/Wbp\'coxl GGGW\Q’IV\/ *The fundomental Hheorem

K= an alg, closed field with & nonrivial valuahion
(eg. K=t = | C(&™))
Tund amental Theorem : For an ideal T € KX, %o ]
the wcb\low'mg Sefs Coincide:

(1) Vtvop (1)) = Oiex Vlivop (£))

(2) FweR™ inwlT) does ot contoin a monomu'a(}

3) +he Euclidean closure of val(V(T)) <R
Furthermore, it (T is irreducible and
We V(WYOP(I))”(R,A‘)“, Yhen Ne\!m: \m\(\;\=w7g
is Zoriski-dence in V(T)
Cor = Vvop(T)) Gepends only o \(T)
i \lm'\e’rq X=\(D), we con define

)rYo?\X\ =\ {vop(T)).

Ponk sheps for ()€(2): (et Homg lst fime For T=46)
) oNomiol C\\QV\SQ of Coovdinates fo (rgood“ Pos'v\w’t)n

0 va')ech Owi last Coordinate
(2) choose hny 0 V(i DO ond, b\f induction,
choose e V(TR ¥ard) 0K with vally,)=wy;




ts =0; for 1=l 0l Uhse nel caseh‘r\v;d\]

(3 Choice of Qvary N and dimension count
guarom*rees Zayisk- denseness.

Ex: ot 3y S0e Gyl Qo= (e )
= $(8hy)= 20 3y 5ty %
w= 0D \Vlnple)  ingd=3yrdxy -
W= G2\ hopd)  ingi= 3y¢5 4"
0=(Z 1) has ing®)=ing $0) =0
Chnose ml XEQ‘M’} with val(x) )=3, ﬂ— A (%—’c5 ho: )
T\(\Q\ﬂ (5 xw)eﬁﬁﬁﬂi IS "onexo
= | +(eps N B E (-2t~ )\’
Nw3 = 24-241 =240 1-y?)
g (1)=0 = 3\1e(tﬁt’3\ with gly)0, vally)* 2F| 1
> (y (5t+ e ) e\{(ﬂ
q) NE (x\|/\’) (2t £4) V() hos va (k)= (1,2)7w
£y = (%))

Wseful Levama (B210) [et X be o d-dimd subvariely
of (K*)n defined b\, on ideal L€ KUx,.,n] E\Ier\‘ Cell

Newt(®)  Newt($())
(ot ) © (&, Ayr D)




of the Grsbner complex Z(Ikm)ﬂﬁwo—.o} Contoined n

\/HV()P(D) hos dim ¢ d.
Proot will use :
Lesoma (Cor 24.10) et T be a \numog. ideal. Tor

(Y wy el Ffor al S\x%‘dem)r\\; small €°0,

Ny (L) = iny Ling ).
(Pt of 32.10) Lef P be o maximal cell of (T 0 iwe=0]

ond take w In the relative inderior of P BN
Then the affine Span of Pis wrl
where LER is 0 Sulospace of k= dim (P).
dince werelint(P), iny ()= in,, (T)=in,lin, ) for al
Vel and S\Hicie}njr\\/ Small €>0. Choose a generafing set
G of ing L S0 that no e’ of G is & Sum of other elt’
of ing L with fewer monomiale. = in, T =F V vel
(otherwise ing(®) € iny lima D)= inul I), a5 is F-inT, both with
fewer mvnommlﬁ). H: ae\/(mNI)(\(Ik")vj then g‘az(tv'au---,ﬁl"an)
0lso belngs 4 Vlina )0 (k)" any te K*  Let vO. v®e2"
V(K)

be o basis for L. Then for any by tee K tf"?--tk 0
belongs 15 V(ing(TDN(KY" = ke dim (Vin, T)) £ dim (X)



Ny L 0nd T™ have $he same Hilbert series
= ypvieties in PU(K) have Hhe same dimengion!

Ex: T=C8) §=lvxayriyee

P= i(\Nx,\M-.,'W%)C’YR%: 2\»\,+\=\N2 ¢ 0, WxWy }
w=(0,2,-3) in F=\"+2 .

aff (P) = we L with L= $pang10100) 0,2}

Vin, ) =V(Y*2) invawiawt under map
(xy,2) £ :om(xx; 2) = (tx by, 1,2) fr Ebe)

(In fact VI 20 (€97 s e orbit of Single pt (xy,2)=01,1,-1)
wnder this action of @*)7_ )

\,7.

Tom 358 Let X be an irreduciole Vaviety in (K*)"
of dim d. Then rop(X) is +he SupporT of 0 pure
d-dim'] [soy-vational polyhedral complex



