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Motivation

Problem: Weak LP K = {x € R" | Az > b}

» Option I: Find and add violated inequalities
Cons: Which ones? Solvable in polytime?

» Option II: Apply the Lasserre hierarchy!
Pros: Solvable in polytime + known properties

Example: INDEPENDENT SET

» Relaxation: K = {RY |z, + z, < 1VY(u,v) € E}
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Try to convince you: Option II is better!
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Positive semidefinitness

For a symmetric matrix M the following is equivalent
» positive semidefinite
» 2 Mz >0V
» Any principal submatrix has det > 0

» 3 vectors v; with M;; = (v;, v;)
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» Given: K = {x € R" | Az > b}.
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Round-t Lasserre relaxation
» Given: K = {x € R" | Az > b}.
» Introduce variables for I C [n], |I| <t
yr = /\(xZ =1)

el
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> YLy = Ty

> yp=1 moment matrix
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Round-¢ Lasserre relaxation

» Given: K = {x € R" | Az > b}.
» Introduce variables for I C [n],

yIE/\

[l <t

(z;=1)

iel
slack moment matrix

> YLy = Ty
> y@:]_

Round-¢ Lasserre relaxatio

(Yrua)1),|J1<t

moment matrix

1Y

[( Eie[n] Aez‘yluJu{z’} - bel/nu)

|I|,|J|St]

Yo =

» Solvable in time n@®mOM)




Example: INDEPENDENT SET

Moment matrix for ¢t = 1:
0 {1} {2} {3}
Ly vz ys\ 0
yi y1 yi2 iz | {1}
M =
1(v) Y2 Y12 Y2 Y23 | {2}
Y3 Y13 Y23 Y3/ {3}
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Example: INDEPENDENT SET

Moment matrix for ¢t = 1:
0 {1} {2} {3} 3
Iy w2 w3\ 0
Miy) = |9 v vz v {1} A
Y2 Y12 Y2 Y23 | {2} x1 T

Y3 Y13 Y23 Y3/ {3}

Moment matrix for edge (1,2) for t = 1:

] {1} {2} {3}

L—y1 — o Y1 — Y1 — Y12 Y2—y1i2—Y2  Ys— Y13 —Y23 \ 0
Y1 —Y1— Y12 Y1 —Y1—Yi2 Y12 — Y12 — Y12 Y13 — Y13 — Y123 | {1}
Y2 — Y12 — Y2 Y12 — Y12 — Y12 Y2 — Y12 — Y2 Y23 — Y123 —y23 | {2}
Y3 — Y13 — Y23 Y13 — Y13 — Y123 Y23 — Y123 — Y23 Y3 — Y13 — Y23 / {3}
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Basic properties (1)

Lemma
conv(K N {0,1}") C LAs" (K)

» For x € K N{0,1}" define

1 z,=1Viel
Yyr = .
0 otherwise

» Then

(My(y)1.0 = y1vs =y -y = (yy" )1

K.

and yy” = 0.

» Similarly Y7 aiyusuy — Byrug = (ax — B) - yr - ys and
(az — B) - yy' = 0. O
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Lemma

Fory € Lasy(K):

a) (y1,-..,9yn) € K

b) 0<yr<1forall|ll<t
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b) Submatrix of M;(y) indexed
by {0,1}:
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Basic properties (2)

Lemma

Fory € Lasy(K):

a) (y1,-..,9yn) € K

b) 0<yr<1forall|ll<t

¢) yy <wys for I C J with |I|,|J| < t.

a) Slack moment matrix for axz > (3 contains diagonal entry (), 0):
Z?zl a;y; — y@ﬁ >0

b) Submatrix of M;(y) indexed ¢) Submatrix of M(y)
by {0, }: indexed by {1, J}:

0 I
16
[ \Y1 YI

=yr(l—yr)>0 ! ‘ (yI y‘]) ‘ =ys(yr—ys) >0
JI\YJ YJ
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Inducing on one variable g2 1

0 K
Zo%n

Lemma
»(0)

Fory € Lasy(K), t > 1, i € [n],
y € conv{z € Las;_1(K) | z; € {0,1}}.

(1) ._ Yrugiy (0) ._ yr—yrugsy
» Define 2= T and 2= 1_—yl
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Lemma {i}
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y € conv{z € Las;_1(K) | z; € {0,1}}.
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EON 4
Lemma {i}
Fory € LASi(K), t > 1,1 € [n], 2
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0 1
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Inducing on one variable g2 1

) ¢
Lemma {i}
Fory € LASi(K), t > 1,1 € [n], 2
y € conv{z € Las;_1(K) | z; € {0,1}}.

