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Abstract

We show that elliptic Harnack inequality is stable under form-bounded perturbations for
strongly local symmetric Dirichlet forms on complete locally compact separable metric spaces
that satisfy metric doubling property (or equivalently, relative ball connectedness property).
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1 Introduction

Let X = {X;,t € [0,00); P*,z € X'} be a diffusion process on a locally compact separable metric
space (X,d). A function h on a ball B = B(x,r) is harmonic if h(Xi,,) is a local martingale
under P* for every x € B; here 75 is the exit time from B by the process X and the filtration
is the minimal augmented filtration generated by X. The (scale-invariant) elliptic Harnack
inequality (EHI) holds for X if there exist constants C' > 1 and ¢ € (0,1) such that whenever h
is non-negative and harmonic on a ball B = B(z, ), then

sup h<C inf h. 1.1
B(x,0r) B(x,or) ( )

If it holds, the EHI is a valuable tool for the study of the process X and its associated heat kernel.
A well-known theorem of Moser is that the EHI holds if X is the symmetric diffusion
associated with a uniformly elliptic divergence form operator A = div(A(z)V). Associated with
such a process is the symmetric Dirichlet form (€, F) on L?(R?; dz), where

F=WL2(RY = {f € LX(R%dzx) : Vf e Lz(Rd;da:)}
is the Sobolev space on R? of order (1,2) and

E(f.f) = ./‘” @)V f(2)dz, | F.

We say two symmetric Dirichlet forms €1 and £?) on L?(R%; dx) with common domain F are
comparable if there exists C' > 1 such that

CEW(f, f) < EB(f, ) < CED(f, f) forall feF.

Moser’s result gives the stability of the EHI, in the sense that if £1) and £ are comparable
symmetric Dirichlet forms on L?(R% dx), associated with uniformly elliptic divergence form
operators A;, then the EHI holds for £ if and only if it holds for £,
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A few years later, Moser [Mo3] proved a parabolic Harnack inequality PHI, which holds
for non-negative solutions to the heat equation associated with a uniformly elliptic divergence
form operator A. In particular, if u is any non-negative solution to the heat equation % =
Au in a time-space cylinder Q = (0,72) x B(x,7), then writing T = r?,Q_ = (T/4,T/2) x
B(z,or),Q+ = (3T/4,T) x B(z,dr), we have

esssupu < Cpessinf u,
Q- Q+

where the constants Cp > 1 and 6 € (0,1) do not depend on z,r or u. Subsequently Grigor’yan
and Saloff-Coste in [Gr(l [Sal92] gave a characterization of the PHI, and the stability of the PHI
follows immediately from this characterization. The methods of these papers are very robust,
and this characterization of the PHI was extended to diffusions on locally compact separable
metric spaces [St], and to random walks on graphs [Del].

For a number of years the stability of the apparently simpler EHI remained an open problem.
Stability on a large class of unbounded spaces (including Riemannian manifolds and graphs) was
proved by two of us recently in [BM1]. However, the result there relied on the metric space being
geodesic and satisfying some strong local regularity conditions; one key use of this regularity
was to ensure the existence of Green’s functions.

The natural context for the study of the EHI is that of locally compact separable metric
measure spaces with strongly local regular (symmetric) Dirichlet forms, which we call a MMD
space. Examples include Riemannian manifolds, the cable systems of graphs [V], as well as
various classes of fractals. Not only do MMD spaces provide a common framework for all
these examples, but also certain transformations (change of measure, quasisymmetric change of
metric) which are natural for MMD spaces but are not so natural for manifolds and graphs.
These transformations are key to the argument in [BM1].

This paper has three main goals:

(i) We give a weak sufficient condition (a local Harnack inequality) for a MMD space to have
Green’s functions. This improves significantly the results of earlier papers, such as [BM1
BM2|, which needed some parabolic regularity. In particular, it allows us to drop the
Green function assumption ([BMIl Assumption 2.3]) made in [BMI].

(ii) We carry through the program of in the context of a MMD space satisfying these
weak regularity conditions. In particular, we drop the bounded geometry assumption (see
[BM1] Assumption 2.5] for its definition) on the MMD space (X, d, m, &, F), and relax the
condition that (X, d) is a length (or geodesic) space; both are needed in [BMI]. We assume
that (X, d) is a complete metric and satisfies metric doubling—see Definition [[LT] which is
equivalent under EHI to the ‘relatively ball connectedness’ condition (see Definition [5.1]).
The latter has the advantage that it is preserved by quasisymmetric changes of metric.
Example Bl shows that some regularity of the metric is needed if we are to have stability
of the EHI.

(iii) We do not assume that (X, d) is a length (or geodesic) space, and the metric spaces (X, d)
may either be of bounded diameter or of infinite diameter.

For a metric space (X,d), we use B(z,r) to denote the open ball centered at x € X with
radius 7. The closure and the boundary of the ball B(z,r) will be denoted as B(x,r) and
0B(x,r), respectively.




Definition 1.1. A metric space (X,d) is said to be metric doubling (MD) if there exists N > 2
such that for any x € X, R > 0 there exist z1,...,zy € X such that B(z, R) C UY | B(z;, R/2).

Remark 1.2. Assouad [Ass| showed that if (X, d) is (MD), then for every a € (0, 1), the metric
space (X,d“) has a bi-Lipschitz embedding into R™ for some n > 1. This in particular implies
that a metric doubling space (X, d) is always separable. One can also deduce the separability
of a metric doubling space from its definition. Indeed, a metric doubling metric space is totally
bounded by Exercise 10.17], which implies the separability. Furthermore, if (X,d) is
complete and (MD), then every ball in (X, d) is relatively compact by the aforementioned totally
boundedness property. Consequently, any complete metric doubling space (X, d) is separable
and locally compact.

When (X, d) is a locally compact metric space, a Dirichlet form (€, F) on L?(X,m) is said to
be strongly local if £(u,v) = 0 whenever u,v € F have compact support with v being constant in
an open neighborhood of supp[u]. See Proposition below for its equivalent characterizations.

The main result of this paper is the following stability result on the (scale invariant) EHI.
See Definition for a precise definition of the EHI.

Theorem 1.3. Let (X,d) be a complete metric doubling space, and let m be a Radon measure on
X with full support. Let (£, F) be a strongly local symmetric regular Dirichlet form on L*(X;m).
Suppose that (X,d,m,E,F) satisfies the EHI. Let (£',F) be another strongly local symmetric
regqular Dirichlet form on L?(X;m) such that

CTE(f, ) <Ef, ) < CEf,f)  forall f€F.
for some C > 1. Then (X,d,m,E', F) satisfies the EHI.

Theorem [[.3]is established based on characterizations of the EHI given in Theorem [.9] This
stability result is further extended in Theorem [[I1] to strongly local MMD spaces that may
have different symmetrizing measures.

Suppose that (X,d) is a length space. By [BMI, Theorem 3.11], (X, d) is metric doubling
if (X,d,m,E&,F) satisfies the EHI and has regular Green function. Theorem [[.3] together with
Theorems [4.8 and readily implies the following corolloary, which substantially improves the
main result, Theorem 1.3, of [BMI].

Corollary 1.4. Suppose that (X,d) is length space, and m is a Radon measure on X with full
support. Let (£, F) be a strongly local symmetric reqular Dirichlet form on L*(X;m). Suppose
that (X,d,m,E,F) satisfies the EHI. Let (', F) be another strongly local symmetric reqular
Dirichlet form on L?>(X;m) such that

CTYE(f, f) < E(f, ) < CEf, f)  forall f € F.
Then (X,d,m,E', F) satisfies the EHI.

The remainder of this paper is organized as follows. In Section 2, we present definitions and
terminology associated with regular symmetric Dirichlet forms as well as some basic facts that
will be used in this paper. Existence and regularity of Green functions are given in Section
[l for transient regular Dirichlet forms. The transience condition is removed in Section @ Tt



is shown there that any strongly local regular Dirichlet form (€, F) on a connected locally
compact separable metric space X that satisfies the local EHI is irreducible and has regular Green
functions. Various consequences of the EHI are presented in Section Bl In particular, it is shown
that for a complete locally compact separable metric space (X, d), under the EHI, relatively
ball connected, metric doubling and quasi-arc connected properties are all mutually equivalent.
In Section [, a good doubling measure p is constructed on a MMD space (X,d,m,&,F) that
satisfies the EHI and is relatively ball connected. This measure relates well with capacities and
is a smooth measure with full quasi support on X. It is shown in Section [ that the Dirichlet
form time-changed by the positive continuous additive functional generated by this doubling
measure p is a MMD space (X, d, u, £, F*) that satisfies Poincare inequality PI(V), the cutoff
energy inequality CS(V) and a capacity estimate cap(¥), where ¥ is a suitable regular scale
function. From this we can obtain equivalent characterizations of the EHI in Theorem [.9] and
deduce the stability result of the EHI stated in Theorem The scale function ¥ varies both
in space and in time; first studied such location dependent scaling functions in detail. An
extension of Theorem is given at the end of Section [7 that the second Dirichlet form £ may
have symmetrizing measure p different from m; see Theorem [Tl Three examples are given in
Section [§ The first example shows that without certain regularity of the metric, the stability of
the EHI may fail. The second example is of a strongly local regular Dirichlet form that fails to
satisfy the non-scale-invariant Harnack inequality. The third one is of a space which satisfies the
EHI and is covered by the results of this paper, but fails to satisfy the local regularity required
in [BMI1].

2 Preliminaries

In this section, we give definitions of some terminology from Dirichlet form theory that are used
in this paper and some basic facts. We refer the reader to [CEl [FOT] for more details on the
theory of symmetric Dirichlet forms. We use := as a way of definition.

Let (X,B(X)) be a measurable space and m a o-finite measure on X'. A bilinear form (€, F)
on L?(X;m) is said to be a symmetric Dirichlet form if

(i) F is a dense linear subspace of L?(X;m);

(ii) € is symmetric and bilinear on F x F such that E(f, f) > 0 for every f € F;
(iii) F is a Hilbert space with inner product £1(f, g) := E(f,g) + [ f(z)g(x)m(dz);
(iv) For every f € F,g:=(0V f)Alisin F and E(g,9) < E(f, f).

A bilinear form (£,F) on L?(X;m) satisfying properties (i)-(iii) above is called a symmetric
closed form. Any symmetric closed form is in one-to-one correspondence with a strongly con-
tinuous symmetric contraction semigroup {7T3;t > 0} on L?(X;m). Property (iv) above is called
the Markovian property which is equivalent to the corresponding semigroup {7;t > 0} being
Markovian; that is, 0 < T} f < 1 for any f € L?(X;m) with 0 < f < 1. A real-valued function f
is said to be in the extended Dirichlet space Fe if there is an £-Cauchy sequence { fy;k > 1} C F
so that limy_,~ fx = f m-a.e. on X, and we define E(f, f) = limy_,00 E(fk, fr). Clearly, F C Fe..
It is known that F = F., N L?(X;m); see Theorem 1.1.5(iii)].

The Dirichlet form (£,F) on L?*(X;m) is said to be transient if there exists a bounded



g € L'(X;m) that is strictly positive on X’ so that
/ lu(z)|g(z)m(dz) < E(u,u)'/?  for every u € F.
X

Clearly, if (£,F) is transient, then (F.,&) is a Hilbert space. The Dirichlet form (£,F) on
L?(X;m) is said to be recurrent if 1 € F, and £(1,1) = 0. Denote by {T};t > 0} the semigroup
on L?(X;m) corresponding to the Dirichlet form (£, F). By Theorem 2.1.5 and Theorem 2.1.8
of [CE], (£, F) is transient if and only if there is some L!'(X;m)-integrable function g that is
strictly positive on X so that Gg := fooo Tigdt < oo m-a.e. on X; and (&, F) is recurrent if and
only if for any non-negative g on X with [, g(x)m(dz) < oo, Gg € {0,00} m-a.e. on X.
Denote by B™(X') the completion of the field B(X) under the measure m. A set A € B"(X)
is said to be {T;}>o-invariant if Ty(1acf) = 0 m-a.e. on A for all t > 0 and f € L?*(X;m). By
Proposition 2.1.6], A € B"(X) is {1} }+>o-invariant if and only if 14u € F for every v € F
and
E(u,v) = E(Lgu, 14v) + E(1acu, 14cv)  for every u,v € F. (2.1)

The Dirichlet form (£, F) on L%(X;m) is said to be irreducible if for any {T}};>o-invariant set
A, either m(A) = 0 or m(A€) = 0. An irreducible Dirichlet form is either transient or recurrent;
see Propositions 2.1.3(iii) and 2.1.6].

A Dirichlet form (£, F) on L*(X;m) is said to be regular if

(i) (X,d) is a locally compact separable metric space and m is a Radon measure on X with
full support;

(il) FNC(X) is V& -dense in F, where C.(X) is the space of continuous functions on X" having
compact support;

(iii) F N Ce(X) is dense in C.(X) with respect to the uniform norm ||f|loc = sup,cy |f(z)] .

For a regular Dirichlet form (€, F) on L?(X,m), an increasing sequence {F;k > 1} of closed
subsets of X is said to be an £-nest if Ug>1Fp, is v/Ei-dense in F, where Fp, :={f € F: f =
0 m-a.e. on X'\ Fi}. A set N C X is said to be E-polar if there is an E-nest {Fi; k > 1} so that
N C X\ Ug>1F). An E-polar set A always has m(A) = 0. E-polar sets can also be characterized
by using capacity. Given a regular Dirichlet form (£, F) on L?(X;m), we can define 1-capacity
Cap, as follows. For any open subset U C X,

Cap(U) :=inf{& (f, f): f€F, f>1m-ae onU} (2.2)
with the convention that inf () := oo, and for any subset A C X,
Cap;(A) := inf{Cap,(U) : U C X open,U D A}. (2.3)

It is known (see Theorem 1.3.14]) that for a regular Dirichlet form (£, F) on L?(X;m),
A C X is E-polar if and only if it has zero 1-capacity. A statement depending on =z € A is
said to hold &-quasi-everywhere (E-q.e. in abbreviation) if there is an E-polar set N C A so
that the statement is true for every z € A\ N. A function f is said to be £-quasi-continuous
on X if there is an E-nest {Fj;k > 1} so that f|Fk € C(Fy) for every k > 1, where C(Fy) :=
{u : Fy — R|u is continuous}. When there is no possible ambiguity, we often drop &- from



E-quasi-everywhere and £-quasi-continuous. For a regular Dirichlet form (£, F) on L?(X;m),
every f € F. has an m-version that is quasi-continuous on X', which is unique up to an E-polar
set; see Theorem 2.3.4] or [FOT], Theorem 2.1.7]. We always take a function f in F, to be
represented by its quasi-continuous version.

Recall that a Hunt process X = {X;,t > 0;P*, 2 € X} on a locally compact separable metric
space X is a strong Markov process that is right continuous and quasi-left continuous on the one-
point compactification Xy := X U{0} of X. A set C C Xj is said to be nearly Borel measurable
if for any probability measure p on X there are Borel sets A1, As such that Ay C C C Ay and

PH(there is some ¢t > 0 such that X; € Ay \ A1) = 0.

Let m be a Radon measure with full support on X. A Hunt process X is said to be m-symmetric
if the transition semigroup is symmetric on L?(X;m). For an m-symmetric Hunt process X on
X, aset N C X is said to be properly exceptional for X if N is nearly Borel measurable,
m(N) =0 and

P*(X; € X9\ N and Xy € Xy \ N forallt >0) =1 for every z € X\ N.

In 1971, Fukushima showed that any symmetric regular Dirichlet form (£, F) on L?(X;m)
has an m-symmetric Hunt process X = {X;,t > 0;P*, 2 € X} on X associated with it in
the sense that the transition semigroup of X is a version of the strongly continuous semigroup
{Ty;t > 0} on L*(X;m) corresponding to (€, F), see [FOT), Theorem 7.2.1]. Furthermore, for
any non-negative Borel measurable f € L2(X;m) and ¢t > 0,

Bif (z) == E[f (X))

is a quasi-continuous version of 7;f on X. The Hunt process X associated with a regular
Dirichlet form (£, F) on L?(X;m) is unique in the following sense (see [FOT) Theorem 4.2.8)):
if X’ is another Hunt process associated with the regular Dirichlet form (£, F) on L?(X;m),
then there is a common properly exceptional set outside which these two Hunt processes have
the same transition functions. We say the m-symmetric Hunt process X on X is transient,
recurrent, and drreducible if so is its associated Dirichlet form (£, F) on L2(X;m).

In the remainder of this section, (£, F) is a regular Dirichlet form on L*(X;m) and X =
{Xi,t > 0;P* 2 € X} is the Hunt process associated with it. Let ¢ denote the lifetime of X,
and {F;;t > 0} be the minimum augmented filtration generated by X.

A subset N/ C X is said to be m-polar if there is a nearly Borel set A7 D N so that
P*(op, < o0) = 0 for m-a.e. © € X, where op, = inf{t > 0: X; € N7j}. It is known that a
subset V' C X is £-polar if and only if it is m-polar, and any £-polar set is contained in a Borel
properly exceptional set for X; see Theorems 3.1.3 and 3.1.5].

If (£,F) is irreducible, then (see [CE, Theorem 3.5.6]) for any non-E-polar nearly Borel
measurable set A,

P*(o4 <o00) >0 for E-qe. x € X. (2.4)

Let D be an open subset of X. The part process X of X killed upon exiting D is a Hunt
process on D whose associated Dirichlet form (€7, FP) on L?(D;m|p) is regular. Here m|p is
the measure m restricted to the open set D,

FP = {feF:f=0E&-qe. on DY, (2.5)

and P = £ on FP; see, e.g., Exercise 3.3.7 and Theorem 3.3.9 of [CF]. It is well known (see,
e.g., [CF, Theorem 3.3.8]) that A C D is £P-polar if and only if it is E-polar. Property ([2.4)
combined with Proposition 2.1.10] yields the following.



Proposition 2.1. If (€, F) is irreducible and D¢ is not E-polar, then the reqular Dirichlet form
(&, FP) on L?(D;m|p) is transient.

For u € Fe, the following Fukushima decomposition holds (see [CE, Theorem 4.2.6] or [FOT],
Theorem 5.2.2]):
u(Xy) —u(Xo) = M{" + N, t=0, (2.6)

where M" is a martingale additive functional of X having finite energy and N“ is a continuous
additive functional of X having zero energy. The predictable quadratic variation (M") of the
square-integrable martingale M" is a positive continuous additive functional of X, whose corre-
sponding Revuz measure is denoted by fi(,y. We call i, the energy measure of u € Fe. It is
known that

1
§u<u>(X) < E(u,u) < ppy(X)  for u € Fe.
When (€, F) admits no killing inside X', which is equivalent to the Hunt process admitting no
killing inside X" (that is, P*(X¢- € &, < 00) =0 for £-q.e. € X), we have
1
E(u,u) = §,u(u>(/l’) for u € Fe. (2.7)

When u € F. is bounded, its energy measure fi(,y can be computed by the formula
/ v(@) iy (dz) = 2E (u, uv) — E(u?,v) for all bounded v € F. (2.8)
X

For general u € Fe, ju(, is the increasing limit of ji,,,) asn — oo, where u, := (—n)V(uAn) € F.
See (4.3.12)-(4.3.13), and Theorems 4.3.10 and 4.3.11 of for the above stated properties of
Heu) -

The following is taken from Theorem 2.4.3 and Theorem 4.3.4 of [CE].

Proposition 2.2. The following are equivalent.

(i) (&, F) is strongly local (i.e., E(u,v) = 0 whenever u,v € F, the support of u is compact and
v is constant on a neighborhood of the support of u);

(i) E(u,v) = 0 whenever u,v € F with u(v —c¢) =0 m-a.e. on X for some constant c;

(iii) The associated Hunt process X is a diffusion with no killing inside X; that is, there is a
Borel properly exceptional set Ny C X so that for every x € X \ Ny,

P*(X; is continuous int € [0,()) =1 and P*(X._ € X,( <o0)=0. (2.9)

In Theorem 4.7 below, a new criterion for irreducibility will be given for strongly local regular
Dirichlet forms.

We use notation V' &€ D for V being a relatively compact open subset of D. For any open
set U, we define

functions on X such that for each V' & U, there is some
g € F so that f = ¢ m-a.e. on V.

f is an me-equivalence class of R-valued Borel measurable}
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Note that each f € ]:lgc admits an m-version that is £-quasi-continuous on U, which is unique
modulo an E-polar set. We always let a function in .7-"11({6 be represented by its quasi-continuous
version. When U = X', we simply write Fjo. for ]:lf)(c

When the Dirichlet form (&, F) is strongly local, the energy measure ft(u) has the following
strongly local property; see Proposition 4.3.1 and Theorem 4.3.10(i)].

Proposition 2.3. Suppose the Dirichlet form (£, F) is strongly local and D is an open subset
of X. Then

(i) py(D) =0 if u € Fe and u is constant E-q.e. on D;
(ii) Puy = M)y on D for every u,v € F so that u — v is a constant E-q.e. on D.

Let {Uy;k > 1} be an increasing sequence of relative compact open subsets whose union is
X. For u € Flo, there is some uy € F so that uy = u m-a.e. on Uy. Define i,y = pigy,y on Uy.
Since (€, F) is strongly local, g,y is uniquely defined by Proposition 2.3(ii). In view of ([2.1),
this allows us to extend the definition of £ to Fj,. by setting

1
E(u,u) := §,u<u>(X), u € Floc- (2.11)

In this paper, we will use time change of Dirichlet form and its associated Hunt process so
we need the notion of smooth measure. The following definition is from [CE| Definition 2.3.13].

Definition 2.4. Let (£, F) be a regular Dirichlet form on L?(X;m). A (positive) Borel measure
won X is smooth if it satisfies the following conditions:

(a) w charges no E-polar set;
(b) there exists an E-nest {F}} such that p(Fy) < oo for all £ > 1.

By [CE], Theorem 1.2.14], the above definition of smooth measure is equivalent to that defined
in [FOT) p.83]. Clearly every positive Radon measure charging no £-polar set is smooth, as in
this case we can take the E-nest {F} to be the closure of an increasing sequence of relatively
compact open sets whose union is X. We say D C X is quasi open if there exists an E-nest
{F,} such that D N F,, is an open subset of F,, in the relative topology for each n € N. The
complement of a quasi open set is called quasi closed.

Definition 2.5. (See [CE| Definition 3.3.4] or [FOT], p.190].) Let u be a smooth Borel measure
on X. A set FF C & is called a quasi support of p if it satisfies the following:

(a) F is quasi closed and p(X \ F)) = 0.

