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Simultaneous Diophantine Approximation
(SDA)

Given:
> a,...,a, €Q
» bound N € N
» error bound € > 0
Decide:
_Zl =
QlI™Q

And HQE{L...,N}I‘ETIIE%X ”QOZZJ _Qai| <e

Qe {l,...,N}: max
=

—17"'7n

Q5

> Yes, if N > (1/e)" [Dirichlet]

» NP-hard [Lagarias '85]

» 20(")_approximation via LLL-algo [Lagarias '85]

» Gap version NP-hard [Rossner & Seifert 96,
Chen & Meng '07]
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Theorem
Given aq,...,ay,, N, e > 0 it is NP-hard to distinguish
» dQ € {N/2,...,N}: max I[Qo;| — Qo] < e
i=1,...,n

o)
» Qe {1,...,2" - N}: Z_:n}aanQaiJ — Quoy| < nloslosn . ¢

even if € small.
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Reduction SDA— DDA

Theorem (Directed Diophantine Approximation (DDA))
Given a,...,ay,, N, e > 0 it is NP-hard to distinguish
» dQ € {N/2,...,N}: max I[Qo;| — Qo] < e
i=1,...,n

o)
» 3Q € {1,... nlelen . N} : max [Qai| — Qa;| < 2™ - ¢
i=1,....,n

even if € small.

» Given SDA instance aq,...,an,&, N, choose § := QW&
a = o; — 0 Vi=1,...,n
&, = —(u+9d) Vi=1,...,n
g = 3e

» Note that |[—z] — (—2)| = ||z] — z|

> Assume e < § - (3)"
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Proof: SDA-YES = DDA-YES
» Let Q € {N/2,...,N}: max [[Qa;| — Qo] < e.

.....

round up

S

Q6 € [e, 2¢] >i< Q6 € [e, 2¢]

» Conclusion: ) is DDA solution

_ Q0 — 8)] — Qo — 8)],
..... , [Qaf]-Qajl = max { Q0 +6) — [Q(ai + )| }§35
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Proof: SDA-NO = DDA-NO

> Show: =DDA-NO = =SDA-NO
> Let Q < nOegiosn) N with

jnax, ([Qaj] — Qo) < 2" -3 < 1/2

» Suppose 7 integer in [Q(a; — 9), Q(c; + 0)]

€Z
| | |

I
I I I I
Q-(ai—é) Qai Q(OZZ-I—(;)

>
< Qo

> max I[Qa)] — Qaj| > 1/2  Contradiction!
-] Iy

> Qo — 7| < Q6 < n®eiosn) . & hence ~SDA-NO
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Mixing Set

min cgs + cTy

s+ay; > by Yi=1,...,n
s € Ryg
y € 7"

» Poly-time if a; = 1

[Glinliik & Pochet ’01, Miller & Wolsey '03]
» Poly-time if a1 |az | ... | ap

[Zhao & de Farias 08, Conforti et al. ’08]
» Conforti et al. ’08: Poly-time?
» — NP-hard by reduction from:

JQe{l,...,N}: ) |Qui — Q)| <e
=1
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Q-0 > 1

Q € Z
Y1;--3Yn € Z



Proof (2)

> 3Q e {1, ,N}: Y |Qai — [Qay) | < €
i=1 N~

=i



Proof (2)
> EIQE{l,...,N}:i\Qai— |Qo;|| <€

~———
=1y

n

(IP) < Y (Qai—y) + = (Q—N)

i=1



Proof (2)

> 3Q e {1, ,N}: Y |Qai — [Qay) | < €
i=1 ~——
=y

n

(IP) < Z(Qaz‘ — i)

=1

= (Q-N)

<e



Proof (2)

» 3Q € {1,...

(Ip) <

N} i |Qa; — |Qay|| < e
i=1 SN——
=1y
Z(Qaz z) ]i/v (Q - N)
=1 SVO

<e



Proof (2)

» 3Q € {1,...

(Ip) <

7N}:i‘Qai_LQaiJ|§E
=1 SN——
=1y;
(Qoi — i) + - (@—-N) <¢
; N T

<e



Proof (2)
> EIQE{l,...,N}:i\Qai—LQange
i=1 N~

n

(IP) Z(Qaz z) ; (Q—N) <e

> Let (IP)<e



Proof (2)
> 3Qe{l,....N}: 3 |Qu — |Quy) | <=
i=1 N~

n

(IP) Z(Qaz z) ; (Q—N) <e

> Let (IP)<e




Proof (2)
> 3Qe{l,....N}: 3 |Qu — |Quy) | <=
i=1 N~

n

(IP) Z(Qaz z) ; (Q—N) <e

> Let (IP)<e




Proof (2)
> 3Qe{l,....N}: 3 |Qu — |Quy) | <=
i=1 N~

n

(IP) Z(Qaz z) ; (Q—N) <e

> Let (IP)<e

> (Qoi—w)+ 5 (Q-N) <=
=1 N—_————
<e
20 B



Proof (2)
> EIQE{l,...,N}:i\Qai—LQange
i=1 N~

n

(IP) Z(Qaz z) ; (Q—N) <e

> Let (IP)<e



Proof (2)
> EIQE{l,...,N}:i\Qai—LQange
i=1 N~

n

(IP) Z(Qaz z) ; (Q—N) <e

> Let (IP)<e

3 (Qai —yi) + ; (Q-N)<e
=1 —
>—c



Proof (2)
> EIQE{l,...,N}:i\Qai—LQange
i=1 N~

n

(IP) Z(Qaz z) ; (Q—N) <e

=1

<e

> Let (IP)<e

> (Qai )+ 5 (@-N) <<
=1 —
<2e 2-€
» £ (Q-N)<e=Q<2N
> 3Q < 2N : 31 (Qay — [Qay)) < 2¢



Proof (2)
> EIQE{l,...,N}:i\Qai—LQange
i=1 N~

n

(IP) Z(Qaz z) ; (Q—N) <e

» Let (IP)<e

> (Qai )+ 5 (@-N) <<
i=1 [T ———
>—c
<2e -

» v (Q@Q-N)<e=Q<2N

» 3Q < 2N : Y7 (Qa; — |Quy)) < 2¢
> to good for NO-case



Proof (2)
> EIQE{l,...,N}:i\Qai—LQange
i=1 N~

n

(IP) Z(Qaz z) ; (Q—N) <e

=1 >
i= <0
<e
» Let (IP)<e
- €
Z(Qaz vi) + N'(Q—N)<€
i=1 [T ———

<2

» ¥ (Q—N)<e=Q<2N

» 3Q < 2N : 3" 1 (Qa; — |Qay)) < 2
> to good for NO-case = YES case of DDA
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Testing EDF-schedulability of n periodic tasks (C;, D;, P;)
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