0 1

(1) ._ yrugiy (0) ._ y1—yru(iy
Deﬁne ZI = T and ZI = 177%

Clearly y = y; - 2 + (1 — ) - 20
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Inducing on one variable g2 1

PON 4
Lemma [T
Fory € LASi(K), t > 1,1 € [n], 2
y € conv{z € Las;_1(K) | z; € {0,1}}.

0 1

(1) ._ yrugiy (0) ._ y1—yru(iy
Deﬁne ZI = T and ZI = 177%

Clearly y = y; - 2 + (1 — ) - 20

» Moreover zi(o) =0, zi(l)

Take vy with (v, v;) = yrus for |[I],]J] < t.

v

v

= 1. Remains to show psdness.

v

Then

v

< 10{i} UJu{}> Yrosugy _ )
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Inducing on one variable g2 1

0) K

Lemma ROdn
Fory e Lasi(K), t > 1,14 € [n], 2
y € conv{z € LaS;_1(K) | z; € {0,1}}.
(1) ._ Y1u{s) (0) ._ yr—yrugiy 0 !
» Define z; 7 := i and z; 7 = B e
> Clearly y = y; - 20 + (1 — ) - 200
» Moreover zi(o) =0, zi(l) = 1. Remains to show psdness.

v

Take vy with (vr,vy) = yrus for |I],]J| < t.

» Moreover

<'UI — vy VI — 'UJU{i}> VIV — U0 0} — VIVIu() V1o Yaudi}

VI—yi = V1—y 1—yi
_ Yiug —Yrogu{iy  (0)
- 1— i = Z10J

Thus M;_1(2?) > 0.



Inducing on one variable g2 1

) ¢
Lemma {2}
Fory € LASi(K), t > 1,1 € [n], 2
y € conv{z € Las;_1(K) | z; € {0,1}}.

0 1

(1) ._ yrugiy (0) ._ y1—yru(iy
Deﬁne ZI = T and ZI = 177%

Clearly y = y; - 2 + (1 — ) - 20
© _ g0

Take vy with (v, v;) = yrus for |[I],]J] < t.

v

v

» Moreover z; ° =0,z = 1. Remains to show psdness.

v

Similar for slack moment matrices.

v
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Consequences (1)

Operation: “Induce on x; =17

R2"—1
LAS; 1
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Lemma
Fory € Lasy(K), pick a set |S| < t:
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» Explicit formula for each z via inclusion exclusion formula



Consequences (1)

Operation: “Induce on x; =17

R2"—1
LAS; 1

i}

Lemma
Fory € Lasy(K), pick a set |S| < t:

y € conv{z € Las;,_5|(K) | z; € {0,1} Vi€ S}

» Explicit formula for each z via inclusion exclusion formula
> Gap closed after n rounds



Consequences (2)

Lemma (Locally consistent probability distribution)

Fory € Lasy(K) and |S| < t, there is a random variable
X € {0,115 with

Pr[/\(Xizl)} =yr VICS
el

» For example for INDEPENDENT SET, for |S| <t nodes, y gives
a probability distribution of independent sets in G[5]



APPLICATION 1:

SCHEDULING ON 2 MACHINES WITH
PRECEDENCE CONSTRAINTS

P2 | prec,p; = 1| Cpax

SOURCE: [Svensson, unpublished, 2011]



P2 | prec,p; =1 | Chax

Input:
> jobs J with unit processing time
» precedence constraints
> 2 identical machines

Goal: minimize makespan
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P2 | prec,p; =1 | Chax

Input:
> jobs J with unit processing time
» precedence constraints
> 2 identical machines

Goal: minimize makespan

1

machine 1

machine 2

Known results:
» NP-hard for general m

» poly-time for 2 machines [Coffman, Graham ’72]



Time indexed LP

day o= 1 VjeJ

Vt € [T]

]
5
IN
[N}

> mjy Vi< j Vte[T]
<t t/<t+1
0 VjeJ VtelT]

(]
3
Y,

8
S
v



Time indexed LP

T
> e
t=1
> e
jeJ

E Lt

<t

xjt

<

>

>

[\

ViedJ

vt € [T

> mjy Vi< j Vte[T]

t<t+1
0

> Integrality gap is > %

1

VjeJ Vtell]

time



Time indexed LP

T
day o= 1 VjielJ
t=1
doay <2 Vvt € [T
jeJ
int’ > Z Ty Vi -<j YVt € [T]
<t v/ <t+1
zjp > 0 VjeJ Vtell]