(b) If F is another set that satisfies (a), then '\ F is &-polar.

Such a set F exists by [FOT] Theorem 4.6.3]. We say that p has full quasi support if X is a
quasi support of .

We assume in the remaining of this paper that (£, F) is a symmetric strongly local regular
Dirichlet form on L?(X;m). We call (X,d, m,E,F) a metric measure Dirichlet (MMD) space.
Sometimes, to emphasize its dependence on the symmetrizing measure, we write F'" for F. Let
X ={Xy,t > 0;P* 2 € X} be the diffusion process associated with (X,d, m,E, F), whose life-
time is denoted as ¢ and the shift operators denotes as {6 }+>0. The one-point compactification



of the locally compact metric space (X,d) is denoted as Xy := X U {0}. For a nearly Borel
measurable set A C Xy, define the stopping times

oa=inf{t >0:X; € A}, 74 =o0x,4=inf{t >0:X; ¢ A},

and write 7, for 7¢,,. Note that by definition, 74 < ¢.

Here and in the following, we use the convention that X., := 0, and that any function
defined on a subset of X is extended to {0} by taking u(9) = 0.
The following definition is taken from [Chel Definition 2.1].

Definition 2.6. Let D be an open subset of X. We say a function u is harmonic in D (with
respect to the process X) if for every relatively compact open subset U of D, t +— u(Xinr,) is
a uniformly integrable P*-martingale for q.e. x € U. We say u is regular harmonic in D (with
respect to the process X) if E*[|u(X;,)|] < oo and u(x) = E*[u(X,,)] for q.e. € D.

Remark 2.7. (i) Observe that if P*(17y < o0) = 1 for q.e. « € U, then t — u(Xinr, ) is a
uniformly integrable P*-martingale for q.e. z € U if and only if u(z) = E* [u(X,,)] for q.e.
x € U. Sufficient conditions on P*(7y < oo) = 1 for q.e. € U are given in Propositions

B and below.

(ii) Using the Markov property of X it is clear that any regular harmonic function in D is
harmonic in D.

The relation of the above probabilistic notion of harmonicity to the analytic notion of har-
monicity has been investigated in [Che] for general symmetric regular Dirichlet forms. In the
setting of strongly local symmetric regular Dirichlet forms, one direction becomes much easier
to analyze; cf. [Chel Theorem 2.7 and Remark 2.8].

Definition 2.8. Let D be an open subset of X. We say a function w is £-harmonic in D if
u€ FP and

loc

E(u,v) =0 for every v € Ce(D) N F. (2.12)

Note that as explained in (ZI1]), the bilinear form &(u,v) in (212]) is well defined due to the
strong locality of (£, F). If h € F. is E-harmonic in D and D¢ is not £-polar, then it follows
immediately from Theorem 3.4.8] or [FOT], Theorem 4.6.5] that h(x) = E*[h(X,, )] for q.e.
x € D; that is, h is regular harmonic in D. In general, we have the following.

Proposition 2.9. Suppose D is an open subset of X.

(i) Any E-harmonic function in D is harmonic in D. Moreover, it is reqular harmonic in any
relatively compact open subset U of D so that X \ U is not E-polar.

(i) If w is locally bounded and harmonic in D, then u is E-harmonic in D.

Proof. (i) This is essentially a particular case of [Chel Theorem 2.7]. For strongly local regular
Dirichlet forms, the proof can be much simplified. For reader’s convenience, we present a proof
here. Suppose that A is an £-harmonic function in D. Let U be any relatively compact open
subset of D. Since h € .7-"1?0, there is some f € F so that f = h m-a.e. and hence q.e. on U as
they are all represented by their quasi-continuous versions, and

E(f,v) =E(u,v) =0 forevery v e C.(U)NF. (2.13)



If U = X q.e., then it follows from (ZI3) that £(f, f) = 0, and so, by [Che, Lemma 2.2],
P*(f(X:) = f(Xo) for all £ > 0) =1 for q.e. @ € X. Clearly h is harmonic in D in this case. If
X \ U has positive E-capacity, by Theorem 3.4.8] or [FOT], Theorem 4.6.5], h(z) = f(x) =
E*[f(Xs,)] = E*[h(X+, )] for q.e. € U; that is, h is regular harmonic in U. It follows by the
Markov property of X that that h(X¢ar, ) is a uniformly P*-martingale for q.e. x € U. So h is
harmonic in D.

(ii) This is a special case of [Chel, Theorem 2.9] so we omit its proof. O

It follows from Proposition 2.9 that a locally bounded measurable function u in D is harmonic
in D if and only if it is £-harmonic in D.

Proposition 2.10. Suppose D is an open subset of X.

(i) Any non-negative reqular harmonic function uw in D is the limit of an increasing sequence
of bounded regular harmonic functions {u,;n > 1} in D.

(ii) Suppose that u is a non-negative harmonic function in D and U is a relatively compact
open subset of D. Then u is the increasing limit on U of a sequence of bounded harmonic
functions on U.

Proof. (i) For n > 1, define u,(x) = E* [(n A u)(X,, )] for z € D\ Nj. Clearly w,, is a bounded
regular harmonic function in D that increases to u(x) = E* [u(X,,)], € D\ Ny, as n — oo.
(ii) Let U be any relatively compact open subset of D. By definition, t — u(Xiar, ) is a
P*-uniformly integrable martingale for q.e. = € U. Thus u(Xar,) converges to some random
variable ¢ > 0 in L'(P?) and P*-a.s. for q.e. x € U. In particular, u(z) = E*[¢] for q.e. x € U.
For each n > 1, define u,(z) = E*[{ An]. Then u,, is bounded and harmonic in U and it increases
q.e. touon U. O

3 Local regularity for transient spaces

Since (€, F) is strongly local, by Proposition 2.2] its corresponding Hunt process X is a diffusion
that admits no killing inside X. Thus there exists a Borel properly exceptional set Nj so that
the Hunt process X, whose lifetime is denoted by (, can start from every point in X'\ Ny and

[23) holds.

It follows that
P*(X; =z for all t € [0,{) and ( < 00) =0 for every x € X \ Np. (3.1)

In the remainder of this section unless otherwise specified, we assume in addition that (€, F)
is transient. In view of [CEl Theorem 3.5.2], by enlarging the Borel properly exceptional set N
if needed, we may and do assume that
p* (C = oo and tlim X, = 8) =P*(( =o00) forevery z € X\ N. (3.2)
— 00

Proposition 3.1. For any relatively compact open subset D C X,

P*(rp < () =1 forqe z€D.
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Proof. Recall that 0 is & one-point compactification of X. Since D is a relatively compact open
subset of X', X U{d} \ D is an open neighborhood of 9. We know from (Z9) that

P*( X =0, ( <o) =P*(( <o0) forxeX\N.

This together with ([3:2]) implies that
p* <1iTI£lXt = 8) =1 forany z € X\ Np.
t

Consequently, we have that P*(7p < ) = 1 for every x € D \ Np. O

The transience condition on (£, F) can be dropped from Proposition B.lif we assume D€ is of
positive E-capacity. We emphasize that transience of (€, F) is not assumed in next Proposition.

Proposition 3.2. Suppose that (€, F) is a symmetric, irreducible, strongly local reqular Dirichlet
form on L?>(X;m) and D C X is a relatively compact open set of X so that D¢ is not E-polar.
Then P*(tp < 00) =1 for g.e. x € D.

Proof. Since (£,F) is an irreducible, it is either transient or recurrent. The conclusion of the
proposition follows readily from Proposition Blif (£, F) is transient. When (€, F) is recurrent,
the desired conclusion holds as well since X, in fact visits X \ D infinitely often under P* for
g.e. x € X by [CE, Theorem 3.5.6]. O

Lemma 3.3. P*(r, > 0) =0 for every z € X \ Njy.

Proof. We have by B.1)) and 32)) that 7, < { P¥-a.s. for every z € X'\ Nj. Clearly X,, = x on
{0 < 7, < ¢} since X is a diffusion. Let A, := {7, > 0}. Since 14, = 14 06, on {0 < 7, < (},
we have by the strong Markov property of X that for z € X \ N,

P?(A,) = E” [PX=(A2);0 < 7 < ¢] = PY(AS) P(0 < 7 < €) = (1 — P¥(A,))P¥(A,).
It follows that P*(A;) = 0. O

Let B4 (&X) denote the non-negative Borel measurable functions on X'. Denote by {P;;t > 0}
the transition semigroup of the process X; that is,

Pif(x) =E*[f(X)],  x€X\No, t>0, feBy(X),

with the convention that f(0) := 0. Define the Green operator G by

Gf(z) = Ew/ooo f(Xt)dt:/OOOEx[f(Xt)]dt:/oooPtf(x)dt, 2 € X\ND, f € Bo(X).

Lemma 3.4. By enlarging the Borel properly exceptional set Ny if mecessary, there is an
LY (X;m)-integrable function gq that takes values in (0,1] on X such that

Ggo(z) <1 forz e X\ Ny, Ggo€ Fe and E(Ggy,Ggo) < 1. (3.3)
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Proof. By Theorems 2.1.5(i) and A.2.13(v)], there is an L'(X’;m) function g; bounded by
1, strictly positive on X, such that Gg; < co m-a.e. on X and Gg; € F, with £(Gg1,Gg1) < 1.
Since Gg; is excessive and hence finely continuous Theorems A.2.2], by enlarging the
properly exceptional set Ny if necessary, we may and do assume that Ggi(z) < oo for every
re X \N(]

Let k > 1 and set fr = g1lqg, <y and Ty = inf{t > 0: Gg1(X;) < k}. Since Gg is finely
continuous we have Gf(Xr7,) < Gg1(X7,) < k on {T}, < co}. Hence by the Markov property

Gfk(a;) = Exl{Tk<oo}/T fk(XS)dS = Exl{Tk<oo}Gfk(XTk) < k.
k

Let go = > o0 k7 127% f; + 15, Then go is strictly positive on X, and
Ggo(x) <1 for every z € X\ Ny,
Ggo € Fe and E(Ggo,Ggo) < E(Gg1,Gg1) <1 Theorem 2.1.12-(i)]. O

It follows from ([B3) that for every x € X \ Ny, G(z,dy), defined by G(z, A) = Gla(z), is
a o-finite Borel measure on X'. By the symmetry of the process X, each P, is a symmetric
operator in L?(X;m). Hence

/ 9(@)Gf (x)m(de) = / F(@)Gg()m(de)  for f.g € By (X). (3.4)
X X

Definition 3.5. We say condition (HC) holds if there is an E-nest {F,;n > 1} consisting of an
increasing sequence of compact subsets with No C X \ U, F,, such that if xg € X and r € (0,1],
and f has compact support in B(xg,2r)¢, and satisfies 0 < f < cgg for some ¢ > 0, then G f(x)
is continuous in B(xg,r) N F, for everyn > 1.

Condition (HC) is a weaker condition than the condition that bounded harmonic func-
tions in B(xg,2r) are continuous in B(xg, 7). We show in Example an example of MMD
(X,d,&,F,m) that (HC) holds but there is a bounded harmonic function in B(zg, 2r) that is
not continuous at xg.

Note that it follows from the definition of E-nest in Section 2] if {F,;n > 1} is an E-nest,
then so is {K,;n > 1}, where K,, = supp[lg,m|. Thus without loss of generality, in this paper
we always assume that the E-nest in (HC) has the property that F,, = supp[lp, m] for every
n > 1. For an E-nest {F,,}, N = X \ U, F), is E-polar and, in particular, has zero m-measure.

Theorem 3.6. Assume that condition (HC) holds with an E-nest {F,}. Let N be a Borel
properly exceptional set that contains X \ U, F,, D Ny. Then for every x € X \ N, G(x,dy)
is absolutely continuous with respect to m. Consequently, for every x € X \ N and t > 0,
Pi(z,dy) = P*(X; € dy) is absolutely continuous with respect to m.

Proof. It follows from ([B4) that G(z, A) = 0 m-a.e. on X for every A C X with m(A) =0
(by taking f = 14 and g = 1). Let gp be the strictly positive function from Lemma B4l Fix
z0 € X\ N and r > 0. For j > 1, let E; = {z € X : 277 < go(x) < 2177}, Then the E; form
a partition of X \ Ng. Let A C B(xo,2r)¢ with m(A) = 0. Since 1ang, < 27go, we have by
condition (HC) that for each k£ > 1 and ¢ > 1 the function z — G(x, AN Ej) is continuous and
therefore zero on B(zg,r) N F),. Thus G(z, ANE;) = 0 for every x € B(zg,7)\N. Consequently,

12



G(z,A) =372, G(z, AN Ej) = 0 for every x € B(wo,r) \ V. In particular, this shows that for
every xg € X \ N,

G(xo,dy) is absolutely continuous with respect to m(dy) on X\ {zo}. (3.5)

We claim that G(zg, dy) is absolutely continuous with respect to m(dy) on X'. This is clearly
true if m({zp}) > 0. We thus assume m({zp}) = 0 and for ¢ > 0 define

¢
hz,t) = Ex/ Ly (X) ds.
t

We set h(z) = h(x,0) = (Glyz,))(z), and need to prove that h(xg) = 0.

The function h is harmonic on X'\ {zo} and since m({zo}) = 0, we have by ([B.4]) that h =0
m-a.e. on X. Further, by condition (HC), h(z) = 0 on X\ (N U{zo}). Thusif A = {y: h(y) > 0}
then A C N'U{zo}. Let T'=inf{s > 0: X, & A}; as N is properly exceptional and (by Lemma
B3) X leaves xg immediately, we have P*0(T = 0) = 1.

Let {F:}i>0 be the minimum augmented admissible filtration generated by {X;}:>0. Let
t >0, and set My = h(Xs,t — s) for s € [0,t]. By the Markov property of X, for s € [0, ],

¢ ¢
v [/ 1{xo}<Xr>df\fs] =B / o) (X0 )dr = h(Xo,t = 5) = M,

Thus {Ms; s € [0,t]} is a right continuous non-negative martingale. If w € {T" = 0} then there
exists a sequence s, | 0 such that X, (w) & A, and thus

0< M, (w) =h(Xs,,t —s,) <h(Xs,) =0.

Consequently we have My(w) = 0. Thus we have h(zg,t) = E*°My = 0. It follows then
h(x()) = limt_>0 h(ajo, t) = 0.

This together with ([B.5]) shows that G(z,dy) is absolutely continuous with respect to m(dy)
on X for every z € X \ N. That P*(X,; € dy) is absolutely continuous with respect to m for
every z € X\ and ¢ > 0 follows immediately from Proposition 3.1.11] or [FOT] Theorem
4.2.4]. O

With Theorem at hand, we can deduce the following.
Theorem 3.7. Assume that condition (HC) holds with an E-nest {F,}. Let N be a Borel

properly exceptional set that contains X \ U, F,, D Ny. Then there exists a non-negative jointly
B(0,00) x B(X x X)-measurable function p(t,z,y) on (0,00) X (X \ N) x (X \ N) such that
(i) for every f € Bo(X), x € X\ N and t >0, E*f(X;) = /Xp(t,%y)f(y)m(dy);
(ii) p(t,z,y) = p(t,y,z) for every x,y € X \ N and t > 0;
(iii) For every t,s >0 and z,y € X \ N, p(t + s,x,y) = /Xp(t,x, 2)p(s, z,y)m(dy).

Consequently, g(z,y) = fooo p(t,x,y)dt, x,y € X \ N, is a non-negative jointly B(X x X)-
measurable function on (X \ N) x (X \ N) such that

(iv) Gf(z) = /X o(29)f (y)m(dy) for every z € X\ N and f € B (X);
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(v) g(z,y) = g(y,x) for every xz,y € X\ N, and x > g(x,y) is X|y\n-excessive for every
ye X \N.

(vi) For every yo € X \ N, x = g(x,y0) belongs to Fa\(y,y and is harmonic in X \ {yo}. In
fact, for any xg € X \ {yo} and any r € (0,d(xo,v0)), x — g(x,y0) is reqgular harmonic in
B(xzg, 7).

Proof. We first show that for each 2 € X\ NV and t > 0, X has a pointwisely defined transition
density function p(t,x,y). This part is almost the same as that for [BBCK| Theorem 3.1]. For
reader’s convenience, we spell out the details here.

By Theorem B.6 for every ¢t > 0 and z € X \ N there is an integrable kernel y — py(t, x,y)
defined on X such that

B F(X0) = if @) = [ molt.os)fymidy)  for every f€B(X). (36)
We note that po(t,z,y) can be chosen to be jointly Borel measurable on (0,00) x X x X by
an application of the martingale convergence theorem (see, e.g., Proposition 5.6] with
Hi(z,y) = o0). From the semigroup property P,.s = P,Ps, we have for every ¢,s > 0 and

reX\N,

pw+&%w=/pr@m®AwMW) for m-a.c. y € X. (3.7)
X

Note that since P; is symmetric, we have for each fixed ¢ > 0,
po(t,z,y) = po(t,y,x) for m-a.e. (x,y) € X x X. (3.8)

For every t > 0 and xz,y € X \ \V, let s € (0,¢/3) and define

st = [ pnlsszio) ([ it =250 2m(s.p i) ) miaw). 39
Clearly, p(t,z,y) is jointly Borel measurable on (0,00) x (X \N) x (X \N). By B and ([B.3)),

the above definition is independent of the choice of s € (0,t/3). Clearly by ([B.8]) with ¢ — 2s in
place of ¢ and (w, z) in place of (x,y), we see that

p(t,z,y) = p(t,y,z) for every z,y € X \ N. (3.10)

By the semigroup property ([3.7)), (8.6) and (B3.8)), we have for any ¢ > 0 on X and z € X \ N,

Lémwwme—&mwmwm)wwmw»
[tz ([ nle = 25,0 20l ot ) i) ) oy
~ [ st p)otwymias). (3.11)
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Thus for each x € X \ N, p(t,x,y) coincides with py(t,z,y) for m-a.e. y € X. For t,s > 0 and
z,y € X\ N, take sg € (0, (t A's)/3). We have by B.7)-(33)

p(t+s,z,y)
= /Xpo(so,x,w) (/Xpo(t +5— 280,w,z)p0(so,y,z)m(dz)> m(dw)
= [ ot whpn(t = 250, .., s, (s 250,02
po(s0,Y, 2)m(dw)m(dus )m(dug)m(dz)m(dv)
= /Xp(t,a:,v)p(s,v,y)m(dv). (3.12)

Define g(x,y) := [;° p(t,z,y)dt for 2,y € X \N. Note that g : (X \N) x (X \N) — [0, 00] is
jointly Borel measurable It follows from (B.II]) and Fubini theorem that for every f € B4 (X),

=E* /000 f(Xs)ds = /Xg(:n,y)f(y)m(dy) for every x € X \ V.

Clearly by 3IQ), g(z,y) = g(y,x) for every z,y € X \ N. Note that for each fixed y € X \ N
and ¢ > 0, by Fubini theorem and (3.12]),

Pig(-,y)(x) = /Xp(t,a:,z)g(z,y) m(dz) = /too p(s,z,y)ds < g(x,y) for every z € X\ N,

and limg o Prg(-,y)(x) = g(x,y) (this limit exists since it is non-increasing). This shows that for
each fixed y € X \ N, x — g(z,y) is an excessive function of X |\

The proof of (vi) is similar to that for [KWI| Proposition 6.2]. Let yo € X \ N . For any
xzo € X\ {yo}, take 0 < r < d(xo,y0) and 0 < 1 < d(xg,yo) — r. For any non-negative f €
C.(B(yg,71)), by Fubini theorem and the strong Markov property of X, for each = € B(xq,r)\N,

[ B iy )] @) =B [(GF) (X, )]
B(yo,r1)
~Gf@)= [ glay)fwmidy)
B(yo,r1)
Hence for each x € B(zg,r) \ N,

E* |:g(XTB(xO,r)7y)] =g(z,y) for m-a.e. y € B(yo,r1).

Since y — g(z,y) is X| x\w-excessive, it follows from the monotone convergence theorem, Fubini
theorem, the fine continuity of y — g(z,y) (see [CEL Theorem A.2.2] or [FOT, Theorem A.2.5])
and Fatou’s lemma that

E* |:g(XTB(:vO,r)7y0):| = ltli(r)lpt <E g(XTB(zo,'r)7 )) (yO)
> hm;up (Prg(z, ) pye.r)) (Y0)
t

Y

Yo [lirﬁ(i)nf g(x, Xt)lB(ymm) (Xt)}

= g(7,v0)-

15



On the other hand, clearly E* [Q(XTB@O,T) , yo)} < g(w,y0) as x +— g(w,yo) is excessive for X[\
and hence {g(X¢, yo) }+>0 is a right-continuous supermartingale by [CE| proof of Theorem A.2.2].
Thus we have E* {g(XTB(zO)T),yO)} = g(z,yo) for every x € B(zo,r) \ N; that is, x — g(z,y0) is

regular harmonic in B(xg,r). This in particular proves that = +— g(z,yp) is harmonic in X'\ {yo}.
O

We call the function g(x,y) in Theorem 3.7 the Green function of X.

Remark 3.8. There are gaps in the proofs of the existence of a Green function in [BBK] and
Lemma 5.2]. For details of the gap in [GH], see Remark 4.19]. The gap in [BBK] is
that it is not proven that the Green’s function is the integral kernel of the Green operator (cf.
Theorem B7(iv)).

We next give a sufficient condition for (HC).

Definition 3.9. (i) We say that the (non-scale-invariant) elliptic Harnack inequality (Ha)
holds on X if for any ball B = B(xg,r) in X, there are constants Cp > 1 and dp € (0,1)
such that B(zg,dpr) is relatively compact and that for any non-negative bounded u € F,
that is regular harmonic in B(zg,r),

esssup g u < Cpessinf (g 550U (3.13)

x0,0BT)

Remark 3.10. (i) Note that due to the local compactness of (X, d), for any z € X and r > 0,
there is some 6 > 0 so that B(x,dr) is relatively compact and so 0 < m(B(x,dr)) < oo, as
m is a Radon measure with full support on X. So the relative compactness condition on
B(xp,0pr) in (Ha) is always satisfied if we take dp > 0 small enough.

(ii) If (Ha) holds, then (3I3]) holds for any non-negative u € F. that is regular harmonic
in B(xzg,r). This is because u(z) = E* [u(X

TB(acO,r')
E® [(u An)(X

TB(Z'O,T‘))

)} is the increasing limit of u,(z) :=

as n — oo q.e. on X, and by [CE, Theorem 3.4.8], u,, > 0 is a

bounded function in F, that is regular harmonic in B(z, r).

