/Wbp\' cal GGOVV\Q'W\/ “Inifial ideals ¢ Grober complexes

/\ake K 4o be Q Feld with o valation val:K=Roies]
Fx: K= k(001 2 act e, o]

Q: Given weR" and F= 2 caxe KD
When does +there exist VK with $()=0 and val (y)=w
(h=l) §x)= ¥-x+£ e Q] y= at™ hot. (a%0)
¥ (\D = (" +hhot) —\(Q‘llw"'\l\.().'\'.) -t

AN d

Val= 5w val=w wval=2

for 5;(\1) =0, 4w0 win. val. derms need o cancel
Necessary condition  minf 5w, 25 attained fuice
Cases: () Sw=w<2 qnd a=a=0 ~> y=ez"ik/‘*+k.ofc.
(2)5w>w=2 and ~0+1=0 > y= £+ hot
COW\P\/&C ?(Y)_;Z\Cocy.o.( The Valuaﬁow ot each Yerm is
Vol (Cd Ya) = val (ca) + 2o valy;)
v (ﬂ\m 2 “VOP(JE)(\IQ\MB where tp(F)w )= @(va\(cx)ev_\\od)

ke A

RQ(‘,Q\\ : \/(Jrvup (‘f)) = {WGR“’ the minimum x@i (val(c,)® NO“)
is affained ot least fwice |

onP AF val () € VCivopld)) Hhen val (5t)) = tvoplF) (vl )



Cov 1§ ye(K" with $64)=0, +hen vally) e V/(rop(#)

(S\\IQV\ \/\)e\/Hmp(ﬁ), how w\iﬁh‘f we build a
Yoot \e (K" with val (\;)=w.7

n Bx above we needed weio2d and a condition on a ¥

Mo on valued fields (K val)

The value goup , Ra\) is the image of K* under val

v Vol gives o group hom.
T\m's is an addifive S\Abgmup of 1R ( (K5x) = (R,+
If 15, =103 we call val +he tvivial valuation on K.

When val is vordvivial, we can rescale o assume 1€ Eal.

Lemma (2115) I K is algebraically closed, hen

Yo S\Av\')ech‘on K*“’ Da\ SP\H'S. That IS, = Group hom.
W: (G #) =(K5 ) with val(Ww)=w  YweK®

(SQQ ook o P(’bﬁ?)

T\ne Valuahon ring is R- {\feK:VG\(V)?OE, which
has a nigue maximal ieal W=iy€|<’ val (y) >0]
The quotient k=R/m is +he residue field.




Fy: K= k()= { 2 act": NeZ, Gaeuﬂ} (Sormal Lawrent sen’es]
val( 2 Skt")wmzk’ 0ct0f [y =7 Ph)=t' splting
R {2t Ne, ok m=<) k=B

Ex: K=@Q with p-adic valuation val (P2 )=k

(=7 with Splitting LP(W)=P

R={F" 8 ko obtomd pf m=<py k=247
B K ooy ield with Frivial valueion. mffof, splitting Ylo)=1
R=K m=70} = k=K
Initigl forms

Assume E' 0 splitting Y. e use t 4o dencte Pw)
For yER \eJc Vel denote its image in k=R/m.
Then fr yeK’ vm( £U9)=0 and (E"y) ek*
(L {val(\/) ¢
N ¢m

Let TeKlxy-o%.) and welR? The inial form
of ¥ wrk w is
\‘(\ _g Z C« val(cx)) ‘t “mp(F)(w) {'_N"X)

oxe avgmin (tvep(F))
when we r'

in k(% |




Ex: f=x-xrt® w2 ingl)= £ ()= £ xC-xe | = -x+|
Bx: $= 2% x5 €@K with 3-adic val. w=-1|
ing ()= 3(5EX) = X+ x+3 = x-| e Yaplx]

Ex (vivial voluation) = cax®  inglf) = 2 cak®

e face, (P)
where P= COY\ViO(‘Ca*Oi = Yhe Newton polytope of ¥
eq. f= 145+ bx-HX X+ X2 Newt(£)
w=(01) iny(f)= l+5x+x? /)
w=(-1-1) Ny (f) = -le\xz+x‘2 (00) Q) (20)
W=(21) ing)= %

PTOPW \)e\/(’}\n(K")n anad \;\\:\/al(\,)l Yhen
(£, £ ) € Ving (B0 (K*) (= w= Vfp(s) )

(?‘(DO%) Note Hhat {N\] (£" \ - ,’\3 ﬂn) R and
Ox)= )= £ L2 3) € Rx,., %n ] Them

0=£""%() = gl 3

/,/O(kmﬂ |m0\3e Yhool ‘M 3\\/@8 %e resu It




Given an ideal T ¢ KYX|,...,X,,], foe initial ideal of L
wek welR is ing(T) = (ing(§) )

Remork: 1 VTN (K" with wevally),

Yhen (™Y, £) e Ving (TN (K"

= ing(L) does not cortoin o monomial,

G’N@n an ideq! T—CK[X Xw] onal \MEfRn define

CT L\M] % ing (I = inwl (1)

dpecial case: If {§7 Avivial valwation
C \_\/\\—1 5{ face, (Newt(#)=face,,( Newt F))}

Z = iC@[\Mj ’ WGRE is Fthe inner norma)
foan of Newt (F)
EX'- f-= \+5X,+(0X2-L1X.XZ+X,2 Nemjr(’?)

bx,-4% X%,

Y (1))

“Yx X+ X2