> Integrality gap is > %

1 2
2 L1

time
3 0 -

0 1 2 3
» Claim: y € LAs;(LP(T)) = 3 schedule of length T



Scheduling algorithm
(1) Find y € Las;(LP(T))
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(1) Find y € Las; (LP(T))
(2) Fractional completion time C} := max{? | YiGny > 0}
(3) Sort jobss.t. CF <C5 <...<C}
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Scheduling algorithm

(1) Find y € Las; (LP(T))

(2) Fractional completion time C} := max{? | YiGny > 0}
(3) Sort jobss.t. CF <C5 <...<C}
(4)

4) Run list schedule w.r.t. ordering = o :J — N

Fractional schedule for j:
5
Yjt >0

1 [ | ——1 :

(I) slot ¢ T
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Lemma
For any job o; < C7.

schedule o
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> Consider job j; with smallest index, s.t. 0;, > C7
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Analysis

Lemma
For any job o; < C’;-‘.

> Consider job j; with smallest index, s.t. 0;, > C7
(delete jobs > j1)

> Let jo < 71 highest index job scheduled alone
» Jobs in Jy:={j < ji |0 > 0j,} U{ji} depend on jy!
> Induce on zj,cr =1 =g € Laso(LP(T))

» For LP infeasible! Contradiction!

schedule o:  fully busy 0k > fully bus

?

Ji

Jo 1 = n



A PTAS for 3 machines?

Open problem

For m = 3 machines, is the gap for f(e)-round Lasserre at most
1+¢e?

» Neither known to be NP-hard, nor is a PTAS known!



APPLICATION 2:

SET COVER

SOURCE: [Chlamtac, Friggstad, Georgiou 2012]
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Subexp. Set Cover Approximation

Set Cover:
» Input: Family of sets 51, ..., S, C [n] with cost cg;
» Goal: Cover elements at minimum cost

Known:
» In(n)-apx [Chvétal '79]
» Reduction SAT to SET COVER with gap (1 —¢)In(n) in time

nO1/¢) [Dinur, Steurer ’13]
Theorem

There is a (1 — €)In(n)-apx in time 20(n°)
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The algorithm
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K = {ZL’ c RTZ”O | Z x; > 1 Velement j; Ty < OPT}
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°
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The algorithm
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(2) FORi=1,...,n DO

(3) Find set S; covering most new elements
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(1) Compute y € LAS,(K) with
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(2) FOR i =1,...,n° DO

(3) Find set S; covering most new elements
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The algorithm
(1) Compute y € LAS,(K) with
K = {:L‘ c R’;O | Z x; > 1 Velement j; Ty < OPT}
i:jES;
(2) FOR i =1,...,n° DO

(3) Find set S; covering most new elements
(4) Induceon z; =1— g

(5) Run In(|largest set|)-apx for rest

< nl—e
Final ¢ has: ¢
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The algorithm
(1) Compute y € LAS,(K) with
K = {:L‘ c R’;O | Z x; > 1 Velement j; Ty < OPT}
i:jES;
(2) FORi=1,...,n° DO

(3) Find set S; covering most new elements
(4) Induceon z; =1— g

(5) Run In(|largest set|)-apx for rest

< nl—e
Final ¢ has: ¢
> Y1 =...=Ups =1 00 .
g € LAsy(K)
S1 S9 She S

[}
'y <OPT

v

v

v

0 < gs < 1= |SNremain. elem| < nl—e
Apx-ratio: In(n!=¢) = (1 — ¢) In(n)

v



APPLICATION 3:

Max Cut

SOURCE: [Goemans, Williamson '95]



MaxCut
MaxCut: Given G = (V, E). Maximize [0(5)|

><]



MaxCut
MaxCut: Given G = (V, E). Maximize |§(5)|



MaxCut
MaxCut: Given G = (V, E). Maximize |§(5)|

LP:

max{ Zze | zij <min{z; + 2,2 —z; —x;} V(i,j) € E}
ecE



MaxCut

MaxCut: Given G = (V, E). Maximize [0(5)|
Zij = 1

xi_;gmj_;
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MaxCut

MaxCut: Given G = (V, E). Maximize [0(5)|
Zij = 1

xi_;gmj_;
LP:

max{ Zze | zij <min{z; + 2,2 —z; —x;} V(i,j) € E}
eck

» Always OPTy = |E|
» Consider (z,z) € Lass(K)
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Vector representation

Observation
For y € LAs;(K), there are vy with (vy,vs) = yryg for |I|,|J| < t.

