walton, 2021].
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An important example

Example. [Hayashi]
Q=1-"t-52-"153

* Comultiplication: A(xzp) = D e, Xac ® Xcb

A(xpg) = Xpp @ Xpg + Xpg ® Xgq.

¢ Counit: €(x,p) = 64p-
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An important example

Example. [Hayashi]
There are natural left and right coactions of $(Q) on kQ:

Q. kO - H(Q) @ kQ Q) kQ = kQ ® H(Q)
a Zxa,h®b aHZb@xb,aﬂHZxa,b@
beQ, beQq beQq

Making kQ a left and right $(Q)-comodule algebra.
(~ algebra object in ? M and M, see [Walton-Wicks-W].)
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Back to the beginning

¢ Title: Universal quantum semigroupoids.
¢ Quantum semigroupoid = weak bialgebra.

e Universal?

Main theorem. [Huang-Walton-Wicks-W]

The universal quantum semigroupoid of kQ is $(Q).
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Universal coactions

Suppose A is connected.

Definition. [Manin]
A left universal quantum semigroup (UQSG) of A is a bialgebra
O'*ft(A) that left coacts on A so that for every bialgebra H that

left coacts on A, there exists a unique bialgebra map
7 : O'*f(A) — H such that

A A© Oleft(A) ® A
x Lﬂ'@IdA
H®A.
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Universal coactions

Example. [Manin]
Let A = k[y1, y2]. Then

k(x11,X12,%2,1,%22)
R

Oleft( A) _

where
Y1—=>X11 QY1 +X12 QY2
Y2 = X21 QY1+ X22 QY.
Since [y1,y2] =0,

R = ([x11,%21], [x1,2, %22], [x1,1%2,2] — [X1.2, %21])
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Universal coactions

Definition. [Manin]

A right UQSG of A is a bialgebra O"8"(A) that right coacts on
A so that for every bialgebra H that right coacts on A, there
exists a unique bialgebra map 7 : O"#"(A) — H such that

(0]

A P A® Oright(A)
pH \LIdA K
A®H.

A transposed UQSG O"@"s(A) left and right coacts on A
universally via A9 and p© such that

(P°O)7T : A* -5 O A*

is \O (after identifying a basis of A with the dual basis of A*).
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Universal coactions

Example. [Manin]
Let A = k[y1, y2]. Then

Lk(xq1, %12, X2,1,%2.2)
R/

Oright ( A) _

where
Y1—= Y1 90x11 +Y2 @ X2
Yo = Y1 ®X12 + Y2 & Xpo.
Since [y1,y2] =0,

R' = ([x1,1,%12], [x2,1,%22], [¥1,1%22] + [%1.2,%21]) -
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Universal coactions

A= ]k[y LY ).
e O'*ft(A) gave relations

R = ([x1,1,x2,1], [xl,z,xzz], [x1,1x272] - [Xl,z,xz,l]) .

e Orisht(A) gave relations

R = ([x1,1,%12], [x2.1,%22], [x¥11%22] + [x12,%21]) -

e So O"nS(A) = Kk[xy 1, %12, %21, X2,2)-

¢ Coassociativity and counitality of coaction give

A(xij) = xig @ X1/ + Xip ® X,
5(x1-,]-) = (51'7]'.

e So O"ns(A) = O(Maty(k)) as a bialgebra.
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Universal UQSGds

Suppose A is not necessarily connected.

Definition?

A left UQSGd of A is a weak bialgebra O'ft(A) that left coacts
on A so that for every weak bialgebra H that left coacts on A,
there exists a unique weak bialgebra map 7 : O'*"(A) — H such
that

A O Oleft(A) ®A
Nz LW@IdA
H®A.
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Fact. If ¢ : H — K is a nonzero wba morphism, then H; = K;.

v bmlﬂa\amg /(k

Hye= M;(Q@k
TN

v/
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Universal UQSGds

® Would like a condition on H; that generalizes the bialgebra case.

Definition

A left UQSGd of A is a weak bialgebra O = O't(A) that left
coacts on A, with Ay = O; in © M, so that for every weak
bialgebra H that left coacts on A, with Ay = H;, there exists a
unique weak bialgebra map 7 : Of(A) — H such that the
diagram commutes.

¢ Call this a base preserving coaction.
e O;=1in OM.
® Analogous definition for Oright (A), with H; instead of H;.
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Universal UQSGds

A transposed UQSGd O""$(A) should coact on A on left and
right universally + transpose compatibility conditions.

Oy = Ay = 0Os.

Recall O antiisomorphic to Os.

® So in our work, we assume A is commutative.
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Main theorem

Theorem. [Huang-Walton-Wicks-W]

Let A = kQ. Then
0" (A) = 9H(Q)

where * = left, right, or trans.

® Surprising to us, but speaks to freeness of kQ.
¢ kQ is the tensor algebra Ty, (kQ1).

Theorem. [Huang—-Walton-Wicks-W]

Let I be a graded ideal of kQ. If O*(kQ/I) exists, then
O"(kQ/I) = H(Q)/Z

for some biideal Z of H(Q).
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Quadratic quiver algebras

Theorem. [Huang-Walton-Wicks-W]
If I is a graded ideal of kQ generated in degree 2, then

O (kQ/I) = O™ ((kQ/1)')°P

Otrans(]kQ/I) o OtranS((]kQ/I)!)op
where (kQ/I)' is the quadratic dual kQ°P/ Iép.

Example.

If I is the ideal of kQ generated by all paths of length 2, then
kQ/I = kQ'. Hence

O (kQ/T) = H(Q).
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Thank you!

- ™
Weak Hopf algebras Generalized AS regular?
Y
Hopf algebras IQuanmm symmetry AS regular algebras
|
G].‘O'LlpS I Classical SY[TIITICII’Y POl_"llOlI]iﬂl l'illgS

JJ J

\ J
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