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Matroids

A matroid on ground set [n] = {1, . . . , n} is a nonempty collection
I of independent subsets of [n] satisfying:

I If S ⊆ T and T ∈ I, then S ∈ I.

I If S ,T ∈ I and |T | > |S |, then ∃i ∈ T\S with S ∪ {i} ∈ I.

Examples:

I linear independence of vectors v1, . . . , vn ∈ Rd

I cyclic independence of n edges in a graph

Independence poly. gM(y , z1, . . . , zn) =
∑

I∈I y
n−|I |∏

i∈I zi
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Results and other work

Mason’s conjecture: Let Ik = # indep. sets of matroid M of size k.

(i) I2
k ≥ Ik−1 · Ik+1 (log-concavity)

(ii) I2
k ≥

(
k+1
k

)
· Ik−1 · Ik+1

(iii)

(
Ik(
n
k

))2

≥ Ik−1(
n

k−1

) · Ik+1(
n

k+1

) (ultra log-concavity)

Adiprasito, Huh, Katz use combinatorial Hodge theory to prove (i)

Huh, Schröter, Wang use ↑ to prove (ii)

Anari, Liu, Oveis Gharan, V. use complete log-concavity to prove (iii)

Brändén, Huh independently use Lorentz polynomials to prove (iii)
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Complete log-concavity

f ∈ R[z1, . . . , zn] is log-concave on Rn
>0 if f ≡ 0 or

f (x) ≥ 0 for all x ∈ Rn
≥0 and log(f ) is concave on Rn

>0.

For v = (v1, . . . , vn) ∈ Rn, let Dv =
∑n

i=1 vi
∂f
∂zi

.

f ∈ R[z1, . . . , zn] is completely log-concave (CLC) on Rn
>0 if

for all k ∈ N, v1, . . . , vk ∈ Rn
≥0,

Dv1 · · ·Dvk f is log-concave on Rn
≥0.

Example: f =
∏d

i=1(z + ri ) ⇒ log(f )′′ =
∑d

i=1
−1

(z+ri )2 ≤ 0
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Example: stable polynomials

f ∈ R[z1, . . . , zn]d is stable if
f (tv + w) ∈ R[t] is real rooted
for all v ∈ Rn

≥0,w ∈ Rn.

⇒ f is completely log-concave

Example: det(
∑n

i=1 ziviv
T
i ) =

∑
I∈([n]

d ) det(vi : i ∈ I )2
∏

i∈I zi

Choe, Oxley, Sokal, Wagner: If f =
∑

I∈([n]
d ) cI

∏
i∈I zi is stable,

then supp(f ) = {I : cI 6= 0} are the bases of a matroid on [n].

Brändén: Fano matroid 6= support of a stable polynomial f
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Brändén: Fano matroid 6= support of a stable polynomial f

Cynthia Vinzant Completely log-concave polynomials and matroids



Equivalent conditions and univariate characterization

Gurvits: f is strongly log-concave (SLC) if

∂αf = ( ∂
∂z1

)α1 · · · ( ∂
∂zn

)αn f is log-concave on Rn
≥0.

Theorem (ALOV): For f ∈ R[z1, . . . , zn]d ,

f CLC⇔ f SLC⇔

{
∂αf is indecomposable for all |α| ≤ d − 2

and ∂αf is CLC for all |α| = d − 2

(d=2) f = zTQz is CLC ⇔ Qij ≥ 0 and Q has 1 pos. eig. value.

Cor. (Gurvits/ALOV)
n∑

k=0

aky
n−kzk is CLC ⇔

(
ak(n
k

))2

≥ ak−1( n
k−1

) · ak+1( n
k+1

)
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Complete log-concavity for matroids

Theorem. gM(y , z1, . . . , zn) =
∑

I∈I y
n−|I |∏

i∈I zi is CLC.

(just check rank-two matroids M)

Cor: gM(y , z , . . . , z) =
∑n

k=0 Ikyn−kzk is CLC.

Cor: {Ik}k is ultra log-concave (Mason’s conjecture)
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Other results

Theorem: For any matroid M, the solution to the concave program

τ = max
p∈PM

n∑
i=1

pi log 1
pi

+ (1− pi ) log 1
1−pi

can be computed in polynomial time and β = eτ satisfies

2O(−r)β ≤ # bases of M ≤ β.

Theorem: The natural Markov Chain P(B,B ′) on the bases of any
rank-r matroid on [n] mixes quickly:

min{t ∈ N : ||Pt(B, ·)− π||1 ≤ ε} ≤ r2 log(n/ε).
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Sum up: completely log-concave polynomials

I log-concavity of polynomial as functions
⇒ log-concavity of coefficients

I many matroid polynomials are completely log-concave

I the theory of stable polynomials extends to CLC polynomials

⇒

Thanks!
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