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Hyperbolicity and determinantal representations

A polynomial f € R[x1,...,xa]q is hyperbolic with respect to a
point v if every real line through v meets V(f) in only real points.
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Hyperbolicity and determinantal representations

A polynomial f € R[x1,...,xa]q is hyperbolic with respect to a
point v if every real line through v meets V(f) in only real points.

Example: f = x> —y?> — 22, v = (1,0,0) Q
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Hyperbolicity and determinantal representations

A polynomial f € R[x1,...,xa]q is hyperbolic with respect to a
point v if every real line through v meets V(f) in only real points.

Example: f = x> —y?> — 22, v = (1,0,0) Q

Example: f = det(3; xA;) AN l/

where Ay, ..., A, € RZ%9 and the

sym

matrix ) v;A; is positive definite i
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Hyperbolicity and determinantal representations

A polynomial f € R[x1,...,xa]q is hyperbolic with respect to a
point v if every real line through v meets V(f) in only real points.

Example: f = x?> —y?> — 7%, v = (1,0,0) Q

Example: f = det(3; xA;) AN l/

where Ay, ..., A, € RZ%9 and the

sym

matrix ) v;A; is positive definite i

2 2 2 X+y z
e.g. x‘—y°—z —det< 5 Xy) i
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Hyperbolicity and determinantal representations

A polynomial f € R[xq,...,Xs]q is
hyperbolic with respect to a point v if
every real line through v meets V(f) in
only real points.
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Hyperbolicity and determinantal representations

N V
A polynomial f € R[xq,

ey Xnld IS
hyperbolic with respect to a point v if 4
every real line through v meets V(f) in
only real points.

Theorem (Helton-Vinnikov 2007). A polynomial f € R[x1, x2, x3]4
is hyperbolic if and only if there exist A1, Ay, A3 € RZ%9 with

sym

f = det (Z x,-A,-) and Z ViA; = 0.
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Chow forms: making varieties into hypersurfaces since 1937

Let X C P"™! be an irreducible variety of dimension d — 1. Then

{L: L* intersects X} is a hypersurface in G(d — 1,n — 1)
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Chow forms: making varieties into hypersurfaces since 1937

Let X C P"™! be an irreducible variety of dimension d — 1. Then
{L: L* intersects X} is a hypersurface in G(d — 1,n — 1)

defined by a polynomial in the Pliicker coordinates on
G(d —1,n—1) called the Chow form of X.
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Chow forms: making varieties into hypersurfaces since 1937

Let X C P"™! be an irreducible variety of dimension d — 1. Then
{L: L* intersects X} is a hypersurface in G(d — 1,n — 1)

defined by a polynomial in the Pliicker coordinates on
G(d —1,n—1) called the Chow form of X.

Example: X = {[s3: s%t : st? : t3] : [s : t] € P}
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Chow forms: making varieties into hypersurfaces since 1937

Let X C P"™! be an irreducible variety of dimension d — 1. Then
{L: L* intersects X} is a hypersurface in G(d — 1,n — 1)

defined by a polynomial in the Pliicker coordinates on
G(d —1,n—1) called the Chow form of X.

Example: X = {[s3: s%t : st? : t3] : [s : t] € P}
L = span{a, b} C P3,

LYNX #0 e ag+ art + axt? + azt3, by + b1t + bot? + b3t3
have a common root
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Chow forms: making varieties into hypersurfaces since 1937

Let X C P"™! be an irreducible variety of dimension d — 1. Then
{L: L* intersects X} is a hypersurface in G(d — 1,n — 1)

defined by a polynomial in the Pliicker coordinates on
G(d —1,n—1) called the Chow form of X.

Example: X = {[s3: s%t : st? : t3] : [s : t] € P}
L = span{a, b} C P3,

LYNX #0 e ag+ art + axt? + azt3, by + b1t + bot? + b3t3
have a common root

The Chow form of X is the resultant of these polynomials.
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Hyperbolicity and Chow forms

A real variety X C P""1(C) of codim(X) = c is
hyperbolic with respect to a linear space L of dim
c—1if XNL =0 and for all real linear spaces
[" > L of dim(L") = ¢, all points X N L" are real.
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Hyperbolicity and Chow forms

A real variety X C P""1(C) of codim(X) = c is
hyperbolic with respect to a linear space L of dim
c—1if XNL =0 and for all real linear spaces
[" > L of dim(L") = ¢, all points X N L" are real.

Theorem (Shamovich-Vinnikov 2015). If a curve X C P"1 is
hyperbolic with respect to L, then its Chow form is a determinant

det<2,e([gl)p,(M)A,> with 57, i) Pr(LH)A; - 0

for some matrices A; € CEX2 with D = deg(X).

Herm
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Reciprocal linear spaces

Given a linear space £ € Gr(d, n), its reciprocal linear space is

£l :IP’<{(X1_1,...,X,,_1) :XEEH(C*)”}).
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Reciprocal linear spaces

Given a linear space £ € Gr(d, n), its reciprocal linear space is

£l :IP’<{(X1_1,...,X,,_1) :XEEH(C*)”}).

Varchenko (1995): £~ is hyperbolic with respect to £+.

Cynthia Vinzant The Chow form of a reciprocal linear space



Reciprocal linear spaces

Given a linear space £ € Gr(d, n), its reciprocal linear space is

LTr1=P <{(x1_1,...,x,,_1) xeLN ((C*)”})
Varchenko (1995): £~ is hyperbolic with respect to £+.

Proudfoot-Speyer (2006): deg(£~!) a matroid invariant of L
generically = (Z:i)
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Reciprocal linear spaces

Given a linear space £ € Gr(d, n), its reciprocal linear space is

LTr1=P <{(x1_1,...,x,,_1) xeLN ((C*)”})
Varchenko (1995): £~ is hyperbolic with respect to £+.

