Makh H09: Discrete Optimizadion
%da\{’ LP for makcnings, total unimodularity

eeE = variable Xe, consivained 0 £¥esl | Xeoe>eem
Constraints : deg,M)el — Zxe <l YveV

esv
Maximize |M| (or ezeﬁ\ce for some C:E- R) — Mox e%écexe

1P for max modchings in G=(VE) (x,,le_,em )

(IP) max ZceXe St 0Xe 2| forall ecE, xeZE
set ez.wxe_é\ for all veV

Claim - Tis solves mox weight ma’rching m G l
(RQC(NQT '\ ‘ﬁ'bW\ OP* sol X& b\' \M:{e_: x‘z =1§) \,N check’

Ex: @—@) Feas, veqion of P relaxodion :
@.@ $ xR Yab, e, Xed, Xad € [0|] gnd
Xobt Xad £1, Yoot Xoc &\ Xpet Xed £\ XoatXcdél

Nechices: (Xab,Xe, Xad, %ad) = (0,000), (1,0,0,0), (0,1,0,0) (00,1,9), (0,00,1)
Al integec! (,0,1,0), (01,0, 1)

/“‘_W\: FWO\ bipar%ﬁe gr aPMS, ny vevlex x* of +he

mat ching LP is integer. (= P=P; for P=few regibw)
0f matching LP



(Prook) Suppose x* is & vevtex. Define 6,2V Ex)
with E,= feeE sk. 0¢xtely *

(Cose 1) Suppose 6, has & cycle C AN X
G{\oi\)arh"re = ( has even \ef\q\*n’ C=(e.ez,... o)

l‘? e=ez§ EC

O ow.
Toke €= min { Xe :eeCRUiI-x: ee C§

Then x*+ew and x*-cw both Teasible = X not a vertex
check (,{*t ew)e€[ol] Ve and %("‘*W)fg;x’é

(Case 2) Gy Is aoyclic, E; nonempiy

= Qwy Connected  comp. of G is atree

= Gy has fwo vertices ab of deg=1.

Let P=unigue a-b path in 6 P=(e,..ex) 4, =

. 3 | € e= 2 € )

e 0 S
O if e¢p

For £=min§Xe’€€P}Ui|'Xe=e€-P§, X"t £w Seasible

Check: |)(x*ew)e in (011 — =>X* not a verdex

Z)Q%(x*ﬂ‘”)e = 2. (*=ew) YveV\{ad

édv




P TI
3)For v=a5, 3 Uniue edge € 3V with X3 €(0))
x ¢
> LA = X Z e efor) = ZXe=xz¢0l)
ex& must be ivﬂeﬂ;( <{= =0

= Tlttew) = (xkew)y €or]
edyv

(Case 3) Ep=b = e 2F
What is special alboout bipartite graphs?

Recall: A pom* Vv in Pz{\(éﬂl“’ Axf\ozs IS O
w of P& I Tell..,m with \T\=n
st. Phe nxn Swomadyix AI with vo\ns{Q,-T'-ieﬂ
has full vonk n and a'v=b; for all ve L.
= \= A‘_E‘ T (i.E. V1S ¥he unigue sol. 4o 0-,'¥=|o; V{e'_\'_)
Ex: (P) max IxtX, SE-X€0 %20, XX, €3 X% <2
WtV =3 V|"V7_'-'-2
=0~ AS‘*:( :-\\) V= Ay by,
\ -V [1 1\[3
\ "i(|-l)(z)5
=1(9)- (%)

for 2x2 matrices A= (2 3 , A-‘ﬂ;fl-?c (-dc —‘;)

It abcde? and det(M=t! Yhen entvies of A
0¢e also integer!




More gex\exa\l\i »

Cramers Rule = Lex Be®R™ with rank(R)=n.
Ten B' hos entvies

)= 0 (Gm) = 0)

where My is the (n-1)x(n-1) matvix obtained
\o\| removing the 'j“" mw and 1" Col of B.

Cor: \¢ BEZ™ ond det®)=t], then B'e 2™
= fr oll beZ, BbeZ"

Def - A matvix AeR™ is totally unimodular (Th)
i€ every square swomatvix has detorminant O, +1.
(11 submatvices = all entvies of A are O,tl)
Lor: 18 A s TU, for any be2”) all vertices

of P=IxeR": Axeb] ave in+63e,r,




