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Networks Combinatorial Optimization

Today 51.4 52.1 52.2

From last time
Given a connected graph GleftVEright
and length function lErightarrowmathbbR want to
find minimum length spanning tree

lleftTrightsum_einTllefteright
Thm 1.11 Suppose

F is a greedy forest of G
U is the vertex set of a conn componentof F

eindeltaleftUright has min length in deltaleftUright

then_ fcuplefteright is a greedy forest of G

Kruskal's Algorithm 1956

1 Sort edges s.t llefte1rightleqllefte2rightleqldotsleqlleftemrightleftleftErightmright
2 Set F0leftVphiright



3 For i1ldotsm if Fi1cuplefteiright acyclic FiFi1cuplefteiright
otherwise FiFi1

Output TFm
Run time
OleftleftErightlogleftleftErightrightright

sortingedges
777 111

246 246Ex 2468 8 8
3 3 3 55 5

717 1

246 6
8

minspanning tree428
33 55 lleftTright124613

Proof ofcorrectness start F0 is a greedy forest
fFi1cuplefteiright is acyclic ei connectstwo connected

components u u of Fi1RightarroweiindeltaleftUright
flleftfrightllefteiright endpts of f are connected in Fi1
e hasmin length among deltaleftUright
ByThm 1.1 Fi is a greedy forest

Q How do we implement step 3
One way is to keep track of the connected
components of F1 Fi1cuplefteiright acyclic

endpts of ei lie in different conn comp

ei



This is an example of a greedy algorithm
GreedyAlgorithms
Greedy algorithms don't always find
the optimal solution Formally

Problem Given a finite set X collectionB of
subsetsofX and weights omegaXrightarrowmathbbR find the
minimum weightelement of B where

wleftSrightsum_xinSwleftxright
Greedy Algorithm Start Sphi
While SnotinB choose xinXs of minimum weight
so that ScupleftxrightsubseteqB for some BinZ
and update SrightarrowScupleftxright
If there is no such X stop and output S
Ex failure Find the minimum length
spanning set of GleftVEright lErightarrowmathbbR
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Only optimal solution doesn't use ab
Structures for which the greedy alg always

b
Greedy alg choose shortestedge leftabright2

try to add to itC4

finds the optimal solution are called matroids
510

Another general tool for solving
combinatorial optimizationproblemsislinear programming

Linear Programming Convexity

A closed halfspace is a set of
the form leftxinmathbbRnaTxleqbright
where ainmathbbRnbinmathbbR
Apolyhedron is the intersection of
finitely many halfspaces i.e

nearrowA

9

PleftxinmathbbRna1TXleqb1ldotsamTXleqbmright
where a1ldotsaminmathbbRnb1ldotsbminmathbbR



We write this as PleftxinmathbbRnAxleqbright
where

Aleftbeginmatrixa1vdotsamendmatrixrightinmathbbRmtimesnbleftbeginmatrixb1vdotsbmendmatrixrightinmathbbRm
Ex

Axleftbeginmatrix100111endmatrixrightleftbeginmatrixx1x2endmatrixrightleftbeginmatrixx1x2x1x2endmatrixrightleqleftbeginmatrix001endmatrixrightb
1

Linear programming
The problem ofmaximizing a linearfunction
over a polyhedron is known as a linearprogram LP

One standard form ma XleftCTXAXleqbright
where cinmathbbRnAinmathbbRmtimesnbinmathbbRm
Polyhedron PleftxAxsubseteqbrightsubseteqmathbbRn definedby m inequalities

P

There are manymethods forsolving L PS
simplex method Dantzig 1951

ellipsoidmethod Khachiyan 1979

interior pointmethods Karmarkar 1984
first polynomial time alg for solvingLP's



What points attain the optimal value

Convexity
A set CsubseteqmathbbRn is convex if
for every xyinClambdainleft01right lambdaxleft1lambdarightyinC
That is Ccontains the linesegment
between any twopoints in C

convexX
Y

X non
convexy

Remark The intersection ofconvex sets is convex
CisubseteqmathbbRn convex for all iinIRightarrowcapiinICi convex

xyincapiciRightarrowxyinCiforalliinI
Rightarrowlambdaxleft1lambdarightyinCiforalliinI
Rightarrowlambdaxleft1lambdarightyincapiinICi

The convexhull of a set XsubseteqmathbbRn denoted convleftxright
is the smallest convex set containg X lie

convleftXrightc c

cap
onve
C
x

XsubseteqCAlternatively

convleftXrightleftsum_i1mlambdaiXiX1ldotsXminXlambdaigeq0sum_i1mlambdai1right
X convx

a convexcombination of x1ldotsxm
The convexhull of a finite set is a polytope


