/Wbp\' cal Geovweﬂv\/ ~Avopical ¢ 4vopicalized

linear spaces.
A )YY\)\)'\CQ\'QQd |ineay Space oves K is J\VOP(L\':\/()WDPG—))
whee T =T(L) <Kl %] is 4he ideal gen. by linear forms
vanishing on the Subspace LCK

Ex: L= Vow&\m\<3 7 : (‘)) <X-2x +Xs, X22X+x>

A vonempty sobsek C<Tn) is o circuit of L if there
i Yhere is a linear form L= 2¢% € L) of minimal
Suppor T With Support SU\H} (=93 ci#04=C.
Up o scoling, & is unigely delermined by C ~ dencle by 3
It = vomspo\n(M then the cirawtrs of L indey the minimally
dependeﬁ Sets of Coluwng 0{3 A= [Pn - An_]

= vouspen [3 2 \ 01 ~ (ircuits = {113, 14, 134, 234§

Q.H- 2x,-3%, + %y € L)

Ex: | = (oWspon Ko o ‘1 Cireuiks = {124, 135, 2345
\ O

00

Note : 1§ Lefx: k=07, then C= 1i3is a circuit with Le=x
and trop(L)=¢.



P‘m\‘) H1b 1§ T=TWL) s generated by lineor forms over o
Subfield with Avivio) voluodion, Yoen 13¢: € civeuit & LY
hom o Hvopicol boasis fir T(L. Thot is

HroplL) - g\m‘}/@mpwc\\ = Ywel Yorat C, windwieC] is

atrained 2 Twice

(Pmb? id\eO\B For I(L\, C,OW)P\HTV\g o Grdoner bosis (s
equivalent 1o Compufing veduced voy Echelon form.
= e C cireatt] is o universal Greloner koasis
3\&\)\3088 N¢%\>(D. Then XTeing(L) $or some e Doy
Since ing L=Sing(®e): C circuit 7 is linea, it is alo prime.
SYeing L for oome 1 => %=ing L Hir swme L L),
For some. circuit €, CC S\A?Pm ond %= inge) = W¢'\{HY0P(QQ)).D

Ex: Circuits= 1173, 14, 134, 2347 = Mp(\,\= _\L:)((RZD&* RGAD)

Madvoids

A motvoid is o poie M=([Yﬂ,c) where C IS 0 colleckion of
nonesnply Subsets of Ln) Satisfying
(1) C.CeC el CC (m proper Subsek oF 0. Civtuit s o Circost)




(2) 1F C#C,e€ and 1eCnCy, then 3CeC with GEICVEN

C: “Circuits of M
EX‘ C: 3CWCU\\+$ of L? ﬁ;r some linear Space I_QK"
= coll M realizable over K
Exi C =51c\{cles n o graPh with eo\ges [v\]}
(=114 125, 22455 4SS
\Y\depe)ndev\’f Sef of M= L €lnl sk T containg o civcuit

Basis of M mowimal independent set
Rank function of M+ for S¢lnl, mnkM(S\= mox 1T\ TeS ‘“dQPZS

FloX of M- Felnl st \QO\F\#t for any CeC.
N form posef undey indusion called Yhe lodkice of Hats

Fyx: C=iciraits of |= ro\»SPan[Ar'Anﬂ
Py flot F has the foom F=1i: Ave ' fr suve

Swospace L QKd. Ga
R \ Y
Fy: L=vomspom[3 21 0 @

Ex: L= vouspan &é? oo ™ }%b)]
\ 1

~1
OO0 0 -

2 3

—



T\(\Q onp\oa neaw S\}(lce ot M ([\ﬂ @ N
i\:\leﬂ)\ \fCeC minlw; :1€C 1S attoined >Jmnce%

\? M is vealized b\, LK™ Hhis s ’WOP(U Also called Hhe Bergman

“18 M has ony Circwit C with 1C1=1, then Arop(l) is emphy! fon' of M.
We assyme # doesnt. ™

Sowme votodion  for S&lnl €5 Ze

For Vi, Wy €R POSSN\, Nl = iZM A\, 20
Tom 426 The clection of oones pos e, -2 i+ R

08 BeFc chcln] vunsover oll coains of Slats of ™M forms a
pure. (smplcial) winedral fan of dim = vank(M)  whose

%uppoﬁ i drop (M) &
by L= VOWSPM\[?; 2 1 0 ‘@q

frop(L) = Lpsted+R1)

_ o I | 14 4b»~ us
Ex: L Yom&p(m K% g? (\) 01 A'\%?’.‘Q?/
’\‘YO'P(D 3-dim\ fan i R°
Mp(L)/Re = 2-dm'| o in B

Iy \35
z\'W\mec’r With ynit &\)\«\Qre Sﬂ VAq
T gt Ldim| spherical romplex

U\



(?roo‘? of ’PDS{QFU...)QE} +R1L EJ\YOP(N\))
No#eﬂvop(M) invariant wnder +RIL. Take a choin of Flaks
BeReRe cheli ond w= ZAer with Ay, A 20
Lot Fu=Di3 nd 4k Ce €. WTS Mindus e C} atained > hce.
Nole: w; = Mt + A Wheve where k- min?j ‘ ie{:ﬁ.
dince A 20, vv\m?w; 1'6CZS= NE-FAe cheived by
\O\l last ieC 4y oppenr in T cFclnd (GPPeav(ng ot )
Let keln be max element with (ﬁﬂc)\ﬁ.‘ \nonemphl.
\dea: restrict FeFe cFcln], lok for lash increase in size.
Cloim{(FaCNE, |22 (If not; CSF gnd IC\, <1 =% )
Then miniw; - ie G is ottained of Z4ha et of (FOCNE..

3¢25c|2515
C=\24 C=2%45
€ 124¢ 12345