(iii) Note that if property (B3] holds for a ball B = B(xg,r) with constants Cp and dp then
it holds for any larger ball B(xzq, R) with constants Cp and dpr/R.

Theorem 3.11. Assume that (Ha) holds and that

Ay =inf {E(f, ) : f € F with || f|| p2(x;m) = 1} > 0.

Then (HC) holds. Moreover, the E-nest {F,} in (HC) can be taken so that for any compact
subset K C X and any xo € X \ K, there exist some ro > 0 with B(xg,79) C K¢ and a constant
C = C(K,xo,70) > 0 such that for any f € L*(K;m), Gf is continuous on each K¢ N F, and

sip  |Gf(2) <C /K F(@)m(dz). (3.14)

x€B(z0,m0)\N
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Proof. Since Ay >0, Gf € F C L*(X;m) and ||Gf| 12 < A3 fllz2 for every f € L2(X;m).

Under Ay > 0 and (Ha), for every zg € X, r > 0, and any ball B(yo, R) C X \ B(zo,7),
by Remark BI0(iii) above and the same argument as that for (5.10)], we have for any
f e LYX;m) with f =0 on B(yo, 6p(ye,r)R))",

CB(2o,) OB(yo,R)
Ax \/m(B(ZEO, 5B(:c0,r)r))m(B(y07 OB(yo,R) IR

esSSUP g, 5r) |G f| < Il 21 e smy- (3.15)

Observe that by the strong Markov property of X, for such f, Gf is regular harmonic in
B(xg,r).
Let {zk;k > 1} C X be a dense sequence of points in X', and

A= {17 = (x4, xj,r5,11) 2 4, 4, K, 0 > 1, € Qp 1 € Qp with B(xy, i) N B(xj, 1) = (])}.

Let 0, € (0,1) be one half of the largest positive constant dp in (Ha) for the validity of
the Harnack inequality in the ball B(x;,7) and C;; > 0 be the corresponding comparison
constant. We select ¢;; in this way to ensure the uniformality of the constants ép when the
centers or radius of the balls are close to each other. This uniformality is needed when we do
the finite covering of such balls over compact set K in the last step of this proof. Note that
A is a countable set. For each n = (z;,z;,75,7) € A, let {f,,p > 1} be a dense sequence in
C.(B(z,8;,m)) with respect to the supremum norm. Since fy € L*(X;m), Gfy € F and it
is quasi-continuous by the 0-order version of [CE| Proposition 3.1.9] or [FOT) Theorem 4.2.3].
Thus there is an E-nest {F,E"),n > 1} consisting of an increasing sequence of compact sets such
that Np C X'\ U;L’Oley(L") and G f, is continuous on each FT(LU) for every integer p > 1; see [CE|
Lemma 1.3.1]. Let N, := X'\ UfleFr(Ln), which is E-polar and in particular has zero m-measure,

— CikCi . .
and C), := SOy e Inequality (B15]) yields that

sup |Gfk1 (l‘) - Gsz (‘/E)| < Canlﬁ - kaHLl(B(ZEj,(SjJTl);m)' (3'16)
z€B(x4,0; kmK) \ Ny

Since { fp,p > 1} is uniformly dense in C.(B(xj,d;7;) and m is a Radon measure on &X', it follows
that G f is continuous on each B(x;, d; ;%) N F,ﬁ”) and

sup |Gf(l‘)| < CT]HfHLl(B(:cj,6j’lrl);m)7 (317)

z€B(2:,0; 1K)\ N7

for every f € C.(B(xj,d;rj). Let D be an open subset of B(xj,d,r;). Since 1p can be approx-
imated pointwise by an increasing sequence of continuous functions with compact support in
B(zj,0;r;), we have from (BI7) and the monotone convergence theorem that

sup G(x,D) < Cym(D). (3.18)
Z‘EB(Z‘@7(5i’ka)\Nn

For any Borel subset A C B(x;,0;7;), let {Dy;k > 1} be a decreasing sequence of open subsets
of B(xj,d;r;) so that limy_,o m(Dy\ A) = 0. By ([BI8) and the monotone convergence theorem,

sup G(z,A) < liminf sup |G(x, Dy,))| < liminf Cym(Dy) = C,m(A).
z€B(wi,0; k1) \ Ny k—o0 2EB(3,0; k1) \Ny k—o0
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The above in particular implies that for each x € B(x;, 6; 17%) \ Ny,
G(x,dy) is absolutely continuous with respect to m(dy) on B(x;,0;7;). (3.19)

Since {fp,p > 1} C Co(B(xj,d;r;) is dense in LY(B(z;,8;,m);m), it follows from B.I6]) and
BI3) that Gf is continuous on each B(x;,d; x7%) N " and

Sup ’Gf(l')‘ <C ”f”Ll B(z,6;;m);m)»
z€B(24,0; 57k) \Ny ! (Bl Ssmi)im)
for every f € L'(X;m) with f =0 on B(x;,8;,m)".
By [CEL Lemma 1.3.1] and its proof, by taking suitable intersections of FT(LZ)’S, there is an

E-nest {F,,n > 1} consisting of an increasing sequence of compact subsets of X such that
No C X\ U2, F), and that for every n € A, Gf is continuous on each B(z;,0; ;) N Fy, and

sup IGf (@) < Coyll fllr (B 6, m)m) (3.20)
Z‘EB(Z‘@,(Si,ka)\N
for every f € LY(X;m) with f =0 on B(x;,8;,m)¢, where N := X \ U, F,, which is E-polar.
Let K be a compact subset of X. As {x;} is dense in X’ one can deduce from ([B.20)) by finite
covering that for any f € L'(X’;m) that vanishes outside K, G'f is continuous on each K¢N F),,
and for any xg € K¢, there is some ro > 0 with B(xo,79) C K¢ so that

sup |G f(z)| < C(K, B)| fll L1 (5:m)-
z€B(zo,m)\N

This in particular proves that (HC) holds with the above E-nest {F),} of compact sets. O
Under the assumption of Theorem BIT] we have by (BI4]) that for every compact subset
KcX G, K)<ooforze(X\N)\K.
Using a time change argument, we can remove the assumption of Ay > 0 in Theorem B.111

Theorem 3.12. Assume that (Ha) holds. Then the conclusions of Theorems [Z11 hold. Con-
sequently, the conclusions of Theorems[3.8 and[3.7 hold.

Proof. Recall that our running assumption is that the Dirichlet form (£, F) on L%(X;m)
(or equivalently, its associated Hunt process X) is transient. Let gg be as in Lemma B4 and
wu(dz) = go(z)m(dx). We now make a time change of X via the inverse of the positive continuous
additive functional A; := fot go(Xs)ds. That is, let Y; = X,,, where 7, := inf{s > 0: A; > t}.
Then Y is p-symmetric and transient, and its extended Dirichet form is the same as that of X;
see [CEl [FOT] (since p and m are mutually absolutely continuous). So the Dirichlet form of Y’
is (£, F. N L*(X;p)) on L?(X;u). Since Y and X share the same family of harmonic functions,
(Ha) holds for Y. We claim that

Ay =nf{E(f, f): f € Fe N L*(X; ) with || fllp2(x, = 1} > 1. (3.21)
Denote by G the Green potential of Y, that is, for f > 0 on &,

Gfta) = B" [~ i =5+ [ 7).
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Using the time change, we see that Gf(z) = E* I (f90)(Xp)dt = G(fgo)(x). In particular, we
have G1 = Ggo < 1. Thus for u € L?(X; ), by Cauchy-Schwarz and the symmetry of G with
respect to p,

/ (Gu)(@)u(de) < / G(u?) (@)1 () u(dr) < / G () (@) pu(de)
X X X
ulx 2q X X u\x 2 Z). .
S/X()Gl()u(d)é/ (2)2u(da) (3.22)

X

Since the spectrum of G as a symmetric operator from L?(X;u) into itself is the reciprocal of
that of the infinitesimal generator of Y, we conclude from (322) that A% > 1. Alternatively,

for any u € L*(X;p), [y u(z)Gu(z)p(ds) < [y u(@)?pu(dr) < oo by B2Z). It follows (cf.
Theorem 2.1.12] or [FOT]) that Gu € F. N L*(X;p) with £(Gu,Gu) < [, u(x)Gu(z)u(dz).
Hence for u € F, N L?(X; ), we have by [3:22) and the Cauchy-Schwarz,

| @utdn) = £ < Elu,n) (G, Gu)'” < w2 ul oy
X

Consequently,
ull L2y < E(u,u)'/?  for every u € F, N L*(X; p).

This again proves the claim B21]).

For the process Y, we can take géf = 1 in the role of gy for X in (B3) as Gl = Ggo < 1.
By Theorem BTl (HC) holds for the process Y. Since Gf = G(fgo) and that an increasing
sequence of compact sets {F),} of X' is an E-nest for the process X if and only if it is an E-nest
for the process Y in view of [CE| Lemma 3.1.17], we conclude that (HC) as well as the rest of
conclusions of Theorem [3.11] hold for the process X. O

Remark 3.13. In Example[8.3] we will given an example of an irreducible strongly local Dirich-
let form for which (Ha) fails but (HC) holds. In fact, for this example, there exists a discontinuous
positive harmonic function.

4  Green functions

We now drop the hypothesis that (€, F) is transient.

First we introduce two functions dy and d. on a locally compact separable metric space
(X,d). Let {Dg;k > 1} be an increasing sequence of relatively compact open subsets with
Uz2 Dy, = X. Define for every x € X,

dx(z) = lim yegl\ka d(z,y). (4.1)

It is easy to see that

(i) dx(x) € (0,00] is well defined, independent of the choices of the sequence {Dy;k > 1} of
relatively compact open sets that increases to X';

(ii) either dy is identically infinite on X or dx(x) < oo for every z € X and |dx(z) —dx (y)| <
d(z,y) for every z,y € X.
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We call dy the distance to the boundary function for the metric space (X, d).
Remark 4.1. If the metric space (X, d) is complete, then dy = oo on X.
For x € X, define

de(x) = sup{r > 0: B(x,r) is relatively compact}. (4.2)

Note that 0 < d.(x) < dx(x) for every x € X. Moreover, either d. is identically infinite on X" or
dc(z) < oo for every x € X and |d.(z) — d.(y)| < d(x,y) for every x,y € X.

Definition 4.2. For a MMD space (X,d,m, &, F), we say

(i) the (scale invariant) elliptic Harnack inequality (EHI) holds if there exist constants oy €
(0,1) and Cy € (1,00) so that for any z € X, R € (0,dx(x)), and for any nonnegative
bounded harmonic function h on a ball B(z, R), one has

esssup h < Cpg essinf h; (4.3)
B(SE,(SHR) B(xvéHR)

(ii) EHI<; holds if (£3]) holds for any nonnegative bounded harmonic function on balls B(x, R)
with 0 < R < dx(x) A 1;

(iii) the (scale invariant) local elliptic Harnack inequality EHI}o. if (43]) holds for any nonneg-
ative bounded harmonic function on balls B(z, R) with 0 < R < d.(x) A 1.

Remark 4.3. (i) Clearly, the EHI implies the EHI<;, the EHI<; implies the EHI},, and the
EHI),. implies (Ha).

(i) If (X,d) is a geodesic metric space and EHI, EHI<;, or EHI}, holds for some value of 4,
then the same holds for any other §" € (0,1) with a constant C' ().

(iii) Suppose EHI,. holds and u is a nonnegative harmonic function on a ball B(x, R) with
0 < R < re(z) A 1. By Proposition 2I0[(ii), w is the increasing limit in B(z, R/2) of a
sequence of functions {u,;n > 1} that is bounded and harmonic in B(x, R/2). It follows
that (€3] holds for w on the ball B(x,dxR), where 0% = dy /2. In other words, if EHI}q,
holds, it holds for any non-negative (possibly unbounded) harmonic function.

(iv) If EHI},. holds, in view of (iii) above, iterating the condition ([Z3]) gives a.e. Holder con-
tinuity of harmonic functions, and it follows that any locally bounded harmonic function
has a continuous modification [GT12, Lemma 5.2].

(v) By Proposition [Z10(i), if EHI holds, then it holds for any non-negative regular harmonic
functions. If every open ball B(x,r) in (X, d) is relatively compact, by Proposition 2-T0)ii)
and a similar approximation argument as in (iii) above, by ajusting the value of dp is
needed, EHI holds (for bounded non-negative harmonic functions) if and only if ([£3)
holds for any non-negative harmonic functions.

Let D be an open set of X. Note that if (X,d,m,E, F) satisfies the EHI},, then so does
(D,d,m|p, &, FP), where (£, FP) is the Dirichlet form for the part process X of X killed upon
leaving D (see ([2H)). Let Dgiag denote the diagonal in D x D. For a subset A C X, we use A
to denote its closure and 0A its boundary.
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Definition 4.4. (a) Let D be a non-empty open subset of X such that D¢ is not E-polar. We
say that (£, F) has a regular Green function on D if there exists a non-negative B(D x D)-
measurable function gp(x,y) on D x D\ D with the following properties:

(i) (Symmetry) gp(z,y) = gp(y,z) for all (z,y) € D x D\ Diag;
(ii) (Continuity) gp(z,y) is jointly continuous in (x,y) € D x D \ Dgiag;
(iii) (Occupation density) There is a Borel properly exceptional set Np of X’ such that

E* /TD f(Xs)ds = / gp(x,y)f(y) m(dy) for every x € D\ Np. (4.4)
0 D

for any f € B4 (D)

iv) (Excessiveness) For each y € D, = — gp(z,y) is XP|p\,,-excessive.
\Wb

(v) (Harmonicity) For any fixed y € D, the function  — gp(z,y) is in ﬂfc\{y} and for
any 9 € D\ {y} and any r € (0,d(x0,v)), * — gp(z,y) is regular harmonic in
B(xg,r).

(vi) (Maximum principles) If g € U € D, then

U{I{lmfo}gD(xo") = lanUng(:co,-), ISDliggD(wo, )= S;JDQD(JJO, ). (4.5)

We call gp(x,y) the regular Green function of (£, F) in D.

(b) We say that (£, F) has regular Green functions if for any bounded, non-empty open set
D C X whose complement D¢ is not E-polar, (£, F) has a regular Green function gp(z,y)
on D, where the properly exceptional set Np in (iii) can be taken to be a Borel properly
exceptional set of X that is independent of D.

Theorem 4.5. Suppose that the MMD space (X,d,m,E, F) is irreducible and D is a non-empty
open subset of X such that D¢ is not £-polar.

(i) Assume that (D,d,m|p,&, FP) satisfies (Ha). Then (£, FP) has a Green function gp(z,vy)
in the sense that

(i.a) gp(x,y) is a non-negative jointly B(D x D)-measurable function and there is a Borel
properly exceptional set Np of XP such that

E* /OTD f(Xs)ds = /Dgp(x,y)f(y)m(dy), x € D\ Np,

for any f € B4+ (D);

(i.b) gp(z,y) = gp(y,x) for every x,y € D\ Np, and x — gp(x,y) is XP|p\n,, -excessive
for everyy € D\ Np;

(i.c) For every yo € D\ Np, x — g(x,yo) is harmonic in D \ {yo}. Moreover, for any
r € (0,d(zo,v0)), © — gp(z,yo) is reqular harmonic in B(xq,r).

(i) If (D,d,m|p, &, FP) satisfies the EHl o, then (€, F) has a reqular Green function on D.
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Proof. Since (&, F) is irreducible and D¢ is not E-polar, the regular Dirichlet form (£, F?)) on
L?(D;m|p) is transient by Proposition 211

(i) The conclusion of this part follows directly from Theorem by replacing X and X by
D and XP| respectively. Denote the corresponding Borel properly exceptional set in Theorem
for XP by Np. Note that this Np has the property that for every z € D\ Np, the law
of X under P* is absolutely continuous with respect to m|p for every ¢t > 0. This property
will be used in (A7) as well as at the end of this proof when establishing the excessivieness of
x — gp(x,y) for every y € D.

(ii) Suppose now that (D,d,m|p,&, FP) satisfies the EHI},. in D. Let u be a bounded
harmonic function in B(xzg,2r) C D. Iterating the condition (£3]) yields that there are constants
co >0 and 8 € (0,1) that depend only éy (D) and Cy (D) in ([£3)) (with D in place of X') such
that

[u(w) — u(y)] < ol (s anlz 3l for ae. 2.y € Blao,v) (1.6)

Since (Ha) holds on D, by (i) there is a Green function gp(x,y) in D. For each fixed yo € D\Np,
x +— gp(z,y0) < 0o m-a.e. and is harmonic in D\ {yo}. It follows from the EHI},. and Remark
[43(iii) that  — gp(x,yo) is (essentially) locally bounded in D \ {yo}. The Holder estimate
(£8) implies that there is a locally Holder continuous function gp(-,yo) on D \ {yo} such that
gp(x,y0) = gp(x,yo) for m-a.e. € D. Since gp(-,yo) is XD|D\ND—excessive, t gp(XP ) €
[0, o0] is right continuous on [0, c0) P*-a.s. for every x € D\ Np; see, e.g., [CF, Theorem A.2.2].
Since the law of X’ under P? is absolutely continuous with respect to mp for every x € D\ Np,
we have for every z € D\ (Np U {yo}), P*-a.s.,

= 1l xP = lim gp(XP =7 . 4.7
gp(x,yo) Qalgogz)( + 2 %0) QalggogD( ¢ Y0) = gp(x, o) (4.7)

Thus gp(x,y0) = gp(x,yo) for every z € D\ (Np U {yo}). For each yo € D\ Np, we
define gp(vo0,%0) := 9p(y0,y0). The above shows that there is a function gp(z,y) defined on
D x (D \ Np) so that for each yg € D\ D\ Np,  — gp(z,y) is locally Holder continuous on
D\ {yo} and gp(z,y0) = gp(z, yo) for every z € D.

Since gp (z,y) is symmetric on (D x Np) x (D x Np) by (i.b), we have gp(z,y) = gp(y, x) for
every x,y € DxNp. We extend the definition of gp(z,y) on Dx (D\Np) to (Dx D)\(NpxNp)
by setting gp(z,y) = g(y,z) for x € D\ Np and y € Np.

Note that y — gp(zo,y) is continuous in D \ {zg}. Clearly we have by (i.b) that gp(z,y) =
gp(z,y) for every x,y € D\ Np with  # y. We next show that such defined gp(z,y) on
(D x D)\ (Np x Np) is locally jointly Holder continuous off the diagonal and thus its definition
can be continuously extended to (Np x Np) \ {(z,z) : € Np}.

Let xo,y0 € D \ Np with zg # yo. There is r > 0 such that B(xq,2r) N B(yo,2r) = (. By
the EHI, in D, for every x € B(zg,7) \Np and y € B(yo,7) \ Np,

go(z,y) < Cu(D)gp(z,y0) < Cu(D)*gp (20, Yo)-
It follows from (6] that for z1, 29 € B(zo,7/2) \ Np and y1,y2 € B(yo,7/2) \ Np,

l9p(z1,y1) — gp(x2,92)| < |9p(21,91) — gp(22,91)| + [9D (72, 91) — gD (22, 92)|
< Cu(D)*gp(z0,y0)co (\951 — 22l + |y — y2fﬁ> .

Consequently gp(z,y) can be extended continuously to B(zg,r) X B(yp,r) and hence to D X
D \ Dgiag as a locally Hélder continuous function. Clearly, gp(z,y) = gp(y,x) for z,y € D

22



with & # y, and for each fixed y € D, x — gp(x,y) is harmonic in D \ {y}. For w € Np, we
define gp(w,w) := imsup, +yep 4w y—w 9(*; y). In summary, we now have a symmetric Borel
measurable function gp(x,y) : D x D — [0,00| defined on D x D so that gp(z,y) is locally
Hélder continuous on (D x D)\ Dgiag, 9p(z,y) = gp(z,y) for ,y € D\ Np, and for every
y € D, x — gp(x,y) is harmonic in D \ {y}. From now on, we take this refined version gp(x,y)
for the Green function gp(z,y) in D and drop the tilde from gp(z,y).

We next show that gp(z,y) is a regular Green function on D. We already have that the
symmetry and continuity properties for gp(x,y). The occupation density holds for this refined
gp(x,y) as well since Np is E-polar so m(Np) = 0. Thus it remains to show the excessiveness,
harmonicity and maximum principle for gp(z,y) (see Definition [£4]). Suppose U is a relatively
compact open subset of D and zo € U. Let g > 0 be such that B(xg,79) C U. For every
y € D\ (UUNDp) and for every r € (0,rg), we have by the symmetry of gp(z,y) and the strong
Markov property of X that

™D xp [
/ gD(x7y)m(d$) = Ey/ 1B(:c0,7’)(XS)ds = EYE" v / 1B(xo,r) (Xs)ds
B(zo,r) 0 0
_ / EYgp (, X2 ym(dz).
B(zo,r)
Dividing both sides by m(B(zo, 7)) and then taking r — 0 yields that
gp(x0,y) = EY [gp(20, X1))] . (4.8)
This together with the continuity of gp on D x xD \ Dgiae shows that

sup gp(zo,y) = sup gp(xo,y). (4.9)
yeD\U yedU

Identity (48] holds with B(yg, ) in place of U for any B(yo,r) C D\ {zo} by exactly the same
argument. Thus harmonicity of Definition [£4)(iii) holds for gp(z,y).

For each fix x € U\ Np and any Borel measurable function f > 0 on D, by the strong Markov
property of X,

/ gp (. 9)f (g)m(dy) = E* / 7 F(X)ds = B*Gpf(Xyy) = / E*[gp(Xn, . 9))f (y)m(dy).
D 0 D

Hence gp(z,y) > E*[gp(X+,,y)] for m-a.e. y € D. Since for every z € D, y — gp(z,y) is
continuous on D \ {z}, we have by Fatou’s lemma that

gp(z,2) > E*[gp(X5,,2)] forevery z € U\ {z}.
Taking z = xg and by the symmetry of gp(x, z), we get for every z € U \ (Np U {xg}),
gp(wo, ) > E*[gp (w0, Xr,)] > inf gp(zo,y).
yeolU

In the last inequality, we used the fact that P*(7y < oo) = 1 due to Proposition By the
continuity of x — gp(xg,x) on D\ {zo}, we get

inf y) = inf ).
yeég{xo}gp(wo Y) yIG%UgD(wo Y)
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This together with ([£9]) establishes the maximum principle for gp(x,y).

