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SINGLE-SINK RENT-OR-BUY

Input:
» Undirected graph G = (V, E), edge cost ¢: E — Q4
» clients D C V, root r, parameter M > 1

Goal: Find Steiner Tree T' (incl. ) minimizing

M -¢(T) + Z dist(v, T)
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More network design settings

SINGLE-SINK RENT-OR-BUY

v

CONNECTED FAcCILITY LOCATION

v

SINGLE-SINK BUYy-AT-BULK
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VIRTUAL PRIVATE NETWORK (VPN)
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More network design settings

SINGLE-SINK RENT-OR-BUY

» 4.55-apx [Swamy, Kumar ’02]

» 3.55-apx [Gupta, Kumar, Roughgarden ’03]

» 2.92-apx [Eisenbrand, Grandoni, R., Schifer ’08]
CONNECTED FACILITY LOCATION

> 8.55-apx [Swamy, Kumar ’02]

» 4-apx [Eisenbrand, Grandoni, R., Schifer ’08]
SINGLE-SINK BUY-AT-BULK

» 72.8-apx [Gupta, Kumar, Roughgarden ’03]

» 25-apx [Grandoni, Italiano ’06]
» UNSPLITTABLE SINGLE-SINK BUY-AT-BULK

> 216-apx [Talwar ’02]

» 153.6-apx [Jothi, Raghavachari ’04]
VIRTUAL PRIVATE NETWORK (VPN)

» 5.55-apx [Gupta, Kumar, Roughgarden ’03]

» 4.74-apx [Eisenbrand, Grandoni '05]

» 3.55-apx [Eisenbrand, Grandoni, Oriolo, Skutella ’07]
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More network design settings

SINGLE-SINK RENT-OR-BUY

» 4.55-apx [Swamy, Kumar ’02]

» 3.55-apx [Gupta, Kumar, Roughgarden ’03] (*)

> 2.92-apx [Eisenbrand, Grandoni, R., Schifer '08] (*)
CONNECTED FACILITY LOCATION

> 8.55-apx [Swamy, Kumar ’02]

» 4-apx [Eisenbrand, Grandoni, R., Schéfer ’08] (*)
SINGLE-SINK BUY-AT-BULK

» 72.8-apx [Gupta, Kumar, Roughgarden ’03] (*)

» 25-apx [Grandoni, Italiano ’06] (*)
» UNSPLITTABLE SINGLE-SINK BUY-AT-BULK

> 216-apx [Talwar ’02]

» 153.6-apx [Jothi, Raghavachari "04] (*)
VIRTUAL PRIVATE NETWORK (VPN)

> 5.55-apx [Gupta, Kumar, Roughgarden ’03] (*)

» 4.74-apx [Eisenbrand, Grandoni '05] (*)

» 3.55-apx [Eisenbrand, Grandoni, Oriolo, Skutella ’07] (*)
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Best approximation algorithms use random sampling (*).



SINGLE-SINK RENT-OR-BUY

O O
O e ° e (O
r
O O U client
O
O O
O O

Algorithm: [Gupta, Kumar, Roughgarden ’03]

(1) Sample each client with prob %

(2) Output approximate Steiner tree on sampled clients
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SINGLE-SINK RENT-OR-BUY
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Algorithm: [Gupta, Kumar, Roughgarden ’03]

(1) Sample each client with prob %

(2) Output approximate Steiner tree on sampled clients

— 2.92-approximation [Eisenbrand, Grandoni, R., Schifer ’08]



Core detouring theorem

Theorem (Core Detouring Theorem - [EGSR ’08])

Let D C 'V, connected subgraph T, root r € T'. Sample any node
in D with prob. p €]0,1]

0.81

. % ‘ :
E [;} dist(v, sampled node U {r})] <= c(T)+2 ;) dist(v,T)
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Core detouring theorem

Theorem (Core Detouring Theorem - [EGSR ’08])

Let D C 'V, connected subgraph T, root r € T'. Sample any node
in D with prob. p €]0,1]

4

.81
E[Z dist(v, sampled node U {r})] < 0; -c(T)+2 Z dist(v,T')
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VIRTUAL PRIVATE NETWORK (VPN)

Given:
» Undirected graph G = (V, E), costs ¢: E — Qy
» Outgoing traffic bound b} € Ny, ingoing traffic bound

b; e Ny
Find: Paths P,,, capacities z. s.t. to minimize the cost

Z c(e) - ze

eck

and every wvalid traffic scenario (D, )y pev can be routed.
D is valid if v sends < b and receives < b,



VIRTUAL PRIVATE NETWORK (VPN)

Given:
» Undirected graph G = (V, E), costs ¢: E — Qy
» Outgoing traffic bound b} € Ny, ingoing traffic bound
b, € Ny

Find: Paths P,,, capacities z. s.t. to minimize the cost

Z c(e) - ze

eck

and every wvalid traffic scenario (D, )y pev can be routed.
D is valid if v sends < b and receives < b,
W.l.o.g.:

