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Introduction Sequence Alignment

Sequence Alignment

We have two sequences (representing species) and would like some
measure their similarity.
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Introduction Sequence Alignment

Sequence Alignment

We have two sequences (representing species) and would like some
measure their similarity.

To align, you insert spaces, to form new sequences.

Example: One alignment of ACTAG and CAGAA is

—-A-CATG
CAGA--A
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Introduction Sequence Alignment

Alignment Graphs

One way of representing an alignment of sequences of length n is
as a path through a n x n grid.

ACATG

—-A-CATG
CAGA--A

)

> > 60 > 0
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Introduction Sequence Alignment

Alignment Summaries

Every alignment has an alignment summary, (w, x, y), where
» w = # of matches
» x = # of mismatches

> y = # of spaces
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Alignment Summaries

Every alignment has an alignment summary, (w, x, y), where
» w = # of matches
» x = # of mismatches

> y = # of spaces

Example:
—-A-CATG
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Introduction Sequence Alignment

Alignment Summaries

Every alignment has an alignment summary, (w, x, y), where
» w = # of matches
» x = # of mismatches

> y = # of spaces

Example:
—-A-CATG

~ (122
CAGA-—-A

**NOTE: w + x + y = n (= length of sequences)
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Introduction Sequence Alignment

Optimal Alignments of ACATG, CAGAA

Alignments Alignment Summaries
g 050
e ea
o acatet .02
" AcATG (0,05
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a — (3 plane
proof

An Upper Bound \/n conjecture

How many optimal alignment summaries are there?

Theorem (Gusfield, 1994)

For any alphabet X, fs(n) = O(n?/3), that is, there is a constant ¢
s.t.
fs(n) < c-n?/3
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a — (3 plane
proof

An Upper Bound \/n conjecture

How many optimal alignment summaries are there?

Theorem (Gusfield, 1994)

For any alphabet X, fs(n) = O(n?/3), that is, there is a constant ¢
s.t.
fs(n) < c-n?/3

Theorem (Ferndndez-Baca et. al., 2002 )

fr(n) < n*/3 4+ 0(n'/3log n)

(27)2/3
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a — (3 plane
proof

An Upper Bound \/n conjecture

Observations

1) Boundary lines are of the form

{(a, B) : score, 5(I'1) = scoreqy g(2)}-
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An Upper Bound \/n conjecture

Observations

1) Boundary lines are of the form

{(a, B) : score, 5(I'1) = scoreqy g(2)}-

2) All boundary lines pass through the point (—1, —1).

Cynthia Vinzant Parametric Sequence Alignment



a — (3 plane
proof

An Upper Bound \/n conjecture

Observations

1) Boundary lines are of the form

{(a, B) : score, 5(I'1) = scoreqy g(2)}-

2) All boundary lines pass through the point (—1, —1).

3) No boundary lines intersect the ray 5 =0, a > 0.
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proof

An Upper Bound \/n conjecture

Observations

1) Boundary lines are of the form

{(a, B) : score, 5(I'1) = scoreqy g(2)}-

2) All boundary lines pass through the point (—1, —1).

3) No boundary lines intersect the ray 5 =0, a > 0.

Conclusion: All boundary lines must (uniquely) intersect the
non-negative (3-axis.
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a — (3 plane
proof

An Upper Bound \/n conjecture

Simplification

Now we only need to know how many optimality regions there are
on the non-negative (-axis.
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An Upper Bound \/n conjecture

Simplification

Now we only need to know how many optimality regions there are
on the non-negative (-axis.

Boundary lines (now just points) look like

{8 : score(g 3)(1) = score(g 3y(2)},
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a — (3 plane
proof

An Upper Bound \/n conjecture

Simplification

Now we only need to know how many optimality regions there are
on the non-negative (-axis.

Boundary lines (now just points) look like
{B: score(o,ﬁ)(l_l) = score(oﬂ)(rz)},

meaning

wo — wq
Y2—n

wi—fByr=wo— By, = (=
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a — (3 plane
proof

An Upper Bound \/n conjecture

Constraints

We only need to look at (w, y)-plane.

» Suppose we have vertices (wi, y1), (W2, y2), ..., (Wn, ym) of
an alignment polytope for sequences of length n.
(Want to know: How big can m be in terms of n?)

Cynthia Vinzant Parametric Sequence Alignment



a — (3 plane
proof

An Upper Bound \/n conjecture

Constraints

We only need to look at (w, y)-plane.