We now show that for every y € D, x — gp(z,y) is XD]D\ND—excessive. Note that Np is a
properly exceptional set of X. By (i.b), the above property holds for every y € D\ Np. For
y € Np, let y, € D\ Np so that z,, = y as n — oco. Let x € D\ Np. Observe that since y
is &-polar, m({y}) = 0. As mentioned earlier, the law of X under P* is absolutely continuous
with respect to m for every ¢t > 0. Thus by the locall Holder continuity of gp on D X D \ Dgiag
and the Fatou’s lemma, for every t > 0,

E*g(X/,y) <liminf E®gp(X{,y,) < liminf gp(z,yn) = gp(z,y). (4.10)
n—o0 n—oo
On the other hand, since P*(limy_,0 X” = 2) = 1 and x /-y, we have by Fatou’s lemma again,
— T 3 D < : : x D .
gp(@,y) = E* | lim gp (X ,y)] < lim inf E*gp (X", y)

This together with (@I0) proves that  +— gp(x,y) is X7 D\Wp-excessive for every y € Np and
hence for every y € D. This completes the proof that gp(x,y) is a regular Green function on D.
O

Theorem 4.6. Suppose that (X,d,m,E,F) is irreducible and satisfies the EHI},.. Then (€, F)
has reqular Green functions. Moreover, the Borel properly exceptional set N of X in the defini-
tion of reqular Green functions for (€,F) in Definition [{4)(b) can be taken in such a way that
for each x € X \ N and every t > 0, , P*(X; € dy) is absolutely continuous with respect to

m(dy).

Proof. Since (X,d,m,E,F) satisfies the EHI},., every locally bounded harmonic function is
locally Hélder continuous, and (D, d, m|p, &, FP) satisfies the EHI,,,. for every non-empty open
subset D of X whose complement D¢ is not £-polar. The conclusion of this theorem will
follow directly from Proposition 2.1l and Theorem FL.5|(ii) if we can show that there is a common
properly exceptional set N of X, independent of D, so that (£4]) of Definition 4] for regular
Green function gp(z,y) on D hold for all z € D\ N.

First note that, since (X, d) is a locally compact separable metric space, there is an increasing
sequence of relatively compact open sets {D,;n > 1} with Up,>1 D, = X. Applying Theorem
B to the part process XP» of X in D, we have for each n > 1, there is a Borel properly
exceptional set N,, C D,, P* (XtD " € dy) is absolutely continuous with respect to m(dy) for
every x € D,, \ N, and t > 0. There is a Borel properly exceptional set N” D U2 (Nj. Clearly,
for each x € X \ NV and t > 0, P*(X; € dy) is absolutely continuous with respect to m(dy).

Now for any bounded, non-empty open set D C X whose complement D¢ is not £-polar, let
gp(x,y) be the regular Green function on D from Theorem [£.3)(ii). For f € B, (D), by Theorem
@A (Z4) holds for x € D if {z} is not E-polar. For any € D\ N and {z} is E-polar, we have
by the Markov property of X and the Fatou’s lemma,

Ex/OTDf(XS)ds = lmE* [EXD/ F(X }

= JmE / (X7, y) f (y)m(dy)

> E° / lim inf gp (X2, ) (y)m(dy)
D t—0

_ / g (@, v) f (y)m(dy),
D
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where the second equality by Theorem [£.5)(ii), while the last equality is due to the fact that
m({z}) = 0 and the continuity of gp(x,y) on D x D\ Dgjag. On the other hand, as m(Np) = 0,
we have by Fubini theorem, the symmetry of gp(z,y) and the X7 D\Np-excessiveness of z
gp(z,y) fory € D\ D,

lim B / 9p(XP, ) f(y)ym(dy) = Jim E* [9p(XP,y)] fy)m(dy)
— D —00 D\ND

< /Dgp(rc,y)f(y)m(dy)

This proves that
™
B [ 1) = [ anla) famidy
for any z € D\ V. O

We next give a sufficient condition for a strongly local MMD space (X,d,m,E,F) to be
irreducible. First we present a characterization of irreducibility for such a Dirichlet form,
which in fact holds also for any strongly local quasi-regular Dirichlet forms by using quasi-
homeomorphism. See Theorem 5.2.16] for an irreducible characterization for recurrent
Dirichlet forms.

Theorem 4.7. Let £, F) be a strongly local reqular Dirichlet form on L?(X;m). Then the
following are equivalent.

(i) (&, F) is irreducible;
(ii) If u € Froe having E(u,u) = 0, then u is constant E-q.e. on X.

(iii) If u € Froe N L®°(X;m) having E(u,u) = 0, then u is constant E-q.e. on X.

Proof. (i) = (ii): Suppose u € Fioc and E(u,u) = 0. Let {Ug; k > 1} be an increasing sequence
of relative compact open subsets whose union is X. Then for each k > 1, there is some u; € F
so that up = u m-a.e. on Ug. By Fukushima’s decomposition,

up(Xy) — up(Xo) = My™ + N, ¢t >0,

where M"Y* is a martingale additive functional of X having finite energy and N“* is a continuous
additive functional of X having zero energy. Since pi1,,)(Ux) = ) (Ux) = 0, we have M =0
for every t € [0, 7y, | and

E(uk, ) =0 for every ¢ € FNC.(Ug).

The last display implies by [FOT], Theorem 5.4.1] that N,* = 0 for ¢ € [0,7y,]. Consequently,
we have for each £ > 1 that almost surely

u(Xy) — u(Xo) = up(Xy) —ur(Xo) =0 fort € [0, 7y, ].
As limy o T, = ¢, we have for quasi-every z € X', P*-a.s.,

u(Xy) = u(Xg) for every t € [0,(). (4.11)
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For a € R, define A, = {z € X : u(z) > a}, which is quasi open. In view of [@I1]), P14, < 14,
m-a.e. on X. Hence by the irreducibility of (£, F), either m(A,) = 0 or m(X \ A,) = 0. This
proves that u is constant m-a.e. and hence £-q.e. on X.

(ii) = (iii) is trivial.

(iii) = (i): Were the Dirichlet form (£, F) on L?(X;m) not irreducible, there would exist a
nearly Borel measurable set A with m(A) > 0 and m(A€) > 0 such that for 14u € F for any
u € F and (ZJ)) holds. In particular, both 14 and 14¢ are in Fjo.. Since (€, F) is strongly local,
by Proposition 2.2

E(lgu,14cv) =0 for every u,v € F.

This together with (2.8]) gives that for any bounded u,v € F,

/X (@) 1,0y (dr) = 2E(1au, lauv) — E(1u?,v)
= 28(u, (Lav)u) — E(u?, 140)

— / (1av) (@) p (dx).
X

This yields
114wy (d) = 1a(2) gy (do). (4.12)

Let {Uy;k > 1} be an increasing sequence of relative compact open subsets whose union is X
and up € F N C.(X) such that up = 1 on U,. We have by (£I2]) and Proposition [2.3)i) that

,LL<1A>(Uk) = ,u<1Auk>(Uk) = N(uk>(Uk NA)=0 foreachk>1,

and so 1

€(1a,1a) = Sp, (X) =0.
Since 14, which is in Fj,. and bounded, is not constant m-a.e. on X this is a contradiction, and
proves that that the Dirichlet form (€, F) on L?(X;m) is irreducible. O

Theorem [£7] in particular implies that irreducibility is invariant under form-bounded per-
turbations in the following sense. If (X,d,m,&, F) and (X,d, pu, &, F) are two strongly local
regular MMD spaces such that the Radon measure p does not change £-polar sets and has full
quasi support on X, F N C.(X) = F' N C.(X) and there is a constant C' > 1 so that

Cle(u,u) < &' (u,u) < CE(u,u) for u € FNCu(X), (4.13)

then (£, F) on L?(X,m) is irreducible if and only if so is (£/,F") on L*(X,u). Note that,
by Theorem 5.2.11 and Exercise 3.3.2(iii)], the condition that p is a smooth measure of

(X,d,m,E,F) with full quasi support on X" ensures that two extended Dirichlet spaces coincide.
By Proposition 1.5.5(b)], (£I3]) implies that

C’_l,u<u> < ,u/<u> <Cpyy on X foranyue F, = Fl. (4.14)

Theorem 4.8. Suppose that (X,d) is connected. If a strongly local (X,d,m,E,F) satisfies (Ha)
and any bounded function that is harmonic in a ball is continuous there, then (X,d,m,E,F) is
irreducible.
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Proof. Suppose u € Fioc N L>®(X;m) and E(u,u) = 0. By the proof of (i) = (ii) part of
Theorem [7], we know u is harmonic on X and

u(Xy) = u(Xp) forall ¢t €]0,() (4.15)

P*-a.s. for £-q.e. x € X. By assumption, u has a continuous version; we will use this continuous
version and still denote it by w. Since (&€, F) is strongly local, 1 € Fj,c and £(1,1) = 0. Let x
be an arbitrary point in X" and denote u(xg) by ap. Then u — ag € Fioc and piyy—qz) = fiuy BY
Proposition 2.3(i). Thus
1 1
E(u—apg,u—ag) = §,u<u_a0>(/1’) = §u<u>(/1’) =&(u,u) =0.

Let v = |u — ag|. By [CE|, Theorem 4.3.10], v € Fioc and £(v,v) = 0. By the same reasoning as
that for u in the above, v is harmonic on X. Since v(z¢) = 0, by (Ha) v(xz) = 0 on B(xq,r) for
some 7 > 0; that is, u(z) = u(zg) on B(zg,r) for some r > 0. This shows that for any constant
a € R, both A, := {x € X : u(x) > a} and its complement AS = {z € X : u(x) < a} are open
subsets of X. If w is not a constant, then there is a constant a so that neither A, nor AS are
empty sets. This would contradict to the assumption that (X, d) is connected. So u must be
constant. This establishes the irreducibility of (X, d, m,&,F) by Theorem [4.7] O

Combining Theorem .8 with Theorem[@.6lshows that if (X, d) is connected and (X, d, m, &, F)
satisfies the EHI} ¢, then (£, F) has regular Green functions.

5 Implications of EHI

Recall the definition of metric doubling from Definition [Tl We introduce a few related prop-
erties. For a metric space (X, d) and A C X, we set diam(A) = sup, ,c 4 d(z,y). The following
definition of relative K ball connectedness is adapted from [GH| Definition 5.5].

Definition 5.1. (i) Let K > 1. A metric space (X,d) is relatively K ball connected if for each
e € (0,1) there exists an integer N = Ny(¢) such that if zyp € X, R > 0 and =,y € B(z, R)
then there exists a chain of balls B(z;,eR) for i = 0,..., N such that zyp = z, 2y = v,
B(z,eR) C B(xo, KR) for each ¢ and d(zj_1,2;) < eR for 1 <i < N. We write Ny for
the integer Ny (e) with e = 1/4. We say also that (X, d) satisfies the property RBC(K).
We say that (X,d) is relatively ball connected if there exists K > 1 such that (X,d) is
relatively K ball connected.

(ii) A metric space (X, d) is said to be uniformly perfect, if there exists C' > 1 such that if
r e X,r>0and B(x,r)° # 0 then B(z,r) \ B(z,r/C) # 0.

(iii) A metric space (X, d) is said be L-linearly connected (for some L > 1), if for all z,y € X,
there exists a connected compact set J such that z,y € J and diam(J) < Ld(z,y).

(iv) A distortion function is a homeomorphism of [0, 00) onto itself. Let n be a distortion func-
tion. A map f: (X1,dy) — (Xs,d2) between metric spaces is said to be n-quasisymmetric
or an n-quasisymmetry, if f is a homeomorphism and

b(f(@), f@) _ (di(z.a)
(@), f0) =" <d1<x, b>>
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for all triples of points z,a,b € X1, * # b. We say f is a quasisymmetry if it is n-
quasisymmetric for some distortion function n. We say that metric spaces (X1, d;) and
(Xo,dy) are quasisymmetric, if there exists a quasisymmetry f : (X1,d1) — (X2, da). We
say that metrics dy and dy on X are quasisymmetric (or, dy is quasisymmetric to dg), if
the identity map Id : (X,d;) — (X, dz) is a quasisymmetry.

(v) We say a metric space (X,d) is quasi-arc connected, if there exists a distortion function
7 :[0,00) — [0,00) such that for all pairs of distinct points z,y € X, there exists a subset
J C X and an n-quasisymmetry v : [0,1] — J such that v(0) = z and (1) = y. Here J is
endowed with the metric d and [0, 1] has the Euclidean metric.

The following lemma clarifies some relationships between these conditions.
Lemma 5.2. Let (X, d) be a complete metric space.

(a) Assume that (X,d) is relatively K ball connected. Then exists L > 1, such that for all
x,y € X, there exists a continuous map v : [0,1] — X such that v(0) = =, v(1) = y, and
diam(7([0,1])) < Ld(x,y). In particular, (X,d) is L-linearly connected.

(b) If (X,d) is connected then it is uniformly perfect.

(c) If (X,d) is relatively ball connected and satisfies metric doubling, then (X, d) is quasi-arc
connected.

(d) If (X,d) is quasi-arc connected, then (X, d) is relatively ball connected.

(e) Assume that (X, d) is relatively K ball connected. If p is metric on X quasisymmetric to d,
then (X, p) is also relatively ball connected. In other words, the property of being relatively
ball connected is a quasisymmetry invariant.

Proof. (a) Fix ¢ € (0,1) and let K, N = Ny(e) be the constants of relative ball connectivity.
Let z,y € X be a pair of distinct points. For each k € N, we define 74 : [0,1] — X as follows.
Let z((]l), z§ ), . ZJ(V) be a sequence of points in B(x, Kd(z,y)) such that d(z; o ) < ed(z,y),

) i+l
with z(() ) =2 ZJ(V) =y. Let 77 : [0,1] — X be a piecewise constant function on intervals defined

by
7(t) = zi(l), foralli=0,1,...,N —1and for all i/N <t < (i +1)/N

and v1(1) = y. Similarly, for all : = 0,..., N — 1, we choose z( ),j =iN,iN +1,...,iN+ N

such that z(i? = z(l), ZZ(A?JFN = zi(}r)l, d(zj(?), g(i)l) < e2d(x,y) and set

Ya(t) = zj(-2), for all i =0,1,..., N2 — 1 and for all i/N? <t < (i + 1)/N?2,

with 72(1) = y. We similarly define ~; : [0,1] — X a piecewise constant function on intervals
[j/Nk, (j+1)/N*), j =0,1,...,N¥ — 1. Since for all t € [0,1], d(v(t),1rs1(t)) < Ke¥d(z,y),
the sequence {7x(t),k € N} is Cauchy, and hence converges to say () € X. This defines a
function v : [0,1] — X. Note that

[e.9]

Z Kekd(z,y) = Kd(z,y)/(1 —¢).
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If [ty — t9| < 5 for some k € N, we have
d((t1),v(t2)) < d((tr),7(t1)) + d(r(t2), ¥(t2)) + d(ve (1), 1 (t2))
<2 (i Kald(x,y)> +efd(x,y)
< (2Kl?1k— )"+ Derd(z,y),

which implies the continuity of ~.

This shows that the image J = ~([0,1]) is a compact, connected set with z,y € J with
diam(J) < Ld(z,y), where L = 2K /(1 — €). Therefore (X,d) is L-linearly connected.
(b) Let B(z,r) be a ball such that B(z,7)¢ # 0 and let C > 1. Since B(z,r)¢ and B(z,r/C)
are non-empty disjoint closed sets. Since (X, d) is connected, B(x,r) \ B(z,r/C) # (.
(c) By part (a), (X,d) is linearly connected. By Tukia’s theorem ([Macl Corollary 1.2] and [TV]
Theorem 4.9]), (X,d) is quasi-arc connected.
(d) Let n be the distortion function corresponding to quasi-arc connectedness. Define K =1 +
n(1). Let z,y € B(xp, R) and 7y : [0,1] — J be an n-quasisymmetry such that v(0) = z,v(1) = y.
For all t € [0,1],

d(z, (1)) < n(t)d(z,y) < n(1)d(z,y).

Let € € (0,1) be arbitrary. Let N € N be such that 2n(2/N)n(1) < € and define z; = vy(i/N)
fori=0,1,...,N. By n-quasisymmetry, we have

d(zi, ziy1) < n(2/N)d(zi, w) < 0(2/N)n(D)d(z,y) < 2n(2/N)n(1)R < eR,

where w = x if i < N/2 and w = y otherwise. This implies that (X,d) is relatively K ball
connected, where K =1+ n(1).

(e) Let Id : (X, p) — (X,d) be a n-quasisymmetry, where (X, d) is relatively K ball connected.
Let € € (0,1) and let z,y € X be arbitrary. Chose £’ € (0,1) such that

n(2e") (n(K) +1) <e.

Choose points zo, 21, . .., 2y such that B(z;,e'd(z,y)) C B(z,d, Kd(z,y)) d(z;, zit1) < €'d(x,y),
where N = Ny g) (¢') is the constant associated with the relative ball connected property of
(X,d). For any i =0,1,...,N — 1, let w € {z,y} be such that d(z;,w) = max(d(z;,z),d(z,y)).
Since d(x,y)/2 < d(z;, w), we obtain

(d(2i, 2zi1) /d(zi,w)) p(zi, w) < (2")(p(x, 2:) + pla,y))
(2¢") (n(K) + 1) p(,y) < eplz,y).

Since p(x, z;) < n(K)p(z,y), (X,p) is relatively K, ball connected, where K, =2+ 2n(K). O

p(ziv zi—i—l) < n
<n

Remark 5.3. See Defintion 5.5] for the definition of relatively (¢, K) ball connected. 1t is
immediate that if (X, d) is relatively K ball connected then it is relatively (e, K') ball connected
for any € € (0,1). Conversely it is straightforward to show that if for some ¢ € (0,1), K > 1
(X,d) is relatively (e, K) ball connected then it is relatively K’ ball connected with K’ = 1+ 1L—e

The main result of this section is the following.
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Theorem 5.4. Let (X,d) be a complete locally compact separable metric space. Assume that
(X,d,m,E,F) is a MMD space that satisfies the EHI. The following are equivalent:

(a) (X,d) is relatively K ball connected for some K > 1 and B(x,r) is compact for all x € X
and r > 0.

(b) (X,d) satisfies metric doubling.

(c) (X,d) is quasi-arc connected, and B(x,r) is compact for all x € X and r > 0.

Proof. (b) = (a). This follows by the argument in [GH| Proposition 5.6]: for any K > 1+ &5
we obtain relative K-ball connectedness. (The hypothesis of volume doubling there is only
used to obtain metric doubling). Note that this implication requires EHI only for [0, 1]-valued
h € FNC.(X) only. Since (X,d) is complete and metric doubling, we know from Remark
that B(z,r) is compact for all x € X, r > 0.

(¢) = (a), (a) + (b) = (c) (and so (b) = (c)) are proved in Lemma [5.21

The proof of (a) = (b) needs more preparation and will be given after Lemma [B.17] O

For the proof of (a) = (b) in Theorem .4, we follow Section 3]; however it was
assumed there that the metric d was geodesic, and some changes are needed to handle the case
when we only have that (X, d) is relatively K ball connected. We now outline these changes.

Definition 5.5. We say that (X, d, m, &, F) satisfies the condition (HG) if (X,d,m,&,F) has
regular Green functions and there exist constants Cg, K > 0 such that for any 29 € X', R > 0
and open set D in X with B(xg, KgR) C D and D¢ non-E-polar

sup gp(zo0,y2) < Cq inf 9p(xo,y1). (5.1)

y2€D\B(zo,R) y1€B(z0,R)\{zo}

Assumption 5.6. Throughout the remainder of this section except for Lemma [5.10], we assume
that (X,d) is a complete locally compact separable metric space, that (X,d, m,E, F) satisfies
the (scale invariant) EHI with constants Cp,dg that (X, d) is relatively K ball connected for
some K > 2, and that B(x,r) is compact for all z € X and r > 0.

Recall that by Lemma [5.2(a), a complete metric space (X, d) that is relatively K ball con-
nected is connected. Thus under Assumption B.6 (X,d, m,E, F) is irreducible by Theorem (.8
and has regular Green functions by Theorem[4.6l By the maximum principle (L)) for the regular
Green function gp in Theorem [5[(ii), we have for any B = B(xg, R) € D,

sup gD(x()a') = SupgD(x()y’)? inf gD(x()?’) = inng(x07’)' (52)
D\B OB yeB\{zo} 9B

Proposition 5.7. Let (X,d, m,E, F) be a MMD space that satisfies Assumption[Z8. Then (HG)
holds with constants Cq, Ka for Kg = 2K + 1, where Cg depends only on Cy, 0y, Ka, Nx.

Proof. (a) This follows from the proof of [GH|, Lemma 5.7]. (The statement of the result in [GH]
has stronger hypotheses, but these are only used to obtain the existence and regularity of the

Green function, and prove that (X, d) is relatively (e, K) ball connected for some ¢ € (0,1) and
K >1) O

Under Assumption B.6 (€, F) has regular Green functions by Theorems 8] and [£.6, and
(HG) holds with constant K¢ = K + 1 and Cg > 1 by Proposition (.7}
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Corollary 5.8. (See [BM1, Corollary 3.2].) Let (X,d,m,E,F) be a MMD space that satisfies
Assumption [0 Let K1 = K + 1. For any ¢ € (0,1/2], there exists a positive constant C' that
depends only on § and the constants in Assumption such that the following holds: for any
open set D in X whose complement D¢ is non-E-polar and for any B(xy, K1R) C D,

gp(zo,z) < Cgp(xo,y) for z,y € B(xo,R) \ B(x,dR).

Proof. Let z,y € B(zo,R) \ B(xo,0R). Let ¢ = 06 /(1 + dp); we have ¢ < §/2. We connect
y to xg by a chain of balls B(z;,eR), i = 0,1,... N, with the properties given in Definition
BIKi) of relatively K ball connected. Let ig be the first integer such that d(z;,,xo) < dR. With

the definition of ¢ given above, gp(zg,-) is harmonic on B(z;,eR/0x) for i = 0,...,ip — 1, and
so we can use the EHI to deduce that gp(zo,z;,) < C¥gp(wo,y). Finally by (HG) we have
gp(zo, ) < Cagp(To; 2i)- O

Lemma 5.9. (See [BM1, Lemma 3.3].) Let (X,d,m,E,F) be a MMD space that satisfies
Assumption [2.0. Let Ko = 2K + 3. There exists Cy > 1 that depends only on the constants
in Assumption [5.8 such that the following holds: Let xg € X, R > 0 and let B(xo, KsR) C D,
where D is an open set in X such that D° is non-E-polar. Then if x1,x9,y1,y2 € B(xo, R) with
d(zj,y;) > R/4, then

gp(x1,y1) < Cogp (T2, y2). (5.3)

Proof. Note that for any four numbers a; € [0, R), 1 <i < 4,
(0, ) \ Uiz [ai — (RB/9), ai + (R/9)]| = R~ (8R/9) = R/9 >0

so there is some ag € (0, R) so that |ag — a;| > R/9 for all 1 < i < 4. As d(xp,-) is continuous
and by the RBC(K) property and Lemma [B.2l(a), B(xg, R) contains a connected path from
xo to B(zg, R)¢, we have {d(zg,z) : € B(xo,R)} = [0,R). Thus there is a9 € (0,R) so
that |ag — d(zo,w)| > R/9 for w € {x1,29,y1,y2}. Let z € B(zp, R) having d(zg,z) = ap.
Now applying Corollary (.8 to the balls B(z1,2R), B(z,2R) and B(z2,2R) with § = 1/18
consecutively, we get by the symmetry of the Green function gp(z,y) that

gp(z1,y1) < Cgp(x1,2) < C%gp(22,2) < C3gp (72, Y2).

