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53.2 M augmenting paths
Recall Amatching of a graph GleftVEright is a subset
MsubseteqE sit en ephi for all eneqeinM
Let nuleftGright max Ml M is amatchingin G

Def letM beamatching in GleftVEright
A path PleftV0V2t1right in G is M augmenting if

V1V2V3V4ldotsV2t1V2tinM and V0V2t1notinU_einMev8v7 V10V3v1
V4 v11

V2 VqVV0

Then MMEleftPright is a matching in G
leftMbackslashleftV1V2ldotsV2t1V2trightcupleftV0V1V2V3ldotsV2tV2t1rightright

v5

v8v7 V10V3v1
V4 v11

V2 v9V0 v6v5
Thm3.2 IfM is amatching in G either leftMrightnuleftGright
or thereexists an M augmenting path



Proof If thereis anM augmenting paththenM is a matching
with 1M 1Ml SoMInotmaximal
Conversely supposeM'is a matchingwith leftMrightleftMright
Consider GleftVMDeltaMright Every VinV hasdegree leq2 in G1

each connectedcomponentof G is a path or a circuit
SinceM IMI someconnected component ofG has
moreedges fromM'than fromM
Thiscomponentmustbean M augmenting path

M matching
M largermatching

both M augmentingpaths

Challenge Finding M augmenting paths

This becomes easier in bipartite graphs

A graph GleftVEright is bipartite if there is a partition
of the vertex set VV1oplusV2 with no edges
between vertices in the same part
That is le capVi1 forallee E i12



3.4 Algorithm for max matchings in bipartitegraphs

We'll use directed graphs to do this

A directed graph is a pair DleftVAright
V vertices finiteset
A arcs ordered pairs ofvertices

2

leftvwright wV

Ex 3Vleft1234right Aleftleft12rightleft21rightleft14rightleft24rightleft23rightleft43rightrightt
4

A path in P consists of arcs leftV0V1rightleftV1V2rightldotsleftVk1Vkright
with VineqVj for ineqj Paths and shortestpaths
between vwinV can be computed in polytime See51.1

Algorithm
Input Bipartite graph GleftVEright matching M
Output Largermatching M if one exists
Write VUcupW
For eleftuwrightinE with uinU winW direct edge e

wrightarrowu if einM and urightarroww if enotinM
w Let UW denote the set ofvertices

of uw resp uncovered by Mu



Claim A path Psubseteq is M augmenting iff it gives
a directed path from some well to some winW
Proof If p is M augmenting itsendpoints lie in U'UW

LengthP odd oneendptlies.in u one inW1
Alternatingedges lie inM all edgesdirected urightarroww

Conversely if p is a directed path fromwell to WinW
then length1P isodd and becauseofedge directions

edgesmust alternatebetween M and EIM

One can find such a directed pathP in OleftleftErightrighttime
if it exists Take MPDeltaM a biggermatching

Startingfrom Mphi repeat OleftleftNrightrighttimestogetmaxmatching

mprovedalg.by Hopcraft Karp 1973

hasrunning time OleftleftVright12leftErightright
See Blossom algorithm for generalization
to nonbipartite graphs