(3
> ol = wr /
> Jlogllz =1 0 v
> <’U],’UJ> Z 0

» vy lies on the sphere with radius % and center l'v@

(since |lv; — */U@H2 = Jlvsl3 -2~ 2”1”(2) + 4””@”2 = %)
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Vector representation for MaxCut

MaxCut: (vi,v;) = zy; ;1 and 25 = x; + ) — 224 5

» Now Hyperplane rounding?

» Problem: Angles are in [0°,90°], Prlcut (4, )] < &
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Vector transformation

u; = 2v; — vy

vy
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Vector transformation

Observations:
> wu; are unit vectors

> (uj,uj) =1 —2z; (angles are in [0°,1807])

» u;’s are solutions to Goemans Williamson SDP

1—wuu;
max{ > i | uill =1 Vi€ V}
(.5)EE
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Hyperplane rounding

g

Algorithm:
(1) Pick a random Gaussian g
(2) Set S:={ieV|{(g,u;) >0}



Hyperplane rounding

g 1.0 -
0.8 1
0.6
0.4 1
0.2

Prle € 6(9)]

1

—arccos(1 — 2z.)

/7 - -
./ 0.878 -z

0

Algorithm:
(1) Pick a random Gaussian g
(2) Set S:={ieV|{(g,u;) >0}

Analysis:
angle of u; and wu;

Pri(i, j) € 6(5)] = =

arccos(1 — 2z,)

I
0 0204 0.6 0.8 1.0

> 0.87 - z

™

™



THEORY:

GLOBAL CORRELATION ROUNDING

SOURCE:
» [Barak, Raghavendra, Steurer ’11]

» [Guruswami, Sinop '11]
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Rand. Var. X1, Xs € {0,1} are uncorrelated / independent
=
Cov[X1, Xo] = Pr[X; = X = 1] — Pr[X; = 1] - Pr[X; = 1] = 0



Global Correlation Rounding

Rand. Var. X1, Xs € {0,1} are uncorrelated / independent
=
Cov[X1, Xo] = Pr[X; = X = 1] — Pr[X; = 1] - Pr[X; = 1] = 0

Theorem

For any y € LAS;(K) can induce on < O(E%) variables to obtain
y' € LASt_O(1/€3)(K) s.t.

Bl

vi- Y _”‘J@'J}‘ = E] =€
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Proof outline
» Consider random variable X € {0,1}".

» Small calculation:

E [Var[X; | Xo]] = ... < Var[X;] — 4 - Cov[X1, Xo]?
2

» Pick a random variable and condition on it — X’ € {0,1}"
, 9 if correlated 3
E [Var[X;] — Var[X]] > 4 - E[Cov[X;, X;]*] > 4e

i€[n] 2%

» Cannot go on for more than O(e%) rounds

» Variance also exists for Lasserre!



APPLICATION 4:

Max CUT IN DENSE GRAPHS

SOURCE: [de la Vega, Kenyon-Mathieu ’95]
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PTAS for MaxCut in dense graphs
Problem:
» Given G = (V, E) with |E| > en?.
» Maximize |0(.5)]

LP: max{ Z Ze | zij < min{x; + 25,2 —x; — ;1 V(i,j) € E}
eck
PTAS:
» Compute in n°1/=") uncorrelated (z, z) € Lass(K):
2
mPerVHxixj —z45] =€l <e
» Observe: 1 — ¢ fraction of edges < e correlated.
» Take S C V with Pr[i € S] = z; independently!!
» Then

(4,7) uncor.

Pr((i,7) € 6(S)] = i+ —2wix; & mi+x;—2Tg 5 = 2e



The end

Open problems:
» f(g, k) rounds solve UNIQUE GAMES?
» O(1) rounds give a O(logn)-apx for coloring 3-colorable
graphs?
» f(e)-rounds give PTAS for P3 | prec,p; = 1 | Crax?

» O(1) rounds give (2 — ¢)-apx for UNRELATED MACHINE
SCHEDULING @ | pij | Crax?



The end

Open problems:
» f(g, k) rounds solve UNIQUE GAMES?

» O(1) rounds give a O(logn)-apx for coloring 3-colorable
graphs?

» f(e)-rounds give PTAS for P3 | prec,p; = 1 | Crax?

» O(1) rounds give (2 — ¢)-apx for UNRELATED MACHINE
SCHEDULING @ | pij | Crax?

Thanks for your attention

Slides and lecture notes can be found under
http://www-math.mit.edu/~rothvoss/lecturenotes.html
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