This establishes the lemma by taking Cy = C®. O

As in , we define for an open set D C X with non-&-polar complement:

gp(x,r)= inf gp(z,y), provided B(x,r) C D,
yeIdB(z,r)

Capp(A) = inf{E(f, f): f € (FP)e, f > 1 E-qee. on A}, AC D,

where (FP), = {u € F. : u = 0 — q.e. on X\ D}. and by [CE, Theorem 2.4.9] we set
FP = (FP).. We call Capp(A) the relative capacity of A in D. The maximum principle
(@3] implies that gp(x,r) is non-increasing in r, and an easy application of (HG) gives that if
y € 0B(x,r) and B(x,r)U B(y, Kgr) C D then

gp(z,7) < Cagp(y,T). (5.4)

Given Proposition [5.7] the proof of the next Lemma is the same as in Lemma 3.5].
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Lemma 5.10. Let (X,d,m,E,F) be a MMD space that satisfies Assumption [5.0. There is a
constant Cg > 0 depending only on the constants in Assumption [58 such that for any open set
D whose complement D€ is non-E-polar and for any B(xo, Kgr) C D where Kg = 2K + 1,

gp(xo,7) < Capp(B(zo, )~ < Cagp(xo, 7). (5.5)

Remark 5.11. For any z € X, 0 < R < diam(X,d)/2, the ball B(x, R)¢ is non-E-polar. This
is because by the triangle inequality, there exists z € X and 0 < r < diam(X,d)/2 — R so that
B(z,7) C B(x, R)°. Since m has full support, m (B(x, R)¢) > m(B(z,7)) > 0 and thus B(z, R)°
has positive capacity.

Lemma 5.12. (See [GH, Lemma 7.1 and 7.4] and [GNY, Lemma 2.5]) Let (X,d,m,E,F) be a

MMD space that satisfies Assumption 6.1l For any sufficiently large A > 1, there exist C' such
that for any ball B(z,r),n € N with A™r < diam(X,d)/A, denoting By, = B(z, A*r), we have

n—1 n—1
Z CaPBiH(Bi)_l < Caan(Bo)_l < CZCapBiH(Bi)_l.
i=0 i=0

Proof. The upper bound is contained in Lemmas 7.1 and 7.4]. The upper bound in is
under the additional volume doubling property assumption but the proof only uses the weaker
metric doubling assumption. Alternately, we see that the upper bound follows from (HG) and
the constant C' can be chosen to Cg for any K > Kg, where Cq, K are as given in Definition

The lower bound is a general fact that does not require the EHI — see [GNY] Lemma 2.5]. [

Lemma 5.13. Let (X,d,m,E,F) be a MMD space that satisfies Assumption [5.0. Let B =
B(zo,R) C X, and By = B(x1,R/(8K3)) with 1 € B(xo, R/(4K3)), where K3 = K + 2 and
K is as giwen in Assumption [5.0. There exists pg > 0 depending only on the constants in
Assumption [5.8 such that

PY(op, <TB) >po >0 forE-qe. ye€ B(xg, R/(2K3)). (5.6)

Proof. We consider two cases.

(i) Suppose B(xg, R)¢ is non-E-polar. By the maximum principle it is enough to prove this
for y € 0B(x0, R/(2K3)). The argument, which uses Corollary [.8] is the same as in [BMI,
Lemma 3.7].

(ii) Now suppose B(xg, R) is E-polar. By Remark 511l R > diam(X, d)/2 and diam (X, d) <
oo. If R > 8Ksdiam(X,d), then B = X and (5.6]) is obviously true by the compactness
of X and [FOT| Theorem 4.7.1-(iii)]. Therefore, it suffices to consider the case when R <
8K 3 diam(X,d) < oo.

Let 29 € X,71 € B(zo,R/(4K3)),y € B(xo, R/(2K3)). Let ¢ = 1/(130K3) and let
B(zi,Z—R) = B(z;,eR),0 < i < N := Ny(e) be a chain of balls with 2y = y, 2y = 1,
B(zi, 53¢) C B(wo, R/4) for all each i and d(z;—1,2;) < eR/(4K) for 1 <i < N as in Definition
BEIi) with R/(4K) in place of R there. Since 8 K3eR < 64K2e diam(X,d) < diam(X,d)/2, by
Case 1 and Remark [5.11], we have

PY(0B (2 cR) < TB(z_1.8K=R)) > Do for E-q.e. w € B(zi_1,4¢R).
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Since B(z;,8K3eR) C B(xg, R/2) for all i, using the strong Markov property, we conclude that
PY(op, < 1) >py >0 for E-qe. y € B(xo, R/(2K)).

By replacing py by pj), we obtain (5.6]) in the second case as well. O

Remark 5.14. (i) In [BM1, Lemma 3.7], the corresponding result held for y € B(xzq, 7TR/8);
we cannot expect that here, since such a point y might not be connected to By by a path
inside B.

(ii) Let B; = B(z;,eR), 0 <1i < n be a chain of balls as in Definition [5.I)(i). Using this Lemma
we have for each ¢

PY(0B(2,eR) < TB(21,8KseR)) = Po for E-q.e.y € B(zi-1,4€R).

Thus if
D = U?ZOB(ZZ', 8K3€R),
then
PY(op, < mp) > py for E-q.e.y € B(zp,4cR). (5.7)

Corollary 5.15. (See [BMI1, Corollary 3.8]). Let B(x, R) C D, where D is a bounded domain
and D¢ is non-E-polar. There exist positive constants ¢ and 0 that depend only on the constants
in Assumption [5.0 such that if 0 < s <r < R/(K + 1) then

gp(x, 1) s\?

—X >cl-) . .

gp(x,s) — c(r) (5:8)
Proof. This follows easily from Corollary O

The following Lemma is used to regularize chains of balls obtained by the using the RBC(K)
property.

Lemma 5.16. Suppose that (X,d) is a metric space satisfying the RBC(K) property. Let
d(z,y) < R, € € (0,1) and eR < r < R. There exists a chain of balls B(z;,eR), 0 <i < n with
the following properties:

(i) z0 =z, zp, =y and d(zj—1,2;) < eR for 1 <i<n;

(ii) B(zi,eR) C B(z, KR) for 0 <i<n;

(iii) If j = max{i: z; € B(x,r)} then B(z,eR) C B(z,Kr) for 0 <i<j;

(iV) n < N)((E) + N)((ER/T).

Proof. By the RBC(K) property there exists a chain of balls B(w;,eR), 0 <1i < m; connecting
x and y and satisfying the conditions of Definition [B.Ili) with 2o = z. Let k = max{i : w; €
B(z,r)}. Using the RBC(K) property again for = and wy, and with € replaced by ¢’ = eR/r,
there exists a chain B(w},eR), 0 < i < mgy with B(w},eR) C B(z,Kr). Joining the paths

WY, -+, W, and Wiy, ... Wy, gives a path (z;) which satisfies the conditions (i)—(iv). O

Lemma 5.17. Let (X,d,m,E,F) be a MMD space that satisfies Assumption[50. There exists
an integer N > 1 that depends only on the constants in Assumption [5.0 such that if vo € X,
R > 0 and B(z;,R/8), 1 < i < m, are disjoint balls with z; € B(xzo, R) \ B(xo, R/2), then
m < N.
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Proof. This lemma corresponds to Lemma 3.10]. In the metric d on X is assumed
to be a geodesic distance, and the proof in [BMI] uses this property quite strongly. The proof
here is much longer since we only have the weaker property that (X,d) is relatively K ball
connected.

Let (zx,1 < k < m) satisfy the hypotheses of the Lemma, and write By = B(zx, R/8).
Choose £ = 1/(720K?), and let n = Ny () + Nx(24K¢). For each k we use Lemma [B.16] with
r = R/(24K) to find a chain of balls B(wg;,eR) with 0 < i < n connecting z; to z9. Note that
by taking wy; = z¢ for large i if necessary, we can assume that all the chains have length n. We
set I, = max{i : wy; € B(z;, R/(24K))}, and write 2, = wy, -

We now find a subset I of the balls B; such that the chain (wy,0 < k < n) associated with
one ball does not hit any other ball with index in I.

For 1 < 4,7 < mset aj; = 1if {wi,1 < k < n}NB; #0, and let a;; = 0 otherwise.
Let bj = >, a;;. Since each wjy is in at most one ball Bj, we have . a;; < n, and hence
2205 =222 aij <mn. Thusif J = {j: b; < 2n} then [J]| > m/2.

We now consider the collection of balls (B;,i € J), and relabel them By,..., B, where
my = |J| > m/2. We now start with the ball By, and remove from the collection of balls
Bs,...,B,,, any ball B; such that either a;; = 1 or aj; = 1. Since 1 € J and a;; = 1,
less than 3n balls are removed. Set j; = 1. Let jo be the smallest label of a ball which has
not been removed; we now repeat the procedure above with this ball, and remove any ball B;
such that ¢ > jo and aj,; + a; 5, > 1. We continue until there are no balls left, and write
I = {jk,1 <k <m'} for the set of balls which are retained. Since at each step we remove at
most 3n — 1 balls, we have 3nm’ > %m

By the construction above we have that

wig € UjeniyB;  fori€l, k=0,...,n.
For i € I set B, = B(z;,eR), A; = B(z},eR), and let
D = B(z0,2KR) \ Uje/ B..
We now claim that for ¢ € 1

PYlop <7p,) 2p; for E-qe y€44; = B(z},4¢R), (5.9)
P* (o4, <7p) >py for E-q.e. y € B(xp,4eR). (5.10)

Both these inequalities follow by chaining the bound in Lemma BI3] as in Remark B.14)(ii),
along a sequence of balls. For (0.]) we use the sequence B(w;j,eR),0 < j < [;, and for (5.10)
we use B(w;j,eR),l; < j <n. (We start at j =n and end at j =1;.)

The remainder of the proof is as in [BMIl Lemma 3.10]. Let F; = {04, < 7p}, and

Y=> 1pg

be the number of distinct balls A; hit by (X;,0 < ¢ < 7p). The bound (&.9) implies that if X
hits A; then with probability at least pj it leaves D before it hits any other ball A; with j # 1.
Thus Y is stochastically dominated by a geometric r.v. with mean p;™, and so

EYY <p,", for E-qe. y € X.
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However, by (B.10) we also have

EYY = Z]P’y(Fi) > |I|pf = m'pg, for E-qe. y € X.

el

Since m’/ > &= as given above, it follows that m < 6npy . O

Now we can finish the proof of Theorem 5.4l by giving the

Proof of (a) = (b) in Theorem [5.4 (i) Suppose that a metric space (X,d) has the property
that there is an integer N’ > 1, so that any ball B(z, R) contains at most N’ points that are
at distance of at least R/2. Given any ball B(z, R) C X, take z;1 € B(x, R), 20 € B(z,R) \
B(z1,R/2), and for k > 3, 2z, € B(z,R) \ U?;%B(zj,Rﬂ) if the set is non-empty. By the
assumption, we can only proceed this procedure up to some number kg no larger than N’.
Clearly U;?OZIB(zj, R/2) D B(x,R). Thus (X,d) is metric doubling. Conversely, suppose (X, d)
is metric doubling with positive integer N > 2 in Definition [Tl For any ball B(x, R), applying
the definition of (MD) to B(z, R) and to balls with radius R/2, and then with radius R/4 (to
guarantee x1,...,2ys € B(x, R)) there are N® number of points z1,...,zy2 in B(x, R) so that
Ué-\f:le($j,R/4) D B(z, R). Suppose {z1,...,2,} are n points in B(z, R) that are at distance
of at least R/2, then [{z1,...,2,} N B(xy, R/4)] < 1 for any 1 < k < N3. Thus n < N3. This
proves that a metric space (X, d) is (MD) if and only if there is some constant N’ so that any
ball B(x, R) contains at most N’ points that are at distance of at least R/2 from each other.
(ii) Now let N > 1 be the integer in Lemma [5I7l Let g € X, R > 0, and let z; € B(xo, R),
1 <4 < n, with the property that the balls B(z;, R/8) are disjoint. By Lemma [5.I7 applied first
to B(zo, R) and then to B(xg, R/2), there are at most 2N of the z; in B(xg, R) \ B(zo, R/4).
Using the relative K-ball connectivity of X', we can find z; such that R/2 < d(zg,z1) < 3R/4
(here we assume without loss of generality that B(xo, R/2) # X’; otherwise we can cover B(z, R)
with B(zg, R/2)). Thus B(z, R/4) C B(z1,R) \ B(x1,R/4). So by Lemma [5.17] applied to
B(x1, R), there are at most 2N points z; in B(zg, R/4). Consequently, n < 4N. This proves
that (X, d) is (MD) in view of its equivalent characterization given in (i). O

We need to compare the Green function in two domains.

Lemma 5.18. (See [BMI1, Lemma 3.12].) Let (X,d,m,E,F) be a MMD space that satisfies
Assumption [5.0. There exists a constant C that depends only on the constants in Assumption
(5.4 such that if B = B(zo, R), 2B = B(x0,2R) and B(xo, (2 + 1/(128K?%))R)¢ is non-empty,
then

928(7,y) < Cigp(z,y)  for x,y € B(xo, R/(8K)),x # y.

Proof. Let a1 = 1/(8K), ay = 1/(4K), a3 = 1/(2K), e = 1/(128K?) and B; = B(zo,a;R). Let
p1 > 0. Suppose that for each y € By there exist an open set D with Bo C D C B and a set A
such that

P*(X,, € A) > py, for E-q.e. © € Bo, (5.11)
PY(rop < 0p,) > p1 for E-q.e. w € A. (5.12)

Let y € By. Let x1 = x1(y) € 0B be chosen to maximize gop(z’,y) for 2’ € dBy. Write
h(w) = P*¥(mep < op,). Then by strong Markov property at 7p,op, and occupation density
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formula [{4) for E-q.e. z € D\ {y}

9025(2,9) = 9p(2,9) + E*gap(Xrp,y) < g5(z,y) + E* |EX™ [1{oBz<TB}g2B(XaBQ7y)]]
< gB(zvy) + Ez(l - h(XTD))g2B(x17y)‘

Using (5.I1) and (5I2)), for E-q.e. z € By \ {y} we have
98(2,y) > g25(2,y)E*M(Xrp) > g2 (2, y)p7.

Letting z — x; yields
98(21,Y) > g25(21,y)pi-

Then if z € By \ {y},

928(2,Y) = 9B, (2,y) + E*92p(Xrp,,y) < 98(2,y) + g28(21,)
< g8(x,y) + py 2gB(21,Y).

The first equality above only holds for £-q.e. x € B1\{y} but gop(x,y) < gp(z,y) —|—p1_2gB(:171, Y)
follows for any = € B; \ {y} by continuity.

Let 2 be the point in dBy which minimizes gg(2/,y). By the maximum principle (&3],
gB(z,y) > gp(x),y). We now apply Corollary 5.8 to the ball B(y,a1R + a2R) to deduce
that gp(z1,y) < cgp(2),y). Combining this with the inequalities above we obtain the bound
g28(z,y) < Cgp(x,y). (Note that the constant C' only depends on p; and the constants in
Corollary 5.8 it does not depend on y.)

It remains to find p; > 0 such that there exist sets D and A satisfying (L.I1) and (GI2).
Let yo € 0B(x0, (2 + ¢)R). By Lemma there exists a sequence xg = 2q,...,2, = Yo with
d(zi—1,2;) < €R for 1 < i < n such that if j = max{i : z; € B3} then B(z;,eR) C B(zg, KasR)
for 0 < i < j. Write B, = B(z;,eR). Now let D = B \F;-, and A = g; Recall from Remark
B.T4(i1), it suffices to show ([B.I0]) for « € By, and (5.12) for w € B,

If i > j then B(z;,8K3¢R) N By = (). So we can chain along the sequence of balls Bj, ... B,
to obtain (B.12]) with p; = pg.

If 0 < i < j then d(zg,z) < KagR and so B(z;,8cK3R) C B(xo, KsasR + 8:KR) C B.
Hence, chaining along this sequence we obtain

PY(X,, € A) > p% for z € By,

To complete the proof of (5.11]) we need to extend this estimate to z € Bs.

Let 29 € By. Then there exists a chain of balls B(wj,eR), 0 < j < k with wg = 2, wi, = o,
d(wj_1,w;) < eR for 1 < j < k, and with B(wj,eR) C B(zo, KagR). Since B(wj,8cK3R) C B,
we deduce that

P (op, <7B) = pk, for &-qe. € B(xy,eR).

By letting x5 run over a countable dense subset of Bs, it follows that
PY(X,, € A) > p§+" for £-q.e. x € Bs.
Since k and n only depend on the constants Ny(g), this completes the proof of (B.IT]). O

The following corollary is a direct consequence of Lemmas [5.10] and 5.18] and Remark [5.111
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Corollary 5.19. (See [BM1, Corollary 3.13].) Let (X,d,m,E,F) be a MMD space that satisfies
Assumption [0 There exists Cy that depends only on the constants in Assumption [5.0 such
that for all A > 8K and for all 0 < r < diam(X,d)/(64), x € X,

CapB(m,2Ar) (B(‘Ta T)) < CapB(w,Ar) (B(.Z', T)) < CapB(w,2Ar) (B(.Z', T)) (513)

In the following, notations f < g, f < g and f 2 ¢ mean that there are positive constants
c1,¢o so that c1g < f < g, f < c2g and f > c¢1g, respectively, on the common domain of
definition of f and g.

Lemma 5.20. (See [BMI1, Lemma 3.14].) Let (X,d,m,E,F) be a MMD space that satisfies
Assumption [5.0.

(a) Let D be a bounded domain in X such that D¢ is non-E-polar. Let x € X and r > 0 be
such that B(x,Cyr) C D, where Co = 2K + 3. There ezists a constant C; > 0 such that

Capp(B(z,r)) < C1 Capp(B(y,r))  fory e Blx,r).
(b) Let A > 8K. There exists a constant Co > 0 such that

CapB(w,Ar) (B(l‘, 7")) <Oy CapB(y,Ar) (B(y7 7"))
forxz e X,y € B(z,r), 0 <r < diam(X,d)/(6A).

(c) Let A > 8K and Ay > 0. There exists a constant C3 > 0 such that

CapB(z,Ar) (B(l‘, 7")) < Cs CapB(y,Ar) (B(y7 7"))

forxz € X,y € B(z,r), 0 < r < diam(X,d)/(6A). Here the constants Cy,Co,C5 depend
only on Ay and the constants in Assumption [5.0.

Proof. (a) As in the proof of Lemmal[5.9] choose z € B(x,r) such that min(d(z, z),d(z,y)) > r
By Corollary 5.8 and LemmaB.I0, Capp(B(x,7)) < gp(x,2)~! and Capp(B(y,7)) < gp(y, 2)
The conclusion now follows from Lemma

(b) By Corollary and part(a), we have

CapB(x,Ar) (B(.Z', T)) 5 CapB(xQAr) (B(.Z', T)) = CapB(xQAr) (B(ya T))

Since B(ya AT) - B($7 2A7"), we have CapB(m,2Ar) (B(ya T)) < CapB(y,Ar) (B(y7 7"))

(c) The case A; < 1 follows from (b). For A; > 1, by the RBC(K) condition there exists N such
that x,y € X with d(z,y) < Air, can be connected by a sequence of points zg = z,x1,...,2y =¥y
with d(x;—1,2;) <7 for 1 <i < N, where N depends only on A; and the constants in RBC(K)
condition. By applying (b) repeatedly, we obtain (c) with C3 = C&, where Oy is the constant
in (b). O

Proposition 5.21. (See [BMI, Proposition 3.15]) Let (X,d,m,E,F) be a MMD space that
satisfies Assumption [0.0. Let D C X be an open set such that D¢ is non-E-polar and let
B(xg,2KR) C D. Let b > 24. Let F C B(xg, R), and suppose there exist disjoint Borel subsets
{Qi,1 <i<n} of X withn > 2 such that

F=Ui,Q
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and for each i, there exists z; € X so that B(z;, R/b) C @Q;. Then there exists § =
5(0g,b,Cpr, K) > 0 such that

Capp(F) < (1—9) Z Capp(Q;)-

i=1

Proof. The proof is similar to that of [BMI], Proposition 3.15]. The only difference is that we use
RBC(K) condition and a chaining argument using the EHI along with Lemma [5.13] to obtain
the lower bound on the equilibrium potentials h; for Capp(Q;).

The proof in Proposition 3.15] uses the fact that 0-order equilibrium measure l/g of any
B C D with Capp(B) < oo for the part Dirichlet form (€, FP) on D satisfies v5 (D) = Capp(B).
Since this is mentioned in [FOT] under the additional assumption that B is compact, we
provide further details on how to verify this equality for an arbitrary Borel set B. Let eg
denote the 0-order equilibrium potential of B for (£, FP), so that E(eg u) = | Dudug for
any u € (FP). by [FOT, Theorem 2.2.5]. Then by [FOT), the O-order version of Theorem
2.1.5], Capp(B) = E(eB,eB) = [peBdvy, [l —eB)dvE = E(eB,p(1 — eB)) = 0 for any
v € FNC(X) with @‘X\D, hence [,,(1 — eB)dvy = 0, namely e = 1 v5-ae., and thus
Capp(B) = [, eB dvE = vB (D). O

The following lemma is an extension of Corollary [5.19]

Lemma 5.22. Let (X,d,m,E,F) be a MMD space that satisfies Assumption [5.6 with K > 2.
Let 1 < Ay < Ay < 00. There exists a positive constant Cy that depend only on Ay, As, and the
constants in Assumption [0 such that for all x € X,0 < r < diam(X,d)/(6(A2 V (9K))),

CapB(x,Azr) (B(l‘, 7")) < CapB(x,Alr) (B(l‘, 7")) <O CapB(z,Agr) (B($7 T))

Proof. The estimate Capp(y a,r)(B(2,7)) < Cappy a,r)(B(x,7)) follows from domain mono-
tonicity. For the other estimate, by domain monotonicity we may assume As > 8K.

