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Real-time Scheduling

Given: Periodic tasks 71,...,7, with
> running time ¢;
» (relative) deadline d;
» period p;
Assumptions:
» d; < p; (constrained deadlines)

» Task 7; releases jobs of length ¢; at z - p; and absolute
deadline z - p; + d; for all z € Ny (synchronous)

Consider:
» Earliest-Deadline-First schedule (EDF)
> uni-processor
» pre-emptive

Question: Will all jobs meet the deadline?
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Theorem (Dertouzos '74) J

EDF is an optimum pre-emptive uni-processor scheduling policy.
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Demand bound function

Observation: In [0, Q] exactly L J + 1 jobs of task 7; have
release time and deadhne

Demand bound function: DBF(7;, Q) := ([
Necessary condition: V@ > 0: ZDBF 75, Q) < Q
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EDF-schedulability condition

Theorem (Baruah, Mok & Rosier '90)
Earliest-Deadline-First schedule is feasible <
VQ >0: DBF({m,...,7},Q) < Q.

Theorem (Albers & Slomka '04)
In time poly(n,1/e) one can distinguish
» Feasible: YQ) > 0: DBF(S,Q) < Q
» Very infeasible: 3Q > 0: DBF(S,Q) > (1 +¢)-Q

Open problem: Complexity status?

Theorem
Testing EDF-schedulability, i.e. deciding whether

VQZO:iQQf‘jiJH)-qgQ
=1

pi
is weakly coNP-hard.
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Simultaneous Diophantine Approximation
(SDA)

Given:
> ay,...,an €Q
» bound N € N
» error bound € > 0
Decide:
_L_ £
Q™ Q

& HQE{I,...,N}:.EIllaX TQu;| — Qu;| < e

Q;

Q€ {l,...,N}: max
i

=1,...,n

» NP-hard [Lagarias ’85]

» Gap version NP-hard [Rossner & Seifert "96,
Chen & Meng ’07]

» 200 _apx (2-sided) via LLL-algo [Lagarias ’85]



Directed Diophantine Approximation (DDA)

Theorem (Eisenbrand & R. - APPROX’09)
Given ay,...,an, N, € > 0 it is NP-hard to distinguish
> 3Q € {N/2,...,N}: max |[Qai] -~ Qs <¢
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Some technicalities

Theorem

Given aq,...,0, >0, N €N, ¢ > 0 it is NP-hard to
distinguish

> 3Q € {N/2,...,N}: Y ||Qui] — Qai| < ¢
=1

v
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Some technicalities

Theorem
Given aq,...,a, > 0,wy,...,w,, N €N, ¢ >0 it is NP-hard
to distinguish

> 3Q € [N/2,N]: Y w;||Qoy| — Qo] <&

=1

1Q € [1,nmsiosm - N]: Y w; || Qi) — Qe < 2772 ¢

=1

v

Change norm || - [|oc = || - |1
[-1 = ] since [z] —2 = (-z) — [ =]
a; > 0 since ||Q(a; + 2)| — Q(ey + 2)| invariant for z € Z

Q€Z— Q€ Qp: Admit weights w;. Add «ag := 1 with a
huge weight wy.

vV v v VY
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Reduction (1)

Given: DDA instance aq,...,q, >0, wy,...,wy, N, € >0

Define: Task set S = {r9,...,7,} s.t.
> Yes: 3Q € [N/2,N]: -1, wi(Qoi — [Qaui))
= § not EDF-schedulable (3Q > 0 : DBF(
» No: AQ € [N/2,3N] : Y0 | wi(Qai — [Quoy)) < 3e
= § EDF-schedulable (VQ > 0: DBF(S,Q) < /- Q)
Task system:

<e
$,Q)>6-Q)
<3

1 1
i o= (i dipi) = (wi,—,—> Vi=1,...,n
aj Q
O = (Co,dg,pg) = (36,N/2,oo)
n
ci €
B = — +5
im1 Pi

——
=: U = utilization



Reduction (2)

(154

i=1 pi



Reduction (2)




Reduction (2)

Q.U—i<{Q;diJ +1>Ci

- 2(3-[3])-
— iwi(Qai_LQaiJ)




Reduction (2)

0v-5 (|52 1)

bi

- 2D
= sz Qi — | Qai))

Hence

DBF({r1,...,m}, Q)
Q

~U <& approx. error small
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Reduction (3)

N/2 N
DBF({70,..., 7}, Q)

0 >f & Q=0O(N)and apx error = O(e)
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Open Problem 2

Is there for every 0 > 0 a polynomial time algorithm for testing
EDF-schedulability if U <1 — 4.

Thanks for your attention