» Suppose we have vertices (wi, y1), (W2, y2), ..., (Wn, ym) of
an alignment polytope for sequences of length n.
(Want to know: How big can m be in terms of n?)

» Note:

m m
ZAW,-gn and ZAy,-gn
i=1 i=1

Cynthia Vinzant Parametric Sequence Alignment



a — (3 plane
proof

An Upper Bound \/n conjecture

Constraints

We only need to look at (w, y)-plane.

» Suppose we have vertices (wi, y1), (W2, y2), ..., (Wn, ym) of
an alignment polytope for sequences of length n.
(Want to know: How big can m be in terms of n?)

» Note:

m m
ZAW,-gn and ZAy,-gn
i=1 i=1

A Wi
Ay;!

» To maximize m, we need the most distinct with

Aw; + Ay; small.
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a — (3 plane
prgof

An Upper Bound \/n conjecture

Given that } ;,(Aw; + Ay;) < 2n, how many different slopes 7
can there be?
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An Upper Bound \/n conjecture

Given that } ;,(Aw; + Ay;) < 2n, how many different slopes 7
can there be?

Define F, = {7 st. a+b=rand a,b relatively prime}
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An Upper Bound \/n conjecture

Given that } ;,(Aw; + Ay;) < 2n, how many different slopes 7
can there be?

Define F, = {7 st. a+b=rand a,b relatively prime}

q
Aw; .
A, from |J Fr gives us

r=1

q q
m:Z\F,| and n:Zr-|Fr|
r=1 r=1

Taking our
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a — (3 plane
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An Upper Bound \/n conjecture

Given that } ;,(Aw; + Ay;) < 2n, how many different slopes 7
can there be?

Define F, = {7 st. a+b=rand a,b relatively prime}

q
. Aw; .
Taking our A"y"l_ from rL:JlFr gives us
q q
m:Z\F,| and n:Zr-|Fr|
r=1 r=1
=
m~ q° and n~q°
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a — (3 plane
proof

An Upper Bound /7l conjecture

Can the bound be improved for finite alphabets?

Ferndndez-Baca et. al. (2002) showed

> c-n?/3 < fz(n) for X infinite (by constructing sequences that
attained n?/3 optimal alignments).

> c-v/n < fioy(n).

» E(g(o1,02) = +/n.
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proof

An Upper Bound /7l conjecture

Can the bound be improved for finite alphabets?

Ferndndez-Baca et. al. (2002) showed

> c-n?/3 < fz(n) for X infinite (by constructing sequences that
attained n?/3 optimal alignments).

> c-/n < fo13(n).
> E(g(o1,02) = /n.

Conjecture: fyg13(n) = ©(y/n). That is, there are constants, c, C
so that

c-vVn<figpp(n)=C-v/n
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Construction
Example for g = 4
A Lower Bound

The bound is tight!

Claim: f{o1y(n) = ©(n?/3).

So our goal is to construct two sequences o1, o> that have n?/3

optimal alignments.

Cynthia Vinzant Parametric Sequence Alignment



Construction

Example for g = 4

A Lower Bound

Define

F, = {% <1 s.t. a,b relatively prime, and a+ b =r},

q _
2m 1 be the elements of (J F,.
” r=1

and let {3},

b2,...
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Construction

Example for g = 4
A Lower Bound

Define

F, = {% <1 s.t. a,b relatively prime, and a+ b =r},

q _
72} be the elements of |J F,.

and let {3},
r=1

b2,...,

First sequence, o1 =

0b1+31 1b1—310b2+32 o Obm+am1bm—am Obm_amlbm"l‘am o Obl—al 1b1t+a
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Construction

Example for g = 4
A Lower Bound

Define

F,= {Z <1 s.t. a,b relatively prime, and a+ b =r},

q _
Z—’;} be the elements of J F,.

and let {3},
r=1

b27“"

First sequence, o1 =

obitaibi—aigbta  gbmtam{bm—am (bm—amibmtam  gbi—aiybita

Second sequence, g = 1(326)((¥2b1)

Cynthia Vinzant Parametric Sequence Alignment



Construction

Example for g = 4

A Lower Bound

111111111111000000000000

HFHHHOORKHHOHKHOOHOOORHKOOOO
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Construction

Example for g = 4

A Lower Bound

Some open questions:

1) What is E(g(o1,02))? ©(v/n)?

2) Pachter and Sturmfels (year) showed that for d-parameter
models, fx(n) = O(n9(d=1D/(d+1)) s this also tight?
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