Choose Az > 8K so that Aa/As < Ay—1. Then B(y, Aar/As) C B(z, Ayr) for all y € B(z,r).
By the metric doubling property, there exists N € N (depending only on A3 and the constant
associated with metric doubling) such that y1,...,yy € B(z,r) and UY, B(y;,r/A3) D B(z,7).
By considering the function e = max;<;<x e; where e; is the equilibrium potential corresponding
to Capp(y,, Ayr/45)(B(Yi, 7/A3)), we obtain

N
Capp(y a,p) (B(@,1) <Y Cappy, ayr/as (Byi,m/A3)).
i=1
By connecting the points x and y; using a r/As chain and using Lemma [5.20(b), we obtain
Capp(y, Agr/as) (B(Yi,7/A3)) < Capp(z A, a,) (B2, 7/43)),

for all x € X, r < diam(&X,d), and i = 1,..., N. By Corollary [5.19 and domain monotonicity,
we have

CapB(x,Azr/Ag)(B(‘Tv T/A3)) = CapB(x,Agr)(B(xa T/A3)) < CapB(x,Agr)(B(‘Tv T))v
for all x € X,r < diam(X,d). We obtain the desired bound

CapB(w,Alr) (B($7 T)) 5 CapB(w,Azr) (B($7 T))
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by combining the above three estimates. O

The following lemma is used to compare capacities at different scales.

Lemma 5.23. Let (X,d,m,E, F) be a MMD space that satisfies Assumption[5.6. Let Ay > 1.
There exist constants Cy > 1 and v > 0 that depend only A A (8K) and on the constants in
Assumption [58 such that for all z € X and 0 < s < r < diam(X,d)/(6(A2 V (9K))), we have

_ ™\ 7 ™\ 7
Cy! (;) Capp(z,a,5)(B(x,8)) < Cappy a,r)(B(z, 7)) < Co (;) Capp(z,4,5)(B(, 5)).

Proof. By Lemma [5.22] we may assume without loss of generality that A > 8 K. By Remark
B.IT] Corollary (.15, Lemma [5.10] and domain monotonicity, we have

_ r\? _ ry\ 0
CapB(x,Ar)(B(x7r)) = gB(w,Ar)(x7r) ! S <;> gB(m,Ar)($7s) ! S <;> CapB(z,As)(B($vs))
forallz €e X,0<s<r< %W, where 6 > 0 is as given in Corollary [B.15]
For the reverse inequality, we use Corollary [£.19 repeatedly and domain monotonicity to
obtain

T

T 91 91
Capp(e a9 (B(2:5)) S (5) Cappipan(B(z.) < (Z) Cappge,an(Bla.r).

forallz € X,0<s<r< %&X’d), where 07 = logy C7 > 0, where (] is as given in Corollary
Setting v = max (6, 01), we obtain the desired conclusion. O

6 Good doubling measures

As in Section 4] we now use the argument of Volberg and Konyagin to construct a
new measure u such that (X,d, u) satisfies volume doubling; that is, there is a constant ¢ > 1
so that u(B(z,2r)) < cu(B(xz,r)) for all x € X and r > 0. We need further that u relates
well with capacities — see Definition below. One key difference from [BMI] is that we do
not assume bounded geometry condition on the original MMD space (X, d,m,&, F). Another
difference from [BMI] is that we do not have any cutoff at small length scales. This means that
1 need not be absolutely continuous with respect to m, and it is not a priori clear that y is a
smooth measure having full quasi support on X'. This property is established in Proposition .16l
of this section. The key inputs from the previous section are inequalities controlling capacities
Corollary 519, Lemma [5.20, Proposition (£.2I] and Lemma

6.1 Construction of a doubling measure

In this section, we often make the following assumption.

Assumption 6.1. We assume that (X, d) is a complete locally compact separable metric space,
and that (X, d, m, &, F) satisfies the (scale invariant) EHI with constants Cg, 0f7. Furthermore,
we assume that the metric space (X, d) satisfies one (and hence all) of the equivalent conditions
in Theorem [5.41
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The following definition is a simplification of Definition 4.1]: we do not require absolute
continuity with respect to the reference measure m. We do not require the volume doubling
property for the measure v either — this will follow from Lemma

Definition 6.2. Let (X,d,m,E,F) be a MMD space that satisfies Assumption Let D
be a Borel subset of X. Let Cp € (1,00), 0 < B < S and let A € [2'/3 00). Let
I = (0, A=*diam(D)). We say a locally finite Borel measure v on D with full support is
(Co, A, B1, B2)-capacity good if for all z € D and s1,s2 € I with s1 < s9, 0 < v(B(x,s1)) <
v(B(z,s2)) < oo and

i (s9\P' v(B(w,52)) Capp(y as,) (B2, 51)) 5o\ A2
122 (z,As1) 52
CO <81> = V(B(l‘,sl)) CapB(m7As2)(B($,82)) = CO ( > : (61)

Since v is locally finite, any capacity good measure v is a Radon measure on D, if D is open in
X.

Under Assumption [6.I we observe by Corollary [5.19] that the second inequality in (6.1) of
Definition implies the volume doubling property for v.

Lemma 6.3. Let (X,d,m,E,F) be a MMD space that satisfies Assumption [0l Let v be a
(Co, A, By, B2)-capacity good measure on X. Then it satisfies the volume doubling property.

Proof. 1f diam(X,d) = oo, then the volume doubling property follows from Lemma and
domain monotonicity of capacity, since Capp, a5)(B(,s)) and Capp, 244 (B(z,2s) are com-
parable.

In the case diam(X, d) < oo, we view X as the closed ball B(zg, 2 diam (X, d)) and use Lemma
(.23 to obtain the volume doubling property for balls B(x, s) with s < diam(X,d). The volume
doubling property for larger balls follows from a covering argument, the metric doubling property
and the fact that inf,cy v(B(z,s)) 2 v(B(zg,s)) for s = %A“l diam(X,d) and any xy € X by
RBC(K). O

The following is the main result of this section.

Theorem 6.4 (Construction of a doubling measure). Let (X,d,m,E,F) be a MMD space that
satisfies Assumption [61l. Then there exist constants Co > 1, A > 1, 0 < 81 < B2 and a Borel
measure (1 on X which is (Cy, A, B1, B2)-capacity good.

The proof of Theorem requires a preparation of a few results. We begin by adapting the
argument in [VK] to construct a measure with the desired properties on a family of compact
sets. We then follow [LuS|] and obtain p as a weak* limit of measures defined on an increasing
family of compact sets.

The proof uses a family of generalized dyadic cubes, which provide a family of nested parti-
tions of a space. Such a decomposition of space was introduced by Christ [Chr, Theorem 11].
The following is a slight modification of the construction in [KRS|, Theorem 2.1]. Since the
requirements (g) and (h) are new, we provide some details.

Lemma 6.5. Let (X,d) be a complete, metric space satisfying metric doubling and RBC(K)
property. Let xg € X and A > 8. Then there exists a collection {Qy;: k € Z,i € I, CZ1} of
Borel sets satisfying the following properties:

(a) X = Uier, Qi for allk € Z, and Q; N Qr; =0 for all k € Z and i,j € Iy, with i # j.
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(b) If m <m and i€ I, j € I, then either Qn ;i N Qmj =0 or Qni C Qu ;.

(c) For every k € Z and i € Iy, there exists xy,; € Qp; such that

iy —
B(ay,caA™") C Qri C Blay:, CaA™F),
where cq = % — ﬁ, and C'y = ﬁ.

(d) The sets N, = {xy;: i € I}, where xy; are as defined in (c), are increasing in k and
xg € Ny, for all k € Z; that is Ny, C Niy1 for all k € Z and xo € NiezN.

(e) Properties (a), (b) and (c¢) define a partial order < on T = {(k,i) : k € Z,i € It} by inclu-
sion, where (k,1) < (m,j) if and only if k > m and Qi C Qm.j-

(f) There exists Cpy = Car(A) > 0 such that, for allk € Z and for all zy,; € Ny, the ‘successors’
Sk(@ri) = {xks15 0 (k+1,5) < (k,9)}

satisfy
ISk (xr4)] < Cyr for all k € Z,i € I,. (6.2)

Furthermore, we have d(zy;,y) < A7 for ally € Sk(xg.:)-

(g) Let
ko=inf{keZ: |l >1}, (6.3)

where || denotes the cardinality of I,. Then ko € Z U {—oc} satisfies
ca AR < diam (X, d) < 204 A R0, (6.4)
For all k > ko, k € Z and i € I}, we have |Sk(zy) > 2.

(h) For all k € Z, Qo is compact and xj 0 = xo.

Proof. The sets Qi j,k € Z,j € I}, are referred to as ‘generalized dyadic cubes’. We follow the
construction in [KRS|] with a minor modification so as to ensure the property (h).

We choose Ny C & such that zg € Ny and Ny = {x¢; : i € Ip} is a maximal subset of X’ such
that d(xo,,x0,) > 1 for all i # j with i,j € Ip. For k > 0, we define Ny, = {x, : 1 € I};} as a
maximal subset of X such that Ny_; C Nj and d(xy;, zp ;) > A~k for all distinct This Thj € Np.
For k < 0, we define N, = {z}; : i € I;} as a maximal set such that zo € N C Ny41, and
d(zg,i Th,j) > A~F for all distinct Thi, Tk j € Ni.

We label the indices Ij, such that xj o = x¢ for all k € Z. For each (k,i) € Z x Z with i € I,
we pick an element (k —1,7) € Z x Z with i € I such that

d(Tp 4, Tp—1,5) = lgllin AT, Th—1,1)-
k—1

We define < as the smallest partial order that contains the relations (k,i) < (k — 1,7) for all
(k,i) € Z x Z4 with i € Iy, where (k — 1,j) € Z x Z4 with ¢ € I;;_; is chosen as above.
We relabel the indices Iy of Ny such that 0 € Iy remains unchanged and

l1 <lp forallk <0,y €{ie€ly:(0,i) <(k,0)} and Iy € Iy \ {i € Iy : (0,i) < (k,0)}. (6.5)
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This relabeling exists since {i € Iy : (0,7) < (k,0)}) is finite for all £ < 0 (by the doubling
property) and (k,0) < (k —1,0) for all £ < 0.
Define the sets Qo ; as

Qo ={zir: LE) < (0,0)F\ |J Qo

Jj<i,je€lo
For k < 0, we define the sets ()} ; inductively as
Qri= U Qrery
(k+1,5)= (k%)

whereas for k£ > 0, we define

Qi = Quora N {2y (L) <k DF\ U Quyjo where (ki) < (k= 1,7).

j<i, g€l

Properties (a)-(e) are contained in [KRS, Theorem 2.1]; (f) is immediate from the above con-
struction and metric doubling.

(g) The estimate |Sy(zy,;)| > 2 relies on the following consequence of RBC(K) (see Lemma
BE2a)): r < diam(B(z,r)) < 2r for all B(z,r) # X. Since 2C4/ca = 4A/(A —3) < A for all
A > 8, we have

diam(Qy;) > caA7F > 20,471 > diam(Qp+1,;) for all k > ko, k € Z.

Hence Q. ; # Qp+1,; for all k > ko, i € Iy, j € I41, and therefore |Si(xy ;) > 2 for all k > k.
Clearly by (c), diam(X,d) = oo if and only if kg = —oo. If ky € Z, the estimate (6.4]) follows
from B(z0,caA™) C Qro0 S X = Qro_1,0 C B(xg, CaA=FoF1),

(h) By 63)), Q.o is closed for all k € Z, since Qo = {x1; : (1,7) < (k,0)}. By (c) and [(MD)]
Q0 is compact for all k € Z. O

We fix a family

of generalized dyadic cubes as given by Lemmal[6.5] and define the nets N and successors Sk (x)
as in the lemma.

Definition 6.6. We define the predecessor Py(x) of x € Ny to be the unique element of Nj_4
such that = € Sk_1(Px(x)). Note that for z € Ny, Sk(z) C Niiq whereas Py(x) € Ni_1. For
x € X, we denote by Qp(x) the unique @y ; such that x € Qy ;.

Let kg € Z U {—00} be as defined in (63). For k € Z with k > ko + 2, denote by ci(z) the
relative capacity

ck(x) = CapB(w,Aka)(Qk(x)). (6.6)
The following lemma provides useful estimates on c¢;. Note that if £ > kg + 2, then

AR < g7hol < L AT diam(X, d) = H diam (X, d).

Lemma 6.7 (Relative capacity estimates for generalized dyadic cubes). Let (X,d,m,E,F) be
a MMD space that satisfies Assumption [0 1. There ewists Ag > 8 such that the following hold.
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(a) For all A > Ay, there exists C1 > 0 such that for allk > ko+2,z,y € X withd(z,y) < 4A7F,
we have
Crlen(y) < arl(x) < Crep(y). (6.7)

(b) For all A > Aq, there exists C1 = C1(A) > 0 such that for all k > ko + 2,2 € Ny and
y € Sk(x), we have
Oy ten(@) < era(y) < Creg(a). (6.8)

(c) For all A > Ag, there exists C1 = C1(A) > 0 such that for allx € X and s < diam(X,d)/A*,
Oy ex(@) < Capp(ga5)(B(2,5)) < Crey(x) (6.9)
where k € 7 is the unique integer such that A% < s < A=F+1,

Proof. We use domain monotonicity of capacity along with Corollary (.19, and Lemma [5.23] to
show first (G3) with s = A~F for all k > kg + 2 and # € X (with O} independent of A) and
then Lemma [5.20] to obtain the above estimates. For (c), note that A=% < s < diam (X, d)/A* <
204 A ko=3 < A=ko=2 jmplies k > ko + 3. O

We record one more estimate regarding the subadditivity of ¢, which will play an essential
role in ensuring (6.]) and follows from Proposition B.21] and domain monotonicity of capacity.

Lemma 6.8. ([BM1, Lemma 4.6]) Let (X,d,m,E,F) be a MMD space that satisfies Assumption
6.1l There exists Ag > 4,6 = §(A) € (0,1) such that for allk € Z, k > ko + 2, A > Ay, for all
x € Ni, we have

@) <(1-6) Y an).

yESk ()
Henceforth, we fix an A > 8 large enough such that the conclusions of Lemmas and
hold.

We need the following modification of [VK| Lemma, p. 631], which was stated in [BMI]
Lemma 4.7] without a proof. For the reader’s convenience, we provide its full proof below.

Lemma 6.9. Let (X,d,m,E,F) be a MMD space that satisfies Assumption [61. Let c(-),
k> ko+2, k € Z denote the capacities of the corresponding generalized dyadic cubes as defined
in (68)). There exists C' > 1 satisfying the following. Let k > ko + 2, k € Z, and let py be a
probability measure on Ny, such that

w(€)  opnle)
(@) = e

Then there exists a probability measure pg11 on Niiy1 such that the following hold.

for all € ,€" € Ny, with d(e',e") < 4A7F, (6.10)

(1) For all ¢',¢" € Nyy1 with d(g',g") < 4A™*1 we have

pei(9) e tir1(9”)

. 6.11
ce1(9) T cwtalg”) (611)
(2) Let § € (0,1) be the constant in LemmalG.8. For all points e € Ny, and g € Si(e),

ck(e) = crvaly cr(e)
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(3) The construction of the measure pgyq1 from the measure py can be regarded as the transfer
of masses from the points of Ny to those of Nii1, with no mass transferred over a distance
greater than (14 4/A)A7F.

Proof. By the metric doubling property

sup sup |Si(z) =S < oo, (6.13)
k€Z xENy,

where Si(x) is as defined in Lemma [6.5(f). We choose
C =08,

where C} is chosen such that (6.7), (6.8]) and (6.9]) hold. Let k > ko + 2, k € Z, and let py be
any probability measure on Ny such that (6.10) holds.

The transfer of mass is accomplished in two steps. In the first step we distribute the mass
wi(e) to all its successors Sk (e) such that the mass of g € S(e) is proportional to cx41(g); that
is

. cr+1(9) e
filg) = S Ck+1(g,)uk( )

for all e € N and g € Sk(e).
By (613), Lemma 6.7 and Lemma [6.8] we have

_1ik(e) _ folg) o k()
Ca® S an =500 (6.14)

for all points e € N and g € Si(e). If the measure f; on Ny, satisfies condition (1) of the
Lemma, we set pix4+1 = fi1. This is the desired measure. Condition (2) is satisfied by ([6.I4]), and
(3) is obviously satisfied by Lemma [6.5(f). The second step is not necessary in this case.

But if fy does not satisfy condition (1) of the Lemma, then we proceed as follows at the second
step. Let p1, ..., pr be the indexed pairs of points {¢’,¢"} with ¢, ¢” € Nxy1 and 0 < d(¢',¢") <

4A~*=1. Take the pair p1 = {g},q"}. If folo)) o2 _foll) ,q folol) o 2 _folg)) . then

cet1(9y) — ck+1(97) $k+1(g/1/) - /C/kﬂ(g'l)
we set f1 = fo. Assume one of the inequalities is violated, say % > C? Cﬁ(lg(lg,),). Then we
1 1
construct a measure f; from fy such that
filgr) = folgr) — eu,
fi(g)) = folg)) + eu,
filg) = folg), g # g1, 91,
where aq > 0 is chosen such that
C? 1 ~ folg1) c? folg?)
a1 7 / - N %
a1(91)  a1(91) /) cka(9y) ck+1(97)

filgr)  _ 2 _filg))
t ~=C o
ck+1(91) ck+1(97)
The next step is the construction of a measure f5 from f; in exactly the same way that f; was

constructed from fy. Here we consider the pair po. A measure f3 is next constructed from fo
and so on. We claim that px1q = fr is the desired measure in the lemma. If X" is non-compact,

It is clear tha
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pr+1(g) = limjoo — fi(9),9 € Nipy1 (the existence of this limit is an easy consequence of
metric doubling property).
We first verify that for all e € Ny, for all g € Si(e) and for all s =0,1,...,T, we have

ce(e) 7 cera(g) ck(e)
By (6.14), it is clear that (G.I5]) holds for s = 0. We now show (6.15]) by induction. Suppose (G.15)

holds for s = j, we will verify it for s = j+ 1. Let pj11 = {¢',¢"}, € = Pry1(9'), ¢" = Pry1(9").
If f; = fj+1, there is nothing to prove. But if f;41 # f;, then assume, say, that

filg) 5 filg")
cr+1(9") - ¢ Ck+1(9")'

(6.15)

(6.16)

By (6I6]) and the construction, we have
finrg) < f3(0), finald") > £ilg"). (6.17)
Therefore by the induction hypothesis ([6.15) for s = j and (6.17]), we have

finld) _ (1- 5)Mk(€') fi+1(g") o pmrpn(€)

cr1(g’) — cr(e)’ crpalg”) ~ cr(e’)

Therefore it suffices to verify that

fial0) | qomle)  fnld) _ g p i)

cu1(9’) — @) chri(g") () (6.18)

Suppose the first inequality in (6.I8]) fails to be true, then by construction, (G.I7]) and the
induction hypothesis ([6I5) for s = j, we have

C_Mk(e') - fiv1(9") szj+1(9”) S fi(g") - C,Mk(e")

_ , 6.19
@~ an(@) C an@ C an = C (6.19)
which implies c:((el)) > (2 ’é k((: )) However ’; ;‘((:,l)) < (C? ’é :((:,l,l)), by the assumption on py, since

(e, ") <d(e,g) +d(gg") +d(e",g") <247F 44471 <4a7F,

This proves the first inequality in (G.I8]). The proof of the second inequality in (6.I8)) is similar.

Indeed, assume to the contrary that fjiig“g]; (1-90)L :((e )) then we have

1ot s i) finld) _ pefinle") ey gy me(e)

(
ce(€) ~ epr1(9) T ckra(d) crir(9") (@)’ (6.20)

which again implies ’; z((e,)) > (2 ’; "((e,,)) . Therefore ([6I5) follows by induction. In particular,
tk+1 = fr satisfies condition (2) of the lemma.

We now verify condition (1) for ugy1 = fr. For this, it suffices to prove the following

assertion: if
2 fy( ) < fj(gl) < 2 fy( )
cer1(9”) T ewnr(d) T ara(9”)

(6.21)
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holds for a pair of points ¢',¢"” € Njyq such that 0 < d(¢',¢") < 4A7*~1 then the same
inequalities hold when f; is replaced by fj41.

We now prove this. If pjy1 = {¢',¢"}, then f;41 = f; and there is nothing to prove.
If {¢/,¢"} Npjy1 = 0, then again there is nothing to prove. Let pjy1 = {g1,92}. Without
loss of generality, we assume p;11 N {¢',¢"} = {91} where g1 = ¢" and f;(¢")/cr+1(9") >
C?fi(92)/cr+1(g2). Then

Jild) _ celinll2) =y oy < fitg), g (o) = £l (6.22)

cry1(9”) crt1(g2)’

Therefore, only the second inequality in (G.2I) can fail for fj1;. Suppose that this happens,

that is . ,
fi+1(9") - C2fj+1(9 )

. (6.23)
crt1(9') cr+1(9”)
Let ¢/ = Piy1(¢') and es = Pr11(g2). Then by ([6.23)), (622)) and (6.13)
_sm(@) o finld) | e fing") _ pafini(92) o caiwler)
-0, ce(€) Ck+1( ) ¢ ck+1(9”) =¢ ck+1(92) = ¢ crlez)’ (6.24)

which implies that % Cc? ”’“((62)) However since d(€’,e2) < d(e¢/,q) +d(¢',9") + d(g1, 92) +

Crl€2

d(ga,ez) < 2(A™% + 4A7F1) < 4A7F, we have a contradiction and hence ([6.23)) is false. This
shows (6.21)) for the case fj(g")/ck+1(9") > C%fi(g2)/ck+1(g2). The case f;(g")/ck+1(g") <
C72fi(g92)/ck+1(g2) is analyzed similarly and therefore the assertion given by (G.21]) is proved.
It remains to observe that this assertion proves condition (1) of the lemma for the measure
tr+1 = fr. Along the path from fy to fr, we “correct” the measure at all pairs of points where
condition (1) is violated, and the assertion given by (G.2I) shows that once a pair is corrected,
it remains corrected when further changes are made.