Proudfoot-Speyer (2006): deg(£~!) a matroid invariant of L
generically = (Z:i)

De Loera-Sturmfels-V. (2012): £~1 N (L1 + v) are analytic centers
of the bounded regions in a hyperplane arrangement.

Cynthia Vinzant The Chow form of a reciprocal linear space



Example: (d,n) = (2,4)

Take fg, 41,405,035 € R[S, t].

Then £ ={[lo: f1:0r: 03] : [s:t] € P} € G(1,3).
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Example: (d,n) = (2,4)

Take fg, 41,405,035 € R[S, t].
Then £ ={[lo: f1:0r: 03] : [s:t] € P} € G(1,3).

L intersects the coordinate hyperplanes {x; = 0} in 4 points.
Remove them and take inverses to get

ﬁfl = {[é : % : 1.1 ]} = {[516263 Z£0£2€3 2606153 : 606162]}.

b " 03
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Example: (d,n) = (2,4)

Take fg, 41,405,035 € R[S, t].
Then £ ={[lo: f1:0r: 03] : [s:t] € P} € G(1,3).

L intersects the coordinate hyperplanes {x; = 0} in 4 points.
Remove them and take inverses to get

ﬁfl = {[é : % : 1.1 ]} = {[516263 Z£0£2€3 2606153 : 606162]}.

b " 03

L1 is a rational cubic curve.
~L ) L
Any plane L’ containing £+ intersects
L1 in 3 = deg(L£1) real points.
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Determinantal representation for £}

Let £ € G(d — 1,n— 1) not contained in a hyperplane {x; = 0}.

Define p(£) € P(A\R") and B={I € () : p(£) # 0}.
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Determinantal representation for £}

Let £ € G(d — 1,n— 1) not contained in a hyperplane {x; = 0}.
Define p(£) € P(A\R") and B={I € () : p(£) # 0}.

Theorem (Kummer-V. 2016). The Chow form of £~1 can be
written as a determinant

pi(M)
o ( s PI(L) A )

for some rank-one, p.s.d. matrices A; = v;v,| of size deg(L71).
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Determinantal representation for £}

Let £ € G(d — 1,n— 1) not contained in a hyperplane {x; = 0}.
Define p(£) € P(A\R") and B={I € () : p(£) # 0}.

Theorem (Kummer-V. 2016). The Chow form of £~1 can be
written as a determinant

pi(M)
o ( s PI(L) A )

for some rank-one, p.s.d. matrices A; = v;v,| of size deg(L71).

The rowspan of the deg(£~1) x |B| matrix (v; : | € B) is

span{p(L) : (1,...,1) € L} N (C*)5.

Cynthia Vinzant The Chow form of a reciprocal linear space



Generic case: the uniform matroid

If B= ([Z]) the vectors {v; : | € B} can be taken to be

d
Vi = en{n} for 5 n and Z(—l)ke/\{;k} for | % n.
k=1

For d = 2, these vectors represent the graphic matroid of K.
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Generic case: the uniform matroid

If B= ([Z]) the vectors {v; : | € B} can be taken to be

d

vi=epngny for I>n and Z(—l)ke,\{;k} for 1 Z n.
k=1

For d = 2, these vectors represent the graphic matroid of K.

Theorem (Kummer-V.). If £ € Gr(2, n) has no zero Pliicker
coordinates, then the Chow form of £71 is

oI psM) - TT erel),

TeT {ijteT {kL}eTe

where T, denotes the set of spanning trees on n vertices.
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Uniform Example: d =2, n =4

For d = 2,n =4, L1 generically has degree 3 and we can take

1 00 1 1 0
(via voa vas viz viz w3) = [0 1 0 -1 0 1
o001 0 -1 -1
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Uniform Example: d =2, n =4

For d = 2,n =4, L1 generically has degree 3 and we can take

1 00 1 1 0
(via voa vas viz viz w3) = [0 1 0 -1 0 1
o001 0 -1 -1

If p= p(M) and g = p(L) then the Chow form of £L71 is

det(32, & - vi v') =

pep b2y Pu —p12/q12 —p13/q13
det —p12/q12 % + % + % — P23/ q23

p3a P13 P23
q3a ™ q13 T q23

—P13/Q13 —P23/CI23
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We need more examples of hyperbolic varieties!
The varieties £7! are hyperbolic with respect to an orthant
in the Grassmannian, and the Chow forms we found only involve

square-free monomials in C[p;(M)].

There will be nice combinatorics and geometry in the following:
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Closing thoughts

We need more examples of hyperbolic varieties!

The varieties £7! are hyperbolic with respect to an orthant

in the Grassmannian, and the Chow forms we found only involve
square-free monomials in C[p;(M)].

There will be nice combinatorics and geometry in the following:

What are the possible supports of square-free Chow forms of
hyperbolic varieties?
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Closing thoughts

We need more examples of hyperbolic varieties!

The varieties £7! are hyperbolic with respect to an orthant

in the Grassmannian, and the Chow forms we found only involve
square-free monomials in C[p;(M)].

There will be nice combinatorics and geometry in the following:

What are the possible supports of square-free Chow forms of
hyperbolic varieties?

Which hyperbolic varieties have determinantal representations?
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Closing thoughts

We need more examples of hyperbolic varieties!

The varieties £7! are hyperbolic with respect to an orthant

in the Grassmannian, and the Chow forms we found only involve
square-free monomials in C[p;(M)].

There will be nice combinatorics and geometry in the following:

What are the possible supports of square-free Chow forms of
hyperbolic varieties?

Which hyperbolic varieties have determinantal representations?

Thanks!
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