» senders s € S: bf =1,b, =0
» receivers r € R: b =0,b, =1
» non-terminals v: b = b, =0

> |S] < |R|
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z. = maximal cardinality of a matching in G, = (SU R, E,)

with (s,7) € E. < e € Py,
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The algorithm of [EGOS ’07]

(1) Sample each receiver with prob. %' — R

(plus an extra random root r* — R')
(2) FOR ANY s € S DO
install cap. 1 on approximate Steiner tree on {s} U R’
(3) FOR ANY r € R DO
install cap. 1 from r to closest node in R’
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The algorithm of [EGOS ’07]

(1) Sample each receiver with prob. %' — R
(plus an extra random root r* — R')
(2) FOR ANY s € S DO
install cap. 1 on approximate Steiner tree on {s} U R’
(3) FOR ANY r € R DO

install cap. 1 from r to closest node in R’
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Aggregating senders (1)
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Aggregating senders (1)

» Ideally aggregate outgoing capacity into random sender
se S — OPT

min{|S|, #s-R paths using e} O-1

s
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Lemma
E[OPT,) < OPT.

» Show: E[new capacity on edge e] < old capacity on e



Aggregating senders (2)

Lemma
E[OPT,) < OPT.

E[new cap. on ]

< old cap. on e
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Lemma
E[OPT,) < OPT.

E[new cap. on €]
E[min{|S|, #s-R paths using e}]

IA

< old cap. on e



Aggregating senders (2)

Lemma
E[OPT,) < OPT.

» Let C be vertex cover in capacity graph:
|C| = cap. in OPT

E[new cap. on €]
E[min{|S|, #s-R paths using e}]

IA

< old cap. on e
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Aggregating senders (2)

Lemma

E[OPT,] < OPT.

» Let C be vertex cover in capacity graph:
|C| = cap. in OPT
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E[new cap. on ]

E[min{|S|, #s-R paths using e}]
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C]
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The Core

min{|S|, #s-R paths using e} O -1
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» OPT; is tree



The Core
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» OPT; is tree
» Ts:={e| cap =S|}, Us = {e | cap <|S|}
> |S| - Elc(Ts)] + Elc(Us)] < OPT



The Analysis (1)

Lemma

Elc(apz Steiner tree on {s} UR')] < 1.39 - (C(Ts)
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The Analysis (1)

Lemma
Elc(apz Steiner tree on {s} UR')] < 1.39 - (C(Ts) + % . C(Us))
.0
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» Take Steiner tree T 4 |J, ¢ p (shortest path from r to Tf).



The Analysis (1)

Lemma
Elc(apz Steiner tree on {s} UR')] < 1.39 - (C(Ts) + % . C(Us))
(]
D @<~ ’. S RI
\\ ¥
s T, / ¢
o——~_ 1, u)
\\
O " @cR
(]

» Take Steiner tree T 4 |J, ¢ p (shortest path from r to Tf).
» Use 1.39-apx for STEINER TREE [BGRS ’10]



The Analysis (2)
Lemma

B[, e dist(r, R')] < 0.81 - % - E[e(Ty)] + 2 - Ele(Us)]

» Apply Core Detouring Theorem!
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» Apply Core Detouring Theorem!

Theorem
The algorithm gives a 2.8-apz. J
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» Apply Core Detouring Theorem!

Theorem
The algorithm gives a 2.8-apz. J

5

E[e(T})] - (1.39|S| + 0.81;) + E[e(U,)] (1.39|s| : %" + 2)

< 2.8 (19] - Ble(T)] + Ele(U))



The Analysis (2)

B[, e dist(r, R')] < 0.81 - % - E[e(Ty)] + 2 - Ele(Us)]

Lemma J

» Apply Core Detouring Theorem!

Theorem
The algorithm gives a 2.8-apz. J

5

E[e(T})] - (1.39|S| + 0.81;) + E[e(U,)] (1.39|s| : %" + 2)

a:=0.57
< 28 (9] Eld(Ty)] + Elc(Us))
<

2.8-0OPT O



Multi Core Detouring theorem

Theorem (Multi Core Detouring Theorem )

Let D C V, subgraph T', root r. Sample any node in D with

prob. p €]0, 1]
0.81

E[Z dist(v, sampled nodes U {r})] < TC(T)+2 Z disty (v, r)
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Multi Core Detouring theorem

Theorem (Multi Core Detouring Theorem )
Let D C V, subgraph T', root r. Sample any node in D with
prob. p €]0, 1]

.81
E[Z dist(v, sampled nodes U {r})] < %C(T)-FQ Z disty (v, r)
p
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Our results

» VIRTUAL PRIVATE NETWORK (VPN)
» 3.55-apx [Eisenbrand, Grandoni, Oriolo, Skutella ’07]
» 2.80-apx
» SINGLE-SINK BUY-AT-BULK
» 25-apx [Grandoni, Italiano ’06]
» 20.41-apx
» UNSPLITTABLE SINGLE-SINK BUY-AT-BULK

» 153.6-apx [Jothi, Raghavachari ’04]
» 40.82-apx
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Thanks for your attention