It remains to verify condition (3). Note that by Lemma [6.5(f), there was a mass transfer
over a distance of at most A% while passing from p, to fy. Therefore it suffices to verify that
while passing from fo to fr = p41 there is a transfer over a distance of at most 4A~*~1,

We will now verify this. It suffices to verify that there are no pairs p; = {91, 92}, pn = {92, 93},
I,n € ZN[1,T],l # n, such that mass is transferred from g; to g2 (in the transition from f;_; to
f1) and then mass is transferred from go to g3 (in the transition from f,_1 to f,). Assume the
opposite. First note that the assertion given by (6.21]) can be modified as follows. If the second
inequality in (621]) is true for f; it remains true for fj;;. The same argument as before goes
through. Using this modified version of the assertion, and the assumption that there are a mass
transfer from g; to go followed by a mass transfer from g, to g3, we have

folg1) S fo(g2) fo(g2) S 2 fo(gs)

cr+1(91) cr+1(92) ’ cr+1(92) cr+1(93) '

(6.25)

If e1 = Pyt1(g1), e3 = Piy1(g3), then
d(e1,e3) < d(e1, 1) + d(g1,92) + d(g2, g3) + d(g3, e3) < 2r(A™F + 447 1) <447k,

Consequently by assumption, jux(e1)/cr(e1) < C?ug(e3)/cr(e3). However the inequalities (G.25))
and (6I5) imply the opposite inequality ju(e1)/ck(e1) > C?ug(es)/cr(es). We have arrived at
the desired contradiction and the proof of the lemma is complete. O
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Remark 6.10. Lemma[6.9] and its proof above remain valid, if Ny is replaced by any M C N
and Nk+1 by Mk—l—l = UyGMk Sk(y)

We now adapt the method in to construct the doubling measure.

Proposition 6.11 (Measure in a cube). Let (X,d,m,E,F) be a MMD space that satisfies
Assumption [61]. . There exist constants Cy, A > 1 and 0 < 1 < (B such that for any integer
I > ko — 1, there exists a (Co, A, 1, B2)-capacity good measure v = v, on Q.

Proof. Choose A > 8 large enough such that the conclusions of Lemmas [6.9] [6.7] hold. Set
My = NN Qup for k > 1+ 3, so that Myy1 = Uyeps, Sk(y) (cf. Remark B.I0). Let i3 be the
probability measure on M3 such that p;y3 is proportional to ¢;13; that is

c143()
)
yeMlJrS Cl+3 (y)

for all x € Mjy3.

Ml+3($) = Z

We use Lemma and Remark [6.10] to inductively construct probability measures p; on M
for all k > [+ 3. We define the measure v = v as a weak (sub-sequential) limit of the measures
i as k — oo (the existence of such a limit follows from the compactness of ;). We claim that

v is (Coy, A, B1, f2)-capacity good for some Cy, A, 31, 52 > 0. (6.26)

For each z € Q; and k > [+ 3, let e, ;, € M}, be the unique point in M}, such that e, € Qp(x),
so that by Lemma [6.5(c),
d(z, ez ) < CuA™F.

If s < A~*diam(Q ) < A™#2C4A7" < A7'73 then s < A='=3. In order to show (G20]), we
prove the following two-sided estimate on measure of balls: there exists Co > 1 such that

Cy i (exn) < v(B(x,8) N Qo) < Copnlern), forallz € Qs < A3 (6.27)

where n is the unique integer such that A=""1 < s < A™".
Note that, by Lemma [6.9(3) the mass from e € M, travels a distance of at most

[e.e]

(144471 A =C347", where C5:= (1 +447 (1 — A71)~1 < 22, (6.28)
=k

Therefore, none of the mass outside M,, N B(z, (1 4+ C3)A™"™) falls in B(x,s), and therefore
v(B(,s)) < pn (M, N B(z, (1+ C3)A™™))  for all z € Qp,s € (0,A773). (6.29)
By the triangle inequality, if e € M,, N B(x, (1 + C3)A™"), then
dle,egn) <d(e,x)+d(x,ez,) < (1+C3)A™" +CQA™" <4A™".

Therefore by (6.29), ([6.10)), ([6.7), and the metric doubling property, we obtain the upper bound
V(B(.5)) % fin(ens) in B2D.

For the lower bound in (627, using (628), we have that for all x € Q; and for all s < A~!=3
with A1 < s < A™™,n € Z, the mass from ez nt2 travels a distance of at most CyA™ 2 <
%A‘"‘z from ey 542. Since d(x, ez pi2) < C4AT""2 < %A‘"‘z, we have that the mass from
€z n+2 stays within

B(z,3A7""%) C B(x, %s) C B(z,s/2).
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Therefore
v(B(z,5)) > pnt2(€rnt2)- (6.30)

By (612) and (G.8]), we obtain that p,i2(exnt2) and pn(Pri1(Pry2(eznt2))) are comparable,
where P11, P12 denote the predecessor as given in Definition By the triangle inequality,
we obtain that d(ey n, Ppt1(Ppi2(€znt2))) < 4A™", and therefore by ([6.7) and (6.10), we obtain
that p,(Prt1(Prt2(€znt2))) and pip(eqrn) are comparable. Combining the above with (E30]),
we obtain the lower bound v(B(x,s)) 2 pn(€zrn) in [6.27). This completes the proof of ([6.27]).

Next, we obtain (626) from (B27). Let 0 < s1 < sy < A~*diam(Q;). Let ni,ny € Z be
such that A1 < s; < A7 for i = 1,2. For z € Q1,0, let x,, € M,, be the unique point in
M, such that z,, € Qn,(x). By (€21) and Lemma [6.7(a),(b),(c), we have

v(B(z,52)) Capp(p a6)(B(%:51))  finy (2ny)n, () fing (Tny)ny (20,
V(B($v 81)) CapB(m,Asz)(B($v 82)) B Hony ($n1)cn2 (l‘) B Hny (xnl)cnz (l‘nz) ‘

Next, by using Lemma [6.9(2), we obtain

na—n1 < v(B(z,52)) CapB(vasl)(B(x’sl)) - fins (Zns ) Cny (Tny)
- V(B(‘Tv 31)) CapB(z,Asz)(B(x7 32))

where Cy > 1 is the constant C' in Lemma 69 and ¢ € (0,1) is as in Lemma The desired
estimate (6.26]) follows by setting #; = —log(1 — §)/log A and 35 = log C4/ log A. O

(1—6) < ope

p ~ Ly )

Py (Tny ) Cng Ty

We are now in the position to give the

Proof of Theorem[6.4} The compact case follows by choosing | = kg — 1 in Proposition [6.11]
It suffices to consider the non-compact case. For [ < —1,1 € Z let v; be the measure given by
Proposition [6.11] on (), and choose a,, > 0 so that

av(B(zg,1)) =1, foralll € Z,l <0.

A compactness argument similar to that in [LuS] yields the existence of a measure v which is a
sub-sequential weak* limit of the sequence of measures q;v; as [ — —oo, bounded on compacts,
such that it is (Cy, A, p1, B2)-capacity good. O

6.2 A criterion for smoothness of measure

In this section, we will provide a useful sufficient condition for a doubling measure to be smooth.
The definition of a smooth measure is given in Definition 2.4]

The following lemma follows immediately from [CE|, Theorem 3.3.8] or [FOT], Theorem 4.4.3]
and the countable subadditivity for capacities.

Lemma 6.12. Let (X,d,pu,E,F) be a MMD space. Let {B;:i € I} be a countable family of
open balls such that U;eyB; = X. Let U C X be a Borel set. Then U has zero capacity for (€, F)
if and only if U; := U N B; has zero capacity for the part Dirichlet form (E8:, FBi) for alli € I.

Proposition 6.13. Let (X,d,m,E,F) be a MMD space that satisfies the EHI and Assumption
61 Let pu be a capacity good measure. Then p is a smooth Radon measure.
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Proof. By Theorem [£6, (£, F) has regular Green functions. Denote by A the corresponding
Borel properly exceptional set of X for the regular Green functions of (&€, F).
Let A denote the constant in Lemma (5I2] Let B = B(xg,r) denote any ball such that

r < diam(X,d)/A%. For x € X,s < diam(X,d)/A?, we set U(x,s) = CapBi(]ii’i%)(r IR

We will show that = — [5gp(z,y)u(dy) is bounded uniformly in B \ N. Note that
[ 9B(x,y)p(dy) is well defined for every z € B \ NV in view of the definition (see Definition
[4.4]) of regular Green function on B. By Lemma [6.3] the measure u satisfies the reverse volume
doubling property (RVD) Exercise 13.1]: that is there exists ¢g > 0 such that there exist
co € (0,1),C3 € (1,00),a € (0,00) such that

w(B(z, R)) > ¢ <§> w(B(z,r)), forallz e X,0<r <R <diam(X,d)/Cs. (6.31)

In particular by letting » — 0 in the above equation. we obtain p({z}) =0 for all x € X.
Fix x € B \./\/ and set B; = B($, Al_id(l‘,y)),Ai = B; \Bi—l—l for i € NZO'

| 9t ) < [ gotan(o.9) n(dy) (by domain monotonicity
B B

< Z/BOA- gB(:c,Ar)(l',y) w(dy) (since p({z}) = 0 by (RVD))

S [ Copp(Br)utdy) by (HG), @3, Lemma E10)

=0 J
SY [ Y Cop (Br) uldy) by Lemma BT
i=0 Y BNAi g
SY Copp (Bra) 'Y [ S Y Cav (Braa) (B)
=0 i=j Y BNAi j=0
< W(2,2279r) < W(xg, 7). (by @I), Lemmas 6.3 and B20(b)). (6.32)
=0

We claim that p|p is a smooth measure on B. Suppose not. Then there is a compact subset
K C B which is £B-polar (which is equivalent to being &-polar) so that p(K) > 0. Let
h(z) = [, gB(x,y)u(dy). By ©32), h(z) is bounded on B \ N. By Lemma and the
maximum principle [@3), gp(x,y) > 0 for z € B and y € K with 0 < d(x,y) < 1 for some
ry > 0. Thus {x € B\ N : h(z) > 0} has positive E-capacity. On the other hand, by the
definition of regular harmonic function, = +— gp(z,y) is harmonic in B\ {y} for every y € B
by Theorem EH(ii). So by (632) and Fubini’s theorem, h(z) = [, gp(z,y)u(dy) is a bounded
harmonic function in B\ K. Since K is £-polar, h is bounded harmonic in B. Let {D,;n > 1}
be an increasing sequence of relatively compact open sets that increases to B and that K C D,,
for every n > 1. By Remark 27 and Proposition B2}, h(x) = E*[h(X,, )] for z € D,, \ V. Hence
for every z € B\ N,

h(z) = lim Ex[h(XTDn )] = lim Eng(XTDnvy):u(dy)' (6.33)

n—oo K

For every yo € B, as = — gp(z,y) is XPB| B\W-excessive, where N is a Borel properly excep-
tional set for X? appearing in Definition @4{(iv) for gg. Thus t — g(X/,50) is a non-negative
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P*-supermartingale for z € B\ Np, and consequently, lim, .. g5(X, ,y0) exists P*-a.s. By
the maximum principle (&3], EHI and Holder estimate (6], lim,, .o 95(X7, ,¥) is uniformly
Hélder continuous in y € B(yg,r2) for some ro > 0. For any bounded compactly support
function ¢ > 0 on D, by the strong Markov property and bounded convergence theorem

lim E* /D 98Xy, y)p(y) m(dy) = lim B <Ex [ /OTB #lXs) ds OHTD"D

n—oo n—oo

B

= lim E“’”/ o(Xs)ds = 0.
n—oo TDy,

Thus by the Fatou’s lemma and the Holder regularity mentioned above, we conclude that

limy, 00 98(Xrp, ,%0) = 0 for every yo € B P*-a.s. Observe that {gp(X,, ,y);n > 1,y € K}

are uniformly bounded random variables by the maximum principle (£5]). Thus we conclude

from (633]) by the bounded convergence theorem that

h(x) = / E” [h_)m gD(XTDn,y)] u(dy) =0 for every z € B\ Np.
K n—0o0o

This contradicts to the fact that {x € B\ N : h(z) > 0} has positive E-capacity. We have thus
proved that p is a smooth Radon measure. g

A smooth measure g on X uniquely determines a positive continuous additive functional
AF = {A};t > 0} of X. Tt can be used to define a time-changed process Y; := X,,, where

7 :=inf{r > 0: Al > t}.

Let S(1) denote the quasi support of u (see Definition 2.5 and F' be the topological support of
w. Clearly S(u) C F E-q.e. and p(F\ S(n)) = 0. Suppose p is a smooth Radon measure. Then
the time-changed process Y, after possibly modification on a Borel properly exceptional set for
X, is an p-symmetric Hunt process on F and its associated Dirichlet form (E#, F*) on L2(F; )
is regular. Moreover,

FH = {¢€L2(F,,u) ¢ =u p-ae. for someuefe},
EH(p,0) = 5(H5(H)U, Hs(p)u), for ¢ € F¥, and an arbitrary u € F, with ¢ =u p-a.e.,
(6.34)

where Fe is the extended Dirichlet space of (X,d,m,&,F) and Hg(,yu(z) = E*u(Xpy, ) for
x € X. See [CEl Theorem 5.2.13] or [FOT), Theorem 5.1.5 and Theorem 6.2.1]. The Dirichlet
form (€, F*) is called the trace Dirichlet form of (£, F) on L?(F, ). If p1 has full quasi support,

then F¢' = F. by [CE, Corollary 5.2.12] and (6.34) can be simplified to
Fr=F.NL*X,pn), E"(u,u)=E(u,u) foralluec F, (6.35)

Remark 6.14. The above mentioned properties for time-changed processes and Dirichlet forms
in fact hold for any smooth measure p rather than just smooth Radon measures except that
the time-changed process is a right process instead of being a Hunt process on F' and the trace
Dirichlet form (£, F*) is quasi-regular on L?(S(u); 1) instead of being regular on L?(F; ). See
[CE], Theorem 5.2.7].

Recall the definition of quasi support of a smooth measure from Definition In this work,
we are interested in smooth measures with full quasi support as defined below.
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Definition 6.15 (Admissible smooth measures). Let (X, d,m,&, F) be a MMD space. We say
that a smooth Radon measure u on X is admissible if p has full quasi support. In particular,
the time-changed Dirichlet form is given by (6.35]).

Proposition 6.16. Suppose that (X,d) is relatively K ball connected for some K > 1 and
(X,d,m,E,F) be a MMD space that satisfies Assumption[61l. Let p be a (Co, Ay, B1, B2)-capacity
good (hence smooth) measure on X for some Cy, A > 1 and 0 < 1 < B2. Then u is admissible.

Proof. Let N be a Borel properly exceptional set for the Hunt process X associated with the
regular Dirichlet form (£, F) on L?(X;m) so that the conclusion of Theorem [L6 holds. Denote
by S(u) a quasi support of . As discussed in Proposition 2.6], it suffices to show that

P*(og) =0) =1 for quasi every x € X. (6.36)

For the reader’s convenience, we recall why (6.36]) implies that p has full quasi support. By [FOT|
Theorem 4.6.1(i)] we may assume that S(u)¢ is nearly Borel and finely open, by adjusting S(u)
on a set of capacity zero. Then since S(1)¢ is nearly Borel and finely open, for any 2 € S(u)°\N
we have P*(0g(,) > 0) = 1, which by (6.36]) implies that S() has capacity zero.

Note that (X,d,m,E,F) is irreducible by Theorem Let zp € X \ N. Let t > 0 and
£ > 0 be arbitrary. Applying Lemma B3] to the part process X Z@0.f0) of X killed upon leaving
a ball B(xg, Ry) whose complement has positive capacity, we can choose r = r(z,t,¢) so that
PHT < t) > 1—¢ for E&-qee. ¥ € B(xg,70), where T' = 7p(,,). By applying Lemma [B.3] to
countably many such balls B(zg,rg), we conclude that

PHT <t)>1—¢, for&-qe x€X, where T = g, ), =r(2,t,6). (6.37)

By decreasing r = r(z,t,¢) if necessary, we may assume that 0 < r < diam(X,d)/A?, where
A is the constant in capacity good condition. Since we will use Proposition (.7 by increasing
A if necessary we assume that A > 2K + 1, where K is the constant in Assumption This
increase in A is possible due to Lemma Fixing r = r(z,t,¢) as above, we define

Ky = (B(z, A7)\ Bz, A_2r)) NS(p),
Al = {O’K1 < T} .

We show that there exists a constant ¢y € (0,1) that depends only on the constants associated
with Assumption [6.]), and capacity good condition such that

P*(A1) > ¢y for E-qe. x € X. (6.38)

Let e denote the equilibrium measure for K7 such that e(K1) = Capg(K1), where B = B(z,7).
To prove (G.38]), we observe that

P*(ok, < TB) = / gB(z,y)e(dy) for E-q.e. z € B. (6.39)
K4

To obtain ([6.39]), we use [FOT], Theorem 4.3.3 and the 0-order version of Exercise 4.2.2] to con-
clude that both sides of (639 are quasi-continuous versions of the 0-order equilibrium potential
for Ky with respect to the part Dirichlet form on B. We would like to use (6.39]) for z = z, but
z could belong to the exceptional set associated with ([6.39). To this end, we note that both
sides of ([639) are X | p\ n-excessive from Theorem EL6 and Lemma A.2.4(ii)] respectively.
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By the absolute continuity property of X|y\xs from Theorem and Lemma A.2.17(iii)],
we conclude that

P*(ok, < TB) = / gB(z,y)e(dy) for every z € B\ N. (6.40)
K1

It is crucial that the properly exceptional set N does not depend on B. By (6.40) and (£3),
P*(A;) = /_gB(m,y) e(dy) > gp(x, A™'r) Capg(Ky), for E-qe. x € X, (6.41)
K;

By ([632), (6.I) and Lemma [5.I0] there exists C; > 0 such that,
[ anl2)a() < Cogplar/Au(Blar/A) forally€ Blar).  (642)
B(y,r/A)

Using the fact that (X, d) is relatively ball connected, for any n > 1, there exists y € X such
that B(y, A~ 'r(A —1)/3) € B(z, A~"r) \ B(z, A~""!r). Since u is a doubling measure and
w(S(pn)¢) =0, we obtain

(K1) = p (B(z, A=) \ B(w, A7%r)) > p (B(y, A*r(A=1)/3)) Z pu (B(x, A7'r)) . (6.43)

We recall the following inequality for capacity: for any Radon measure v on B with [ gp(-, z) v(dz) <
1 q.e. on B and v(B\ K;) =0,

v(K;) < Cappg(Kj).
See [FOT), p.441, Solution to Exercise 2.2.2] and note also [FOT), Exercise 4.2.2]. By considering

the measure v(-) = u(Kqy N-)/(Cigp(x,r/A)u(B(x,r/A))), [@42]) and the above inequality, we
obtain

Capp (K1)~ < v(K1)™! = Cigp(e,r/A)u(B(z,r/A))/n(K1)
S gp(x,r/A),  (by (G.43)). (6.44)

Combining (641]) and (6.44]) establishes the claim (6.38]). Choosing € = ¢y/2, we obtain for
E-qe. X

P*(og( <t) =P ok, <T)—P*T >1t) (since {ok, <T} C {og) <t} U{T>1})
>co—e=1cy (by 637) and ([63X)).
Since t > 0 is arbitrary, the Blumenthal 0-1 law Lemma A.2.5] gives P*(0g(,) =0) = 1. O

7 Quasisymmetry and stability

Although the assumption that all MMD spaces are strongly local is in force in this section, we
remark that Lemma [I]] and Lemma [(.5](a) in fact hold for general Dirichlet forms as well.

The following is a straightforward consequence of the definition of quasisymmetry.

Lemma 7.1. ([BMI, Lemma 5.3]) Let (X,dy, p, E, F") be a MMD space and let dy be a metric
on X quasisymmetric to dy. If (X,da, u, E, F*) satisfies the EHI, then so does (X, dy, u, E, F").
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The next definition is a slight modification of Definition 5.4], the change being made
so that it applies to both compact and non-compact spaces.

Definition 7.2. We say that a function ¥ : X x [0,00) — [0,00) on a metric space (X,d) is a
reqular scale function if U(z,0) = 0 for all z € X and there exist constants C1, 31, 82 > 0 such
that, for all z,y € X and finite 0 < s < r < diam(X', d), we have with R := d(x,y), ¥(y,s) > 0

and
(w5 () =gy <alms) ()" .y

Given a regular scale function ¥ on (X, d), we now define a metric dy. This is proved as in
[BMI] — the proof there still works when diam (X, d) < cc.

Proposition 7.3. ([BM1, Proposition 5.7]) Let ¥ be a regular scale function on a metric space
(X,d). There exists a metric dg : X x X — [0,00) satisfying the following properties:

(a) There exist C, 8 > 0 such that for all x,y € X,
CM(z,d(z,y)) < du(z,y)’ < CU(z,d(z,y)). (7.2)

(b) d and dy are quasisymmetric.

(c) Assume in addition that (X,d) (or equivalently (X,dy)) is uniformly perfect. Fiz A > 1.
Let By and B denote metric balls in (X, dy) and (X,d) respectively. If v € X and r,s >0
satisfy, either By (z,s) C B(z,r) C By(z, As) C X or B(z,r) C By(z,s) C B(x,Ar) C X,
then there is a constant Cy > 1 (which does not depend on x € X,r > 0,s > 0) such that

Crls? < W(x,r) < C1sP, (7.3)
where B > 0 is as given in (T2).

We now introduce Poincaré, cutoff energy inequalities, and capacity bounds with respect to
a regular scale function ¥ on (X, d). This is again a slight modification of [BMI] Definition 5.8
and 5.13], so as to include both bounded and unbounded spaces. Recall that a cutoff function ¢
for B; C Bs is any function ¢ € F* such that 0 < ¢ < 1in X, ¢ =1 in an open neighbourhood
of By, and supp ¢ C Bs. Recall also that f(p) s the energy measure of f € F*; see Section

Definition 7.4. Let ¥ be a regular scale function on (X, d), and (X, d, u, E, F*) a MMD space.

(i) We say that (X, d, i, £, F*) satisfies the Poincaré inequality PI(¥), if there exists constants
C, Ay, Ay > 1such that forallz € X, R € (0,diam(X,d)/A3) and f € F*, u(B(z, R)) < o0
and

/ (f = F)2dp < CU(z, R) gy (B, A R)), PI(W)
B(z,R)

where f = 7“(3(;}2)) fB(va) fdu.

(ii))We say that (X,d,u,E, FH") satisfies the cutoff energy inequality CS(V), if there exist
C1,Cy > 0,A;1,As > 1 such that the following holds. For all R € (0,diam(X,d)/As),
x € X with By = B(z,R) and By = B(x, A1R), there exists a cutoff function ¢ for
By C Bs such that for any u € F* N L,

C
w?dpyyy < Crppy (B \ By) + 2 / u? dp. CS(w
/X o) S Cutg (B2 \ Bu) + goms i~ (V)
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(iii) We say that (X,d, u,E, FH) satisfies the capacity estimate cap(V) if there exist positive
constants C7, A1, Ay > 1 such that for all R € (0,diam(X,d)/A2) and 2 € X

Cfl% < Capp(e,a, 1) (B(@, R)) < Cl%'

If U(r) =8, we denote PI(¥), CS(¥), cap(¥) by PI(8), CS(B), cap(f) respectively.

cap (1)

The following lemma shows that the Poincaré and cutoff energy inequalities take a much
simpler form with respect to the metric dy.

Lemma 7.5. ([BMIl, Lemma 5.9]) Let (X,d,pu,E, F") be a uniformly perfect MMD space and
let W be a regular scale function. Let dy be the metric constructed in Proposition[7.3 with 3 > 0
as given in (T2). Then

(a) (X,d,pu, E,FH) satisfies |PL(W)| if and only if (X,dy,p,E, F*) satisfies [P1(3)|
(b) (X,d,p,E, F") satisfies if and only if (X,dy,u,E, F") satisfies |CS(B)}
The following comparison of annuli follows readily from the definition.

Lemma 7.6. ([MT, Lemma 1.2.18]) Let the identity map 1d : (X,d;) — (X,d2) be an n-
quasisymmetry for some distortion function n. Then for all A > 1,x € X,r > 0, there exists
s > 0 such that, with B; denoting balls in (X, d;)

By(x,s) C Bi(z,r) C By(z, Ar) C Ba(z,n(A)s). (7.4)
In [T4), s can be defined as
s =sup{0 < s9 < 2diam(X,d,) : Ba(z,s2) C By(z,r)}
Moreover, for all A > 1, x € X and r > 0, there exists t > 0 such that
By (z,r) C Ba(x,t) C Ba(z, At) C By(x, Air), (7.5)
where Ay = 1/n~Y(A™Y). In ([TH), t can be defined as
t=A"tsup {0 < ry < 24diam(X, dy) : Bo(z, Ary) C By(z, A7)},
The following is an analogue of Lemma for the capacity estimate

Lemma 7.7. Let (X,d,p,E,F*) be a MMD space that satisfies the EHI and let ¥ be a reqular
scale function. Suppose that (X, d) is complete and that p satisfies the volume doubling property
on (X,d). Let dy be the metric constructed in Proposition [7.3 with 5 > 0 as given in (L2]).

Then (X,d, i, E, F") satisfies if and only if (X,dy, 1, E, F") satisfies [cap(5)]

Proof. Let B and By denote balls in the metrics d and dy respectively. By Lemma [1]
(X,dy, p, E, F") also satisfies the EHI. Let the identity map Id : (X,dy) — (X,d) be an n-
quasisymmetry. Note that p satisfies the volume doubling property with respect to the metric
d and dy.

Let (X,d,p, &, FH) satisfy [cap(¥)] Set A; = n(2) and choose € € (0, 3] so that n(4e) < ﬁ.
By Lemma [5.22] we may assume that

Capp(z,a,n)(B(z,7)) < %, for all z € X,0 < r < diam(X, d). (7.6)
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By Lemma [7.0] and Proposition [[3[c), for all z € X, 0 < s < ediam (X, dy), there exists r > 0
such that B(x,r) C By(z,s) C By(z,2s) C B(z,n(2)r) # X, since r < diam(By(z,s),d) <
n(4e) diam (X, d) by Proposition 10.8] and s” < ¥(z,). By the volume doubling property
w(B(x,r)) < u(By(z,s)). By domain monotonicity and (Z.6l), we have

N(B(‘Tvr)) N(B‘I/(x73))

CapB\p(sz)(B‘I/(x?S)) = CapB(x,Alr) (B(.Z',T)) = \I/(a; 7,) = $B ) (77)

forall z € X,0 < s < diam(X, dy).

Set Ay = 1/n7'(A7"). By Lemma and Proposition [[3(c), for all x € X,s €
(0,(245)~t diam(X, dy)), there exists r > 0 such that By(z,s) C B(x,r) C B(x, Ajr) C
By(z, Ass) # X and ¥ (z,7) =< s°. By the volume doubling property, u(B(z,7)) < u(By(z,s)).
By Lemma [5.22] [Hei, Proposition 10.8], domain monotonicity and (Z.6]), we have

Caqu,(m,2s) (B‘I’ ($7 8)) = Caqu,(w,Ags) (B‘I’ (l‘, S))
u(B(z,r)) _ p(Bu(z,s))

< CapB(z,Alr) (B(.Z', T)) = \I/(LZ', 7‘) - sB (78)
for all z € X,0 < s < diam(X, dy). By (1) and (8)), (X, dw, u, E, F*) satisfies
The converse follows from a similar argument. O

We will now apply these results in the context of a change of measure on a MMD space. Let
(X,d,m,E,F) be a MMD space which satisfies the EHI and satisfy one (and hence all) of the
three equivalent conditions in Theorem B4l Let (£, F.) be its corresponding extended Dirichlet
space, and p be the measure constructed in Theorem By Propositions and G161 p is a
positive Radon measure charging no set of capacity zero and possessing full quasi-support. Let
(EH, FH) denote the time-changed Dirichlet space with respect to p as defined in ([G.34]). We
have F* = F, N L2(X,pn), EX(f, f) = E(f, f) for all f € F#, and FY' = F, (cf. [CE], Theorems
5.2.2, (5.2.17) and Corollary 5.2.12]). Moreover, the Dirichlet form (£#, F#) on L?(X; i) shares
the same quasi notions as the original Dirichlet form (£,F) on L?(X;m); see [CF, Theorem
5.2.11].

Theorem 7.8. Let (X,d) be complete and metric doubling. Suppose that (X,d,m,E,F) is
a MMD space which satisfies the EHI. Let p be a (Cy, A, 1, B2)-capacity good measure with
A > 2Y% Denote D = diam(X,d). Then the function ¥ : X x [0,00) — [0,00) defined by
U(z,0) =0 and

w(B(z,r)) .
CapB(z’r/Azl)(B(x,r/AF))) Zfo <r< D7

\Il(xﬂn) = w(B(z,D))
CapB(IyD/A4)(B(:C7D/A5))

(7.9)

ifr>D and D < oo,

is a regqular scale function on (X,d). Furthermore, the MMD space (X,d, u,E, F") satisfies the
Poincaré inequality the cutoff energy inequality and the capacity estimate |cap (W),

Proof. By volume doubling (Lemma [6.3]) and Lemma [5.20)(c), there exists Co > 0 such that for
all finite 0 < r < D and for all z,y € X with d(z,y) < r, we have

C’z_l\I’(x,r) < U(y,r) < Co¥(x,r). (7.10)
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Let z,y € X and set R := d(x,y). If R < r the inequalities in (.I]) are immediate from (G.])
and (ZI0). If s <r < R, then writing

U(z,r) _ U(z,r) ¥(y,R) ¥(x,R)
(y,s) U(z,R) Y(y,s) ¥(y,R)’

and bounding each of the three terms on the right using (6.1]) and (ZI0) give (ZIl). Thus V¥ is
a regular scale function.

By Lemma [(5.23] the MMD space (X, d, u, E, F*) satisfies

Let dy and 8 > 0 be as given by Proposition [[L3l By Lemma [[77, the MMD space
(X, dy, p, E, FH") satisfies By Lemma [I.T] and Proposition [.3b), (X, dy, u, E, F*) sat-
isfies the EHI.

By Lemma the space (X, dy) is uniformly perfect, and hence the measure p on (X, dy)
satisfies the reverse volume doubling property (RVD) as defined in (631]) [Hel, Exercise 13.1].

Therefore by Theorem 1.2], since (X,dy, u,E, F*) satisfies the EHI and it
satisfies [PI(5)] and [CS(B)] We now conclude using Lemma O

The following gives equivalent characterization of the EHI for a MMD space (X,d, m, &, F).

Theorem 7.9. Let (X,d) be a complete, metric doubling, connected metric space with a strongly
local regular Dirichlet form (€, F) on L*(X;m). The following are equivalent:

(a) (X,d,m,E,F) satisfies the EHI.

(b) There exist an admissible smooth doubling Radon measure p on (X,d) and a regular scale
function ¥ such that the time-changed MMD space (X,d,u,E, F") satisfies the Poincaré

inequality and the cutoff energy inequality (CS(W)|

(¢) There exist an admissible smooth doubling Radon measure p on (X, d), a metric dy on X that
is quasisymmetric to d, and > 0, such that the time-changed MMD space (X, dy, p,E, F")

satisfies Poincaré inequality [P1(B)| and the cutoff energy inequality |(CS(B)| for some B > 0.

Proof. (a) =(b) This is immediate from Lemma [6.3], Propositions [6.13] [6.16] Theorems and
8

(b)=(c) By Lemma B2(b), (X,d) is uniformly perfect. Let dy and 5 > 0 be as given by
Proposition [73l Quasisymmetry of dy follows from Proposition [Z:3(b). Then [PI(3)] and [CS(B)]
for (X, dy,u, €, F*) follow from Lemma [T5]

(¢)=(a) By Lemma (.2[(b), (X,dy) is uniformly perfect. Thus p satisfies reverse volume
doubling property [Hei, Exercise 13.1]. Since (X, d) is metric doubling, so is (X,dy) [Hei
Theorem 10.18]. So by Proposition 5.11 and Remark 5.12], we obtain the condition
(Geap<)g in [GHL]. Then by the implication (Geap<)s plus[PI(3)|to the EHI in [GHL, Theorem
1.1], we obtain the EHI for (X,dy, u,E, F*). Since dy and d are quasisymmetric, the desired
EHI follows from Lemma [[.T] O

Remark 7.10. (i) Note that conditions (b) and (c) in the Theorem above do not include
the requirement that (X, d, m,&,F) satisfies the conditions (HC) or (Ha) introduced in
Section Bl (It would be undesirable to include (Ha) or (HC), since we do not know if they
are stable.) Thus (b) or (c) does not immediately give the existence of Green’s functions;
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however the existence of regular Green functions does follow from the implications (b), (c)
= (a) and Theorems .8 and

The proof in [GHL] that (Gcap<)g plus|[PI(3)|implies the EHI does not require the existence
of Green’s functions.

(ii) The result that (a) implies (c¢) in Theorem[7.9can be sharpened as follows. If (X, d, m, &, F)
satisfies the EHI then for any 5 > 2 there exists a metric dgy on X that is quasisymmetric to
d, and an admissible smooth doubling Radon measure y such that the time-changed MMD
space (X, dy, 1, €, F*") satisfies Poincaré inequality and the cutoff energy inequality
The condition 8 > 2 is sharp in the sense that any (5 in property (c) necessarily
satisfies § > 2 and there are examples for which 8 = 2 is not possible. These results are
contained in [KM].

Proof of Theorem [I.3. The condition that E(f, f) < &£'(f, f) for all f € F implies that the
associated energy measures satisfy pp < //< )i see (£14). Hence the conditions and
[CS(¥)]hold for &’ by Theorems 5.4l and [}, and therefore the implication (b) = (a) in Theorem
implies that the EHI holds for £’. O

The following is an extension of Theorem [[L3] where the symmetrizing measures for the
Dirichlet forms may be different.

Theorem 7.11. Let (X,d) be a complete, doubling metric space, and let m be a Radon measure
on X with full quasi support. Let (€, F) be a strongly local regular Dirichlet form on L*(X;m).
Suppose that (X ,d,m,E, F) satisfies the EHI. Let p be a smooth Radon measure of (X,d, m,E,F)
with full quasi support on X, and (E',F') be another strongly local regular Dirichlet form on
L2(X; ) such that F N Cu(X) = F' NC.(X) and

CTUE(f ) S Ef ) SCESf)  forall f € FNC(X). (7.11)

Then (X,d, p, &', F') satisfies the EHI.

Proof. Let X be the Hunt process associated with the regular Dirichlet form (£, F) on L?(X;m).
Since p is a smooth Radon measure with full quasi-support, its associated positive continuous
additive functional A; is strictly increasing up to the lifetime of X. Thus its time-changed
process Y; := X,,, with 74 := inf{r > 0: A; > t}, has the same family of harmonic functions as
that of X. By (6.3%), the Dirichlet form (E#, F*) of the time-changed process Y is regular on
L?(X; u) and has the property that F* = F, N L?(X; u), FY' = F. and E* = £ on F,. Moreover,
(EH, FH) is strongly local and satisfies the EHI. Since both m and p are Radon, any f € F that
has compact support is in F# and, since F = F, N L*(X,m),

FNCe(X) = (FeNLA(X5m)) N Ce(X) = (FENLA(X; ) N Ce(X) = FH N Ce(X).
Since F' N Ce(X) = FH N Ce(X) is dense in F' and F* with respect to the Hilbert norms /&;
and /&', respectively, where

& (uyu) == &' (u,u) +/

u(x)?p(dr) and  EM(u,u) := EF(u,u) —i—/ u(x)?pu(de),
X

X
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we have by (ZII)) that 7/ = F* and
CTIEN(f,f) S E'(f.f) < CEXS,f)  forall f e Fr.

The desired conclusion of the theorem now follows from Theorem [[.3] applied to the MMD space
(X, d, u, E*, FH). O

Remark 7.12. The stability results of this paper, Theorem [[.3] and Theorem [Z11], hold for
the EHI<; as well. We now indicate the needed modifications. All of the results of Section
extend easily under the assumption EHI<; except that the conclusions only hold for balls of
small enough radii. The main difference is in the construction of the measures v; in Proposition
Instead of the initial condition on M; 3 for the inductive construction using Lemma [6.9]
we set the initial condition on M; to the uniform probability measure on M7, where M; is as
given in the generalized dyadic decomposition of ;0. Then the weak™® subsequential limit as
in the proof of Theorem will be a capacity good measure (only at small enough scales using
the same argument). However, this property is enough so that our construction gives a smooth
measure with full quasi support. All the results used in Section 7 (for example, Theorem
1.2]) will also admit local versions. As noted in [GT12] Remark 4.6], [GT12] Proof of Theorem
4.2] cannot be localized, but Theorems 6.2 and 7.3] give a localization of it. Although
there is no clear reference in the literature for these results, a careful reading of the proofs in
the literature shows that these local versions do hold, with essentially the same proof.

8 Examples

Example 8.1. The following example uses the instability of the Liouville property given in
Lyons [Lyo| to show that without some regularity of the metric the EHI is not stable.

We begin by describing briefly Lyons’s example. Let I' = (Vp, Er) be the free group with
two generators a and b, and let V = Vp x {0,1}. Lyons constructed two sets of symmetric
conductances {a%,aﬁ,y € V}, i = 1,2, on I' such that if F; = {(x,y) : a% > 0} then FEy =
E,. Denote Eg = E; = Es, and let G = (V, Eg) be the associated graph. The two sets of
conductances have the following additional properties:

(1) For each z € V, 4 < [{y : a;z > 0}| < 8, so the graph G has uniformly bounded vertex
degree.

(2) There exists pg € (0,1) so that a% € {0}U[po, 1] for all ,y, i = 1,2. Thus the conductances
a;z are uniformly bounded above and below on the graph G.
Define the quadratic forms, for f:V — R,
EVf, ) =5D > ai)(fly) - f@)? i=1.2 (8.1)

zeV zeV

In view of (2) above we have
poEV(f, ) <ED(f, 1) < po_lé’(l)(f, f) for any function f on V. (8.2)

Let d be the graph distance on V and m be the measure on V which assigns mass 1 to each vertex
z. In view of (82), there exists a common linear subspace F C L?(V,m) such that (€@, F) is
a symmetric regular Dirichlet form on L?(V,m) for i = 1,2.
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Recall that the strong Liouville property (SLP) holds (for a MMD space) if every positive
harmonic function is constant, and the Liouville property (LP) holds if every bounded harmonic

function is constant. Lyons constructed {a&@} for i = 1,2 so that the SLP holds for the MMD
space (V, d,m,S(l),}") while the LP fails for the MMD (V, d,m,S(z),]-"). Thus Lyons example
shows that neither SLP nor LP are stable.

Let (X ,CZ) be the cable system for the graph G: each edge e € Eg is replaced by a copy of
[0, 1] — see for example [V] for details of the construction. Let p be the measure which assigns a
copy of Lebesgue measure to each cable. The metric d is the unique length metric on X’ which
equals Euclidean distance on each cable. Write (£®), F) for the (regular and strongly local)
Dirichlet forms on X" associated with the cable system. (For further details of this construction
see [V, BMI].)

Now let d'(z,y) = 1 Ad(z,y) for z,y € X, and write B'(x,r) for balls with respect to the
metric d’. Then (X,d’) is locally compact and complete, and (X,d’,u, €W, F), i = 1,2, are
MMD spaces. Note that (MD) fails for this space. The instability of the SLP and LP for the
graph G extends to the cable systems, so that the MMD space (X, d, u,g W, F ) satisfies the

SLP while (X,d’, u, £?), F) fails to satisfy the LP.

We now consider the EHI for balls B'(z,r/2) C B'(x,r). Note first that if » < 2 then
since each vertex of V has between 4 and 8 neighbours, the EHI follows from the local Harnack
inequality for both (X,d’, u, €V, F) and (X, d’, pu, E@, F). If r > 2 then B'(z,r) = B'(z,1/2) =
X, and so if h is positive and £M)-harmonic on B’ (z,r) then h is constant, and thus the EHI
holds for the MMD space (X,d’,u,g(l),]:). On the other hand, as the LP fails for £2) there
exists a non-constant bounded £®-harmonic function h on X, which we can normalize so that
infy h =0, supy h = 1. It is thus clear that the EHI for the MMD space (X, d’, p, 5(2),.7-") fails
for every ball B'(x,r/2) C B'(z,r) with r > 2.

Remark 8.2. It would be interesting to have an example of strongly local MMD space that
does not have (MD) property for which EHI fails but for which all balls are relatively compact.
It does not seem easy to modify the example above to give this.

Example 8.3. We give an example of a strongly local irreducible MMD space where harmonic
functions may be discontinuous and (Ha) fails. However the condition (HC) does hold. The
space consists of three parts: the closure of a domain in R?, the standard Sierpinski gasket, and
a line segment. Let A} be the compact Sierpinski gasket, with vertices A1 = (0,0), Ay = (1,0)

and Az = (3, @), Xy = [0,1] x[—-1,0] a unit closed square, and let X3 be a smooth curve outside
X U X that connects the vertex As of the Sierpinski gasket with the point A4 = (1,—1/2) at
the middle of the right side of the square Xs. We identify X3 with a closed line segment of length
[>1.

Let X = X} U X, U A3, equipped with Euclidean metric inherited from R?. Clearly, (X, d)
is a compact separable metric space. Let m; be the measure on &} which assigns mass 37" to
each triangle of side 27", and for j = 2,3, let m; be Lebesgue measure on &;. Let m be the
measure on X such that m|y, = m; for each i. Clearly, m is a finite measure on X.

Let (§M, FM) be the strongly local Dirichlet form on L?(X;,m;) associated with the stan-
dard diffusion on the Sierpinski gasket — see Chapter 3]. Let (£, F@)) be the Dirichlet
form associated with reflecting Brownian motion on X,, and let (£(), F®)) be the Dirichlet
form associated with Brownian motion on X3, with reflection at the two endpoints. Fol-
lowing [Kum| we can construct a strongly local Dirichlet form (£, F) on L?(X,m) such that
{fla,, fE€F}=FD fori=1,2,3.
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Let X = {X;,t > 0;P*, 2 € X} be the diffusion process associated with the regular Dirichlet
form (€, F) on L?(X;m). The diffusion X is conservative since 1 € F and £(1,1) = 0. The
diffusion X on X behaves as follows:

(i) when X, is inside A}, it behaves like Brownian motion on the Sierpinski gasket X until it
reaches the vertex Az or the bottom K;

(ii) when X is inside X», it behaves like two-dimensional Brownian motion in X5 reflected on
00Xy \ Xi;

(iii) when X is inside X3, it behaves like one-dimensional Brownian motion reflected at the
end point Ay;

(iv) when X is at the vertex As, it has positive probability to enter either A} and Aj3; when
X, is at the Cantor set K, it has positive probability to enter either X} and X5; when the
Xy is at Ay, it gets reflected into Xj3.

Note that single point A4 € Xy N X3 is polar for reflected Brownian motion in Xs. Thus the
process X starting from X\ {A4} can only enter X5 through the Sierpinksi gasket A via vertex
As.

For any r € (0,1/2), let h(z) = P*(7(a,,) € B(A4,7) N &2). Clearly h is harmonic in the
ball B(A4,7), h(x) =1 for x € B(A4,7)NAX2\{A4} and h(x) = 0 on B(A4,7)NA3. Thus h does
not satisfy the non-scale-variant Harnack inequality. In other words, (Ha) fails for this strongly
local Dirichlet form (&, F).

Note that the point Ay is of positive capacity and (£, F) is irreducible. On the other hand,
the part Dirichlet (£, FB(A47)) on L2(B(Ay,r), m|p(ay,r)) is not irreducible for any r € (0, 1/2];
the space B(A4,7) has two disjoint invariant sets B(A4,7) N X2) and B(By,r) N Xs. (This
example also shows that a strongly local regular Dirichlet form does not need to be irreducible
even though the underlying metric space is connected.)

Let

Gr={reXy:0< |z — Ay <1/kE}U[0,1] x (—1/k,0),
and set F, = X'\ Gj. Then (F},) is an E-nest consisting of compact sets with U® | Fj, = X. The
function A given above is continuous on each set G, and using known properties of the diffusion
X on the spaces &; one can verify that (HC) holds.

Example 8.4. To give a concrete example of an irreducible strongly local MMD space that
fits the setting of Theorem but fails to satisfy the local regularity of [BMI] in the compact
setting, consider X to be the join of Vicsek tree (compact) with the unit interval [0, 1], where the
symmetrizing measure m is given by the Hausdorff measure on each of the pieces. The space X
satisfies the relatively ball connected condition. We take (£, F) to be the strongly local regular
Dirichlet form on L?(X;m) obtained by combining the Dirichlet form associated with Brownian
motion on (0, 1] with the Dirichlet form associated with the diffusion on the Vicsek tree, in a
similar fashion to the previous example. The argument in [De2] can be adapted to show that
this example satisfies the EHI. This example is essentially due to Delmotte [De